
On the Existence of de Bruijn Tori with Twoby Two WindowsGlenn Hurlbert,Department of Mathematics,Arizona State University,Tempe, Arizona, 85287-1804, U.S.A.Chris J. Mitchell,Department of Computer Science,Royal Holloway, University of London,Egham, Surrey TW20 0EX, U.K.andKenneth G. Paterson�,Department of Mathematics,Royal Holloway, University of London,Egham, Surrey TW20 0EX, U.K.May 4, 1996�This author's research supported by a Lloyd's of London Tercentenary FoundationResearch Fellowship. 1



AbstractNecessary and su�cient conditions for the existence of de BruijnTori (or Perfect Maps) with two by two windows over any alphabetare given. This is the �rst two-dimensional window size for whichthe existence question has been completely answered for every alpha-bet. The techniques used to construct these arrays utilise existingresults on Perfect Factors and Perfect Multi-Factors in one and twodimensions and involve new results on Perfect Factors with `punctur-ing capabilities'. Finally, the existence question for two-dimensionalPerfect Factors is considered and is settled for two by two windowsand alphabets of prime-power size.

2



1 IntroductionA 2-dimensional C-ary de Bruijn Torus (or Perfect Map) is a 2-dimensionalperiodic array with symbols drawn from an alphabet of size C having theproperty that every C-ary array of some �xed size occurs exactly once as asubarray of the array. More precisely, in the notation of [10], an (R;S;u; v)C-dBT is an R�S periodic array with symbols drawn from a set of sizeC havingthe property that every possible u�v array occurs exactly once as a periodicsubarray of the array. The pair (u; v) is often called the window of the torus.A variety of notations have been introduced to describe these arrays; we usethat of [10].Perfect Factors are related objects which have proved useful in construc-tions for de Bruijn Tori: an (R;u;T )C-PF is a set of T = CuR C-ary, period Rsequences in which every C-ary u-tuple occurs exactly once as a subsequence.The parameter u is often called the span of the sequences. Perfect Factorshave been extensively studied in [5, 15, 16, 17, 18]. Both de Bruijn Toriand Perfect Factors are generalisations of the classical de Bruijn sequences[1, 4, 7, 8, 9]: a de Bruijn sequence is a Perfect Factor with T = 1, i.e.a (Cu;u; 1)C-PF, while de Bruijn Tori are two-dimensional analogues of deBruijn sequences. We denote a C-ary span u de Bruijn sequence by (Cu;u)C -dBS. It was proved in [4, 7, 9] that there exists a (Cu;u)C-dBS for all integersC � 2 and u � 1.As noted in [2, 10, 20] there are many applications for such objects.In two dimensions, one can de�ne an (R;S;u; v;T )C-PF as a set of TR � S periodic arrays, with symbols drawn from a set of size C, having theproperty that every possible u � v array occurs exactly once as a periodicsubarray in precisely one of the arrays. Of course, an (R;S;u; v; 1)C-PF issimply an (R;S;u; v)C-dBT.The following necessary conditions on the parameters of an (R;S;u; v)C-dBT are easily established:Lemma 1 Suppose there exists an (R;S;u; v)C-dBT. Theni) RS = Cuv,ii) R > u or R = u = 1,iii) S > v or S = v = 1. 3



It has been conjectured [20] that these conditions are in fact also su�cientfor the existence of de Bruijn Tori. This has been proved in a wide varietyof cases and we outline the relevant results next. (In contrast, very little isknown about the existence of two-dimensional Perfect Factors.)Combining ideas from [5] and [6], the conditions of Lemma 1 were shownto be su�cient for the existence of an (R;S;u; v)2-dBT in [19]. This workwas extended to alphabets of prime-power size in [20]. Square de Bruijn Tori(i.e. (R;R;u; u)C-dBT) were considered in [10], while some families of arrayswith u = v = 2 were constructed in [11]. The existence question for deBruijn Tori over general alphabets was studied in [11, 12, 18, 21], and higherdimensional versions were considered in [13].The main result of [21] is as follows. Suppose C has prime factorisationC = kYi=1 pici :By Lemma 1, RS = Cuv and so any prime dividing R or S also divides C.We can therefore write R = kYi=1 piri; S = kYi=1 pisifor some 0 � ri � ciuv where si = ciuv � ri; R > u; and S > v:Result 2 [21, Theorem 1.3] Suppose C, R and S have prime factorisationsas above and that for some i we havepiri > u and pisi > v:Then there exists an (R;S;u; v)C-dBT.The parameter sets satisfying Lemma 1 for which existence of de BruijnTori remains unsettled after Result 2 are those where either prii � u or pisi � vfor each i. The cases where either prii � u for every i or pisi � v for every icould be resolved if the existence question for one-dimensional Perfect Factorswere positively settled, by using the generalisation of Etzion's constructiongiven in [18]. Recent progress on this problem can be found in [15, 16, 17].However there would still remain the `mixed' parameter sets where prii � ufor some indices and pisi � v for other indices. Our purpose in this paper4



