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We analyze the toric code model in the presence of quenched disorder, which is introduced via different types
of random magnetic fields. In general, close to a quantum phase transition between a spin polarized phase and
a topologically ordered one, we find that increasing the amount of disorder favors the topological phase. For
some realizations of disorder, topological order can be robust against arbitrarily strong magnetic fields. In the
case of the toric code in a random ±h field, we show that the system exhibits a quantum phase transition to a
spin-glass phase in an appropriate dual variables description. The survival of topological order in the spin-glass
phase is directly related to the percolation properties of the rigid lattice in the Edwards-Anderson bimodal
spin-glass model. According to recent numerical results for this model [F. Romá et al., Phys. Rev. B 82, 214401
(2010)], it is likely that the rigid lattice does not percolate and, as a result, a new intermediate quantum phase
appears in the random-field toric code. In this intermediate quantum phase, topological order coexists with spin
glassiness.
DOI: 10.1103/PhysRevB.83.075124
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I. INTRODUCTION

Quantum systems can be dramatically influenced by disorder. In phenomena where Anderson localization1 takes place, a
weak random potential can completely localize a band of states
that is otherwise conducting. For two-dimensional systems, in
particular, accepted wisdom suggests that quantum phases are
destroyed if disorder is strong enough.2
In the present work we revisit this basic intuition in a spinlattice system exhibiting topological order.3 Our main goal
is to investigate how a nonlocal topologically ordered phase
responds to local quenched disorder. To this end, we focus
on an exactly solvable model that supports topological order,
namely, the toric code.4–6
We first examine a particular case of variational tensor
product approach to the ground state of the system,7 dubbed
wave-function deformation.8 In this case the ground state
is analytically tractable and topological properties can be
mapped out via the topological entropy.9,10 All ground-state
equal-time correlators are equivalent to those of a classical
2 + 0-dimensional Ising model and, in the uniform-field case,
there is a continuous transition between a Z2 topological phase
and a spin polarized phase through a critical point that falls in
the two-dimensional (2D) Ising universality class.11,12
In the second part we examine a Hamiltonian deformation,
which is closer to physical intuition in that a random magnetic
field is added to the toric code. This situation is analyzed via the
conventional correspondence to a 2 + 1-dimensional classical
model, whose uniform-field critical point falls in the 3D Ising
universality class.
We find that the addition of a random magnetic field to
a uniform one favors in general the highly entangled phase
with topological order over the spin polarized phase (with no
long-range entanglement). As a result, we find that if a uniform
magnetic field has driven the system into a spin polarized
phase, switching on some disorder leads to a recovery of
1098-0121/2011/83(7)/075124(7)

topological order. This is an instance where the addition of
local disorder increases the genuine many-body entanglement
in the system.
In the case of a wave-function deformation without a
uniform field component, topological order survives for
any amount