is to develop new construction methods for these mixed parameters in thesimplest non-trivial case, where u = v = 2. We are then able to settle theexistence question for de Bruijn Tori with u = v = 2.In a mixed parameter set with u = v = 2, one of the following two casesmust occur for each i:� pi = 2 and ri = 0; 1; 4ci � 1 or 4ci,� pi � 3 and ri = 0 or 4ci.The case where every ri is either 0 or 4ci is covered by the following resultwhich we prove in Section 3, partially answering a question of [10].Theorem 3 Suppose m > n � 2. Then there exists an (m4; n4; 2; 2)mn-dBT.We consider another subcase in Section 4: where p1 = 2, r1 = 1 and ri = 4cifor i � 2. Our main result in that section is:Theorem 4 Suppose n > 2 is odd. Then for every c � 1, there exists a(2n4; 24c�1; 2; 2)2cn-dBT.The proofs of Theorems 3 and 4 rest on the construction of some specialclasses of one-dimensional Perfect Factors in Section 2. The sequences ofthese Factors have what we call `puncturing capabilities', a generalisationof the notion of the puncturing of de Bruijn sequences. In Section 5, wecombine Theorems 3 and 4 with some results from [21] to obtain:Theorem 5 The necessary conditions of Lemma 1 are su�cient for the ex-istence of an (R;S; 2; 2)C-dBT.Theorem 5 provides the �rst instance where necessary and su�cient con-ditions are known for the existence of de Bruijn Tori with a �xed two-dimensional window size over all alphabets.Having solved the existence problem for de Bruijn Tori with 2�2 windows,we go on to investigate the analogous problem for (R;S; 2; 2;T )C-PFs inSection 6. We obtain a complete answer in the case where C is a prime-power:Theorem 6 Let p be a prime and c; r; s and t be integers. The conditionsthat pr; ps > 2 and r+s+t = 4c are necessary and su�cient for the existenceof a (pr; ps; 2; 2; pt)pc-PF.We close with some open questions.5



2 Some Classes of Perfect Factors2.1 Perfect Multi-FactorsWe introduce a class of combinatorial objects which have proved useful inthe construction of Perfect Factors. In order to unify the presentation, weuse notation di�erent from that found in [15]. Additionally, we say that av-tuple � = (�0; �1; : : : ; �v�1) appears in a sequence � = �0; �1; : : : at positionz if (�z; �z+1; : : : ; �z+v�1) = (�0; �1; : : : ; �v�1).De�nition 7 [15] Suppose m;n;C and u are positive integers which sat-isfy mjCu and C � 2. An (R;u;T )C[n] Perfect Multi-Factor, or simply a(R;u;T )C[n]-PMF, is a set of T = Cu=m C-ary sequences of period R = mnwith the property that for every C-ary u-tuple � and integer j with 0 � j < n,� occurs at a position z with z � j (mod n) in one of the sequences.Result 8 [15, Theorem 3.13] Suppose n;C; u are positive integers (C � 2and n � u). Then there exists an (n;u;Cu)C[n]-PMF containing the all-zerosequence.Lemma 9 Suppose n;C; l are positive integers with n;C � 2. Let z0 =0; z1; : : : ; zl�1; zl = n be a sequence of integers with zj+1� zj � 2 for 0 � j �l � 1. Then there exists an (n; 2;C2)C [n]-PMF with sequences�(i; j); 0 � i; j < Chaving the property that sequence �(i; j) of the PMF satis�es�(i; j)z0 = �(i; j)z1 = : : : = �(i; j)zl�1 = i(we say that �(i; j) is constant in positions z0; z1; : : : ; zl�1). Moreover, whenl � C, the PMF can be constructed so that sequence �(i; j) also satis�es�(i; j)zj = �(i; j)zj+1 = i(we say that �(i; j) is constant in positions zj and zj + 1).Proof: Since Rj = zj+1 � zj � 2 for 1 � j � l � 1, there exists for eachj an (Rj; 2;C2)C [Rj]-PMF, Aj, as in Result 8. Our aim is to concatenate6



sequences from each Aj to form sequences of period n which comprise therequired PMF.Let �j(a; b) denote the unique sequence in Aj which begins with the 2-tuple (a; b) and let L(�j(a; b)) denote the last symbol of that sequence. LetXji = f�j(i; b) : 0 � b < Cg. Because of the de�ning property of Aj, the listL(�j(i; 0)); L(�j(i; 1)); : : : ; L(�j(i; c� 1));consisting of the �nal symbols of the sequences in Xji , is a permutationof f0; 1; : : : ; C � 1g. Thus concatenating each sequence in X0i with eachsequence of X1i (in any pairing) for each i produces a set of C2 sequencesthat constitute a (z2; 2;C2)C[z2]-PMF.More generally, if we denote the concatenation of a list of l sequences�(0); �(1); : : : ; �(l� 1) by �(0)�(1) � � ��(l� 1) and if �ij is a permutation off0; 1; : : : ; C � 1g for each 0 � i � C � 1 and each 0 � j � l � 1, we havethat the C2 sequences�(i; j) = �0(i; �i0(j))�1(i; �i1(j)) � � � �l�1(i; �il�1(j)); 0 � i; j < C;constitute an (n; 2;C2)C[n]-PMF. It is clear that the sequences �(i; j) satisfy�(i; j)z0 = �(i; j)z1 = : : : = �(i; j)zl�1 = i, so that the �rst condition in thestatement of the lemma holds.Now suppose that l � C. In de�ning the permutations �ij (for 0 � i �C � 1 and 0 � j � l � 1) we additionally specify that�ij(j) = i; 0 � i; j < C:Then 2-tuple (i; i) appears in sequence �(i; j) at position zj and the secondcondition in the statement of the lemma is satis�ed. 22.2 Puncturing and Joining SequencesLet Km denote the complete directed graph (with loops) on m vertices. Anm-ary span 2 de Bruijn sequence corresponds to an Eulerian circuit in Km[1, 4, 8], while an (R; 2;T )m-PF corresponds to a T -set of length R edge-disjoint circuits in Km. More generally, an m-ary sequence of period k whose2-tuples within a period are distinct corresponds to a circuit of k distinctedges in Km. We de�ne a k-puncture in Km to be such a circuit. We say7



that a periodic sequence � = �0; �1; : : : whose 2-tuples within a period aredistinct has a k-puncture at position z if �z = �z+k (and thus the periodicsequence �z; : : : ; �z+k�1 corresponds to a k-puncture in Km). It is easy to seethat if � has such a puncture, then the terms �z; : : : ; �z+k�1 can be removedfrom the sequence � leaving a sequence �0 whose 2-tuples are still distinct,the 2-tuples removed being those which occur in the puncture. Naturally,we call the process of removing a k-puncture puncturing. As an example, a1-puncture in � is just the occurrence of 2 consecutive identical symbols in�, and corresponds to a loop edge in Km.We also need to consider an operation on sequences that is a kind ofinverse to puncturing. This process, which we call joining, is already well-known [8]. Let C1 be a circuit of k1 distinct edges and C2 a circuit of k2distinct edges in Km. Suppose that Ci has edge set Ei (i = 1; 2) and thatE1 and E2 are disjoint. So C1 and C2 correspond to periodic sequences �(1)and �(2) which have disjoint sets of 2-tuples as their subsequences. If C1 andC2 have a vertex in common (i.e. �(1) and �(2) have a common term), thenwe say that C1 and C2 (and sequences �(1), �(2)) are adjacent. Suppose C1is comprised of the ordered list of vertices v1; v2; : : : ; vk1 and C2 the list ofvertices w1; w2; : : : ; wk2, and that vi = wj for some i and j, so that C1 andC2 are adjacent. Then it is easy to see that the listv1; : : : ; vi; wj+1; : : : ; wk2 ; w0; : : : ; wj; vi+1; : : : ; vk1is the vertex list of a circuit C of k1 + k2 distinct edges in Km whose edgeset is E1 [ E2. We say that C is obtained by joining C1 and C2. Thecycle C corresponds to a sequence � which has period k1 + k2, contains assubsequences exactly those 2-tuples occurring in �(1) and �(2) and has as aki-puncture �(i) (i = 1; 2).Now suppose we have a collection X of edge disjoint circuits in Km. Wecan de�ne an (undirected) adjacency graph G(X ) for these circuits using thede�nition of adjacency for circuits given above. Suppose G(X ) is a connectedgraph. Then repeatedly using the joining process described above on a span-ning tree for G(X ), we can join all the circuits in X to form a single circuitthat covers exactly the same edges as were covered by the circuits in X .8



2.3 Construction of Perfect FactorsIn this subsection we will construct some classes of Perfect Factors withvarious puncturing properties. These are used in the proofs of Theorems 3and 4. Our main tool will be our construction for PMFs in Lemma 9 andResult 10, below. For any sequence �, we denote by [�]x the concatenationof � with itself x times.Result 10 [15, Construction 5.1 and Theorem 5.2] Suppose there exists an(n;u; t1)C-PF with sequences �(0); : : : ; �(t1 � 1) and an (mn;u; t2)D[n]-PMFwith sequences � (0); : : : ; � (t2� 1). De�ne �(i; j) to be the CD-ary sequence[�(i)]m+C� (j) of period mn. Then the set of cycles f�(i; j) : 0 � i < t1; 0 �j < t2g is an (mn;u; t1t2)CD-PF.Lemma 11 Suppose m > n � 2. Then there exists an (m2; 2;n2)mn-PF inwhich every sequence has a 1-puncture.Proof: For m > n � 2, the �nite sequence� = 0; 0; 1; 1; : : : ; n� 1; n� 1corresponds to a path of distinct edges in Km. Let G denote the graph ob-tained from Km by removing these edges of � from Km. It is easy to see thatG is connected (for every vertex in G is joined to vertex m� 1 by a pair ofoppositely directed edges). Moreover, every vertex in G has in-degree andout-degree equal, except vertex 0, with in-degree m�1 and out-degree m�2and vertex n� 1, with in-degree m� 2 and out-degree m � 1. So G has anEulerian trail � beginning at vertex n� 1 and ending at vertex 0. Concate-nating � and � results in an Eulerian circuit of Km. The corresponding deBruijn sequence � has 1-punctures at positions 0; 2; : : : ; 2n� 2.We de�ne zj = 2j, 0 � j � n�1 and zn = m2. By Lemma 9, there existsan (m2; 2;n2)n[m2]-PMF in which each sequence is constant in some pair ofpositions zj; zj + 1 (where 0 � j � n � 1). We denote the sequences of thisPMF by � (0); : : : ; � (n2 � 1). We apply Result 10 to � and � (0); : : : ; � (n2 � 1)to obtain an (m2; 2;n2)mn-PF with sequences �(i) = � +m� (i), 0 � i < n2.Because � is constant in every pair of positions (zj; zj + 1) (0 � j � n � 1)and each � (i) is constant in one of these pairs, we have that each �(i) isconstant in one of these pairs. Hence each �(i) has a 1-puncture and the(m2; 2;n2)mn-PF has the required properties. 29



Lemma 12 Suppose m � 2 and n � 3. Then there exists an (n2; 2;m2)mn-PF in which every sequence has a 2-puncture.Proof: By considering paths in Kn it is easy to see that, for n � 3, thereexists an n-ary span 2 de Bruijn sequence � that begins 0; 1; 0, i.e. has a2-puncture at position 0. We de�ne z0 = 0; z1 = 2 and z2 = n2. UsingLemma 9, we can construct an (n2; 2;m2)m[n2]-PMF in which each sequenceis constant in positions z0 = 0 and z1 = 2. >From the de�nition of a PMF,for every 2-tuple (i; j) (0 � i; j < m), there is a unique sequence of the(n2; 2;m2)m[n2]-PMF having (i; j) at position 0. We denote this sequence by� (i; j). We apply Result 10 to obtain an (n2; 2;m2)mn-PF � with sequences�(i; j) = � + n� (i; j), 0 � i; j < m, in which each sequence is constant inpositions 0 and 2, i.e. has a 2-puncture at position 0. 2With notation as in the above proof, let�i = f�(i; j) j 0 � j < mg ; 0 � i < m:>From the construction of the �(i; j), each sequence in �i has symbol niin position 0. So the adjacency graph for the set of edge-disjoint circuitscorresponding to �i is the complete graph on m vertices.Moreover, for i1; i2 and j with 0 � i1; i2; j < m, the sequences �(i1; j)and �(i2; j) have symbol 1 + nj in position 1, and so any two sets �i1 and�i2 contain adjacent sequences.>From these observations, it follows that we can select from � a connectedset of n2 sequences, provided that m � n. These sequences can be joined toobtain a single sequence of period n4, leaving m2 � n2 sequences of periodn2. We have:Corollary 13 Suppose m � n � 3. Then there exists a set of mn-arysequences, consisting of one sequence of period n4 and m2 � n2 sequences ofperiod n2, with the properties thati) each mn-ary 2-tuple occurs exactly once as a subsequence of a sequencein the set.ii) each sequence of period n2 in the set contains a 2-puncture.10



Lemma 14 Suppose n � 3 is odd. Then, for every c � 1, there exists a(2n2; 2; 22c�1)2cn-PF in which every sequence has a 2-puncture.Proof: We initially aim to construct a (2n2; 2; 22c�1)2c[n2]-PMF in whichevery sequence is constant in positions 0 and 2. In the case where c = 1, itis easily veri�ed (using the fact that n2 � 9 is odd) that the following pairof sequences constitute a (2n2; 2; 2)2[n2]-PMF with the required property:� (0) = 0; 1; 0; 1 : : : ; 0; 1; 1; 1� (1) = 0; 0; : : : ; 0; 1; 1; : : : ; 1; 0; 0:Here sequence � (0) consists of n2�1 occurrences of 0; 1 followed by 1; 1, whilesequence � (1) consists of n2 � 1 zeros, then n2 � 1 ones and �nally 2 zeros.When c > 1, we further construct (using Lemma 9) a (2n2; 2; 22c�2)2c�1[2n2]-PMF with sequences �(i); 0 � i < 22c�2, in which every sequence is constantin positions 0 and 2. We then combine this PMF and the PMF � (0); � (1) toobtain a new set of 2c-ary sequences �(i; j), where�(i; j) = �(i) + 2c�1� (j); 0 � i < 22c�2; 0 � j < 2:It is easy to see that every sequence in this set is constant in positions 0and 2. It is only slightly more di�cult to show that the set is in fact a(2n2; 2; 22c�1)2c[n2]-PMF. This can be shown along the lines of the proof ofTheorem 5.2 of [15].Let � be an n-ary span 2 de Bruijn sequence beginning 0; 1; 0, i.e. havinga 2-puncture in position 0. We apply Result 10 with the (n2; 2; 1)n-PF � andour (2n2; 2; 22c�1)2c[n2]-PMF to obtain a (2n2; 2; 22c�1)2cn-PF with sequences(i; j) = [�]2 + n�(i; j); 0 � i < 22c�2; 0 � j < 2:Because � and each �(i; j) are constant in positions 0 and 2, so is each (i; j).Hence each (i; j) has a 2-puncture at position 0 and the PF has the requiredproperties. 23 Construction of an (m4; n4; 2; 2)mn-dBTAs before, for any sequence � we let [�]x denote the concatenation of � withitself x times. If � has a k-puncture �+ at position 0, then we write � = �+��11



and de�ne �k = [�+]R[��]R where R is the period of �. We de�ne the shiftoperator E by E(�) = E(�0; �1; : : : ; �R�1) = (�1; : : : ; �R�1; �0) and de�neEx = E(Ex�1).Now suppose that � and �0 are C-ary sequences of period R, each con-taining R distinct 2-tuples, and that � has a k-puncture �+ where R and kare coprime. In the next lemma, we consider the 2-tuples occurring in theperiod R2 sequences [�0]R and �k = [�+]R[��]R.Lemma 15 With notation as above, let � be a 2-tuple occurring in � and �0a 2-tuple occurring in �0. Then there exists a unique i with 0 � i < R2 suchthat � appears at position i in �k and �0 appears at position i in [�0]R.Proof: Suppose that � appears in � at position j and �0 appears in �0 atposition j0. If 0 � j < k, then � appears in �+ and consequently in positionsj + lk; 0 � l < Rin �k. On the other hand, if k � j < R, then � appears in �� and so inpositions Rk + (j � k) + l(R� k); 0 � l < Rin �k. In either case, because k is coprime to R, the R positions at which �appears in �k are all distinct modulo R. So exactly one of them is congruentto j0 modulo R. But �0 appears in every position congruent to j0 modulo R in[�0]R. So � and � 0 appear exactly once in the same position in the sequences�k and [�0]R. 2It follows from Lemma 15 that if �k and [�0]R are placed side-by-side, thenevery 2-tuple that appears in � occurs alongside every 2-tuple that appearsin �0 exactly once. We say that �k and [�0]R are coprime.We can now sketch the idea behind our novel construction method for(m4; n4; 2; 2)mn de Bruijn Tori. Suppose that k is coprime to m2 and we can�nd an (m2; 2;n2)mn-PF with sequences �(0); : : : ; �(n2 � 1) in which everysequence has a k-puncture. For each i with 0 � i < n2, we form the periodm4 sequences �(i)0 = [�(i)]m2 and �(i)k = [�(i)+]m2[�(i)�]m2. We arrangethese sequences as the columns of an array in such a way that, for every i; jwith 0 � i; j < n2, one of the coprime pairs(�(i)0; �(j)k) or (�(i)k; �(j)0)12



appears as a pair of consecutive columns in the array. Such pairings ensurethat all the 2 � 2 subarrays whose �rst column comes from �(i) and whosesecond column comes from �(j) appear in the array. Because the �(i) forma PF and we have pairings for all sequences �(i); �(j), we will obtain a deBruijn Torus. This idea, and variations on it, lie at the heart of our proof ofTheorem 3.Proof of Theorem 3: Suppose that m > n � 2. We consider three cases,depending on the parities of m and n.We begin with the simplest case in which n is even (and m has eitherparity). Let �(0); : : : ; �(n2 � 1) be the sequences of the (m2; 2;n2)mn-PFfrom Lemma 11, with each sequence having a 1-puncture. Let � = �0; �1; : : :be an (n4; 2)n2 -dBS. We build an array A with columns Aj, 0 � j < n4, asfollows. If j is even, then we take Aj = �(�j)0. If j is odd, then we takeAj = �(�j)1. Notice that that we alternate the use of 0- and 1-punctures,so any pair of consecutive columns of A are coprime. Because n is even, the�nal column An4�1 is equal to �(�n4�1)1. Thus column An4�1 and column A0are also a coprime pair.We claim that A is an (m4; n4; 2; 2)mn-dBT. If B is any 2�2 (mn)-ary ma-trix whose columns are �1 and �2 then, by the de�nition of an (m2; 2;n2)mn-PF, there is some i such that �1 appears in �(i), and there is some j suchthat �2 appears in �(j). Also, by the de�nition of an (n4; 2)n2 -dBS, thereis a unique position h with 0 � h < n4 such that (�h; �h+1) = (i; j). Leth1 = h mod 2 and h2 = h+ 1 mod 2. Then �(i)h1 and �(j)h2 occur consecu-tively in A as columns h and h+ 1. Because of their coprimality, B appearsin these two columns in a unique position.In the second case we assume that m is even and n is odd. We willconstruct an (n4;m4; 2; 2)mn-dBT whose transpose is a torus with the desiredparameters. Let �(0); : : : ; �(m2�1) be the sequences of the (n2; 2;m2)mn-PFfrom Lemma 12, with each sequence �(i) having a 2-puncture �(i)+. Noticethat 2 and n are coprime, so for each i; j with 0 � i; j < m2, the period n4sequences �(i)0 = [�(i)]n2 and �(j)2 = [�(i)+]n2[�(i)�]n2 are coprime. Let� = �0; �1; : : : be an (m4; 2)m2 -dBS. We build an array B with columns Aj,0 � j < m4, as follows. If j is even, then we take Aj = �(�j)0. If j is odd,then we take Aj = �(�j)1. Once again, any pair of consecutive columns ofA are coprime. Also, since m is even, columns Am4�1 and A0 are a coprimepair. We claim that B is indeed an (n4;m4; 2; 2)mn-dBT | the proof of this13



claim is almost identical to the argument in the �rst case.In the third and most complex case we have both m and n odd (som > n � 3). We can no longer use alternating punctures to build thecolumns of our array (as in the �rst two cases above) because the last and�rst columns would never be coprime. We use the PF of Corollary 13 to dealwith this problem. Let �, of period n4, and �(i) (0 � i < m2 � n2), each ofperiod n2, be a set of sequences having properties i) and ii) of Corollary 13.Let �(i)+ denote the 2-puncture in �(i). Notice that 2 and n are coprime, sofor each i; j with 0 � i; j < m2�n2, the period n4 sequences �(i)0 = [�(i)]n2and �(j)2 = [�(i)+]n2[�(i)�]n2 are a coprime pair.Consider the pairs of sequences in the following list:(�;Ei�); 0 � i < n4(�;Ei�(j)0); 0 � i < n2; 0 � j < m2 � n2(Ei�(j)0; �); 0 � i < n2; 0 � j < m2 � n2(�(i)0; �(j)2) or (�(i)2; �(j)0); 0 � i; j < m2 � n2The �rst set of pairs ensure that every 2-tuple of � occurs alongside every 2-tuple from �, while the second and third sets cover the cases where a 2-tuplefrom � appears with a 2-tuple from a sequence �(j) and vice-versa. In viewof the coprimalities established above, the �nal set covers the cases where a2-tuple from a sequence �(i) appears with a 2-tuple from another sequence�(i). Thus if we can construct an n4 �m4 array C in such a way that theset of pairs of consecutive columns of C are exactly the pairs in the abovelist, then C will be an (n4;m4; 2; 2)mn-dBT, as needed.So it remains to specify how the columns Cj, 0 � j < m4 of C can bearranged so as to satisfy the above condition. Let � = �0; �1; : : : ; �n4 be thesequence with �0 = 0 and �i = Pi�1j=0 j mod n4. Notice that because n is odd,�n4 = 0 mod n4. We begin by taking Cj = E�j�, 0 � j � n4. So Cn4 is justthe sequence �. As columns Cn4+2j , 1 � j < n2(m2 � n2), we also take thesequence �, while for columns Cn4+2j+1, 0 � j < n2(m2 � n2), we take thefollowing ordered list of sequences:E1�(0)0; E2�(0)0; : : : ; En2�1�(0)0;E0�(1); E1�(1)0; E2�(1)0; : : : ; En2�1�(1)0;...E0�(l); E1�(l)0; E2�(l)0; : : : ; En2�1�(l)0; E0�(0)014



where l = m2�n2�1. Finally, let � be an ((m2�n2)2; 2)m2�n2 -dBS beginningand ending with 0. Then for the last (m2 � n2)2 columns, we take�(�0)2; �(�1)0; �(�2)2; �(�3)0; : : : ; �(�(m2�n2)2�1)0so that in these columns we alternate the use of 2- and 0-punctures, with thechoice of sequence being determined by the terms of � . Notice that columnCm4�1 is equal to �(0)0 (because (m2�n2)2 is even), and when matched withcolumn C0, accounts for the pair (E0�(0)0; �) missing from the descriptionof the `middle third' of C. With this hint, it is straightforward to check thatall the required pairings do appear using this speci�cation of columns. Thiscompletes the proof in the third case. 24 Construction of a (2n4; 24c�1; 2; 2)2cn-dBTProof of Theorem 4: Let (i), 0 � i < 22c�1 be the sequences of a(2n2; 2; 22c�1)2cn-PF from Lemma 14. Using similar notation as before, wede�ne (i)+ to be the 2-puncture in (i). We also write (i) = (i)+(i)�,and de�ne (i)� = [(i)+]n2[(i)�]n2 so that (i)� has period 2n4. Sincegcd(2n2; 2n2 � 2) = 2, it is easy to see from the construction of (i)� thatany 2-tuple appearing as a subsequence of (i) does so in (i)� either oncein every even position modulo 2n2 or once in every odd position modulo 2n2.Thus the pair of sequences (i)�, E(i)� have the property that, betweenthem, they contain every 2-tuple appearing in (i) in every position modulo2n2.We aim to build an 2n4�24c�1 array A with the property that, for any i; j,there are two pairs of adjacent columns in A which between them accountfor an occurrence of every 2-tuple in (i) alongside every 2-tuple in (j). Todo this we use the sequences [(i)]n2, (i)� and E(i)� as columns and ensurethat for every i; j, A contains as consecutive columns either the pairs[(i)]n2; (j)� and [(i)]n2; E(j)�or the pairs (i)�; [(j)]n2 and E(i)�; [(j)]n2:We de�ne the arrangement of columns Aj, 0 � j < 24c�1, as follows. Wetake � to be the concatenation of a (24c�2; 2)22c�1-dBS with itself (so � has15



length 24c�1). If j is even, then we take column Aj to be [(�j)]n2 . If j is oddand j � 24c�2 then we take Aj = (�j)�. If j is odd and j > 24c�2 then wetake Aj = E((�j)�). We claim that A is indeed an (2n4; 24c�1; 2; 2)2cn-dBT.In view of the above discussion, it su�ces to note that using the doubled deBruijn sequence � in the way indicated guarantees that all the speci�ed pairsof columns do appear. 25 De Bruijn Tori with 2� 2 WindowsWe begin with some results on 2-dimensional Perfect Multi-Factors from [21].These will be used in the proof of Theorem 5.De�nition 16 Let m1;m2; n1; n2; C; u and v be positive integers with c � 2and m1m2jCuv. A 2-dimensional (m1n1;m2n2;u; v;T )C[n1; n2]-PMF is a setof T = Cuv=m1m2 2-dimensional C-ary arrays of period (m1n1;m2n2) withthe property that, for every C-ary u � v array A and for every i; j with0 � i < n1, 0 � j � n2, A occurs at a position (z1; z2) withz1 � i (mod n1)z2 � j (mod n2)in one of the arrays.Result 17 [21, Lemma 2.2] Suppose there exists an (n1; n2;u; v)C-dBT andan (m1n1;m2n2;u; v; 1)D[n1; n2]-PMF. Then there exists an(m1n1;m2n2;u; v)CD-dBT.Result 18 [21, Theorem 3.2] Suppose u; v � 2 and m1; n1 and n2 sat-isfy m1jDu, n1 � u and n2 � v. Suppose further that in the case wherev = 2, m1 is even and n2 is odd, we have 2m1jDu. Then there exists an(m1n1;m2n2;u; v; 1)D[n1; n2]-PMF.Proof of Theorem 5: Suppose C has prime factorisationC = kYi=1 pici :16



Write R = kYi=1 piri ; S = kYi=1 pi4ci�riwith R;S > 2. From the discussion in Section 1, to prove Theorem 5 it issu�cient to assume that for each i, one of the following cases occurs:� pi = 2 and ri = 0; 1; 4ci � 1 or 4ci,� pi � 3 and ri = 0 or 4ci.Consider the case where every ri is either 0 or 4ci. Then writing m =Qri=4ci pcii and n = C=m, we certainly have m 6= n. Because of symmetry,we may assume m > n. An application of Theorem 3 then shows that an(R;S; 2; 2)C -dBT exists.We are left to consider the cases where p1 = 2 and r1 = 1 or 4c1 � 1. Inwhat follows, we assume that r1 = 1; tori with p1 = 2 and r1 = 4c1 � 1 areeasily obtained by transposing tori of this type. Note that we cannot haveri = 0 for each i � 2, since then we would have R = Qki=1 prii = 2. So ri = 4cifor some i. We consider two further cases.Firstly, suppose that ri = 4ci, 2 � i � k. Then we want to construct a(2n4; 24c1�1; 2; 2)2c1n-dBT, where n = Qki=2 pici is odd. Such a torus can beobtained from Theorem 4.Otherwise, some ri is zero and another is equal to 4ci. We write m =Qri=4ci pcii and n = C=2c1m so that m 6= n, m;n � 2 and C = 2c1mn. UsingTheorem 3 (and transposition if n > m), there exists a (m4; n4; 2; 2)mn-dBT.>From Result 18, we can obtain a (2m4; 24c1�1n4; 2; 2; 1)2c1 [m4; n4]-PMF. ByResult 17, there exists a (2m4; 24c1�1n4; 2; 2)2c1mn-dBT, i.e. a(2m4; 24c1�1n4; 2; 2)C -dBT, as required. 26 Two-Dimensional Perfect FactorsTheorem 5 settles the existence question for de Bruijn Tori with 2 � 2 win-dows. It is interesting to consider the generalisation of this question to thecase of two-dimensional Perfect Factors. As well as being of mathematical in-terest in their own right, these will be fundamental in building 3-dimensionalde Bruijn Tori. Similar conditions to those of Lemma 1 can be derived forthe parameters of a Perfect Factor: condition i) simply becomes RST = Cuv.17



We also have the following two results, whose proofs use a generalisation ofmethods dating back to Ma [14] and Etzion [5] (similar methods have alsobeen successfully used in [3, 10, 12, 13, 18, 20]). Let the weight of a sequencebe the sum of its entries.Theorem 19 Suppose that RST = Cuv and there exists an (R;u;T1)C-PF(where T1 = Cu=R). Suppose further that one of the following two casesoccurs.i) T jRv�1 and there exists an (S; v � 1;T )R[T v1 ]-PMF in which each se-quence has weight 0 mod R, orii) Rv�1jT and there exists an (S; v;T v1=S)T1-PF, and an(S; v � 1;Rv�1)R[S]-PMF, each sequence of the latter having weight0 mod R.Then there exists an (R;S;u; v;T )C-PF.Proof: We give a construction for what we claim is an (R;S;u; v;T )C-PF.The construction di�ers slightly in each of the two cases. Let �(i), 0 � i <T1�1 be the sequences of the (R;u;T1)C -PF. In case i), the condition T jRv�1implies that T v1 divides S. We let � (0) be a (T v1 ; v)T1-dBS concatenated withitself S=T v1 times. In case ii), the condition Rv�1jT implies that S dividesT v1 and we let � (i), 0 � i < T v1 =S be the sequences of the (S; v;T v1 =S)T1-PF.Finally, in each case, we let (i) be the sequences of the appropriate PMFand, for each i, de�ne a new sequence �(i) = �(i)0; �(i)1; : : : by�(i)j = ( 0 if j = 0Pj�1k=0 (i)k mod R if j > 0Because of the condition on the weight of the PMF sequences, each sequence�(i) has period S.Next, we de�ne a T -set of R � S arrays A(i; j). In case i), we have0 � i < 1 and 0 � j < T , while in case ii), we have 0 � i < T v1 =S and0 � j < Rv�1. In either case, we take column k of array A(i; j) to be thesequence E�(j)k(�(� (i)k)).The proof that the set of arrays A(i; j) is a PF with the required param-eters is omitted, but as we have already intimated, can be constructed alongthe lines of the proof of [18, Theorem 6.1], for example. 218



Proof of Theorem 6: The necessity is obvious. If p = 2, the theorem hasbeen proven in [13, Lemma 3.2], so we assume here that p > 2. Becauseof symmetry, we may assume that r � s, and so r � 2c. Hence there is a(pr; 2; p2c�r)pc-PF by Theorem 4.6 of [18]. If t < r then we come under case i)of Theorem 19. In this case there is a (ps�(r�t); 2)p(2c�r)-dBS. A simple way toobtain the (S; v�1;T )R[T v1 ]-PMF is to puncture the sequence 0; 1; : : : ; pr�1at 0. That is, for the sequence � = [0]ps�r [1; : : : ; pr � 1]ps�r , the set ofsequences fEkps�r(�) j 0 � k < ptg form a (ps; 1; pt)pr [ps�(r�t)]-PMF, eachsequence of which has weight 0 mod pr. If t � r then we come under case ii)of Theorem 19. In this case there is a (ps; 2; pt�r)p(2c�r) -PF by Theorem 4.6 of[18]. Finally, the simplest way to �nd a (ps; 1; pr)pr [ps]-PMF, each sequenceof which has weight 0 mod pr, is to use the sequences [i]ps for each 0 � i < pr.In either case, an application of Theorem 19 �nishes the proof. 2It is of course possible to combine two-dimensional PFs over di�erentprime-power alphabets to produce PFs over general alphabets: suppose Chas prime factorisation C = Qki=1 pici and let R = Qki=1 piri; S = Qki=1 pisi andT = Qki=1 pi4ci�ri�si ; for some ri; si with 0 � ri + si � 4ci and R > u, S > v:Then the proof of the following corollary of Theorem 6 is a straightforwardgeneralisation of [18, Lemma 5.1]).Corollary 20 Suppose that C, R, S and T are as above andpiri > 2 and pisi > 2; 1 � i � k:Then there exists an (R;S; 2; 2;T )C-PF.This corollary takes us quite some way to answering the existence question fortwo-dimensional PFs with 2�2 windows. We ask: is it possible to generalisethe techniques of Sections 3, 4 and 5 of this paper to settle this question?We �nish with open questions about a much more general problem. Letthe dimension d be an integer, the period ~R = hR1; : : : ; Rdi be a vector ofintegers, the window ~W = hW1; : : : ;Wdi be a vector of integers, the size Tand base C be integers, and the modulus ~M = hM1; : : : ;Mdi be a vectorof integers satisfying MijRi for each i. Let R = QiRi, W = QiWi, andM = QiMi, and de�ne an (~R; ~W ;T )dC[ ~M ]-PMF analogously to De�nition16. Then the following necessary conditions are straightforward to establish.Lemma 21 Suppose there exists an (~R; ~W ;T )dC[ ~M ]-PMF. Then19



i) RT = CWM , andii) for each 1 � i � d, eithera) Mi = 1 and Ri �Wi orb) Mi > 1 and Ri > Wi.It is tempting to conjecture that these conditions are also su�cient forthe existence of PMFs in arbitrary dimension d. Conjecture 2.5 of [15] isthat the same is true in one dimension, but even this special case is stillopen. Notice that settling this question for arbitrary d includes as specialcases settling Conjecture 5.4 of [10] and the main conjecture of [20] (both onde Bruijn Tori in two dimensions). Also relevant is Conjecture 5.5 of [10]. Afew constructions for PMFs in two dimensions can be found in [20] and forhigher-dimensional de Bruijn Tori in [13]. Clearly, there is much scope forfuture work in this area.AcknowledgementWe would like to thank the referee for some important comments on theoriginal version of this paper.References[1] T. Van Aardenne Ehrenfest and N.G. de Bruijn, Circuits and trees inoriented linear graphs, in I. Gessel and G.-C. Rota, editors, \Classicpapers in Combinatorics," Birkhauser, Boston, 1987. Reprinted fromSimon Stevin 28 (1951), 203{217.[2] J. Burns and C.J. Mitchell, Coding schemes for two-dimensional positionsensing, in M. Ganley, editor, \Cryptography and Coding III," OxfordUniversity Press, 1993.[3] J.C. Cock, Toroidal tilings from de Bruijn-Good cyclic sequences, Dis-crete Math. 70 (1988), 209{210.[4] N.G. de Bruijn, A combinatorial problem, Proc. Kon. Ned. Akad.Wetensch. 49 (1946), 758{764. 20
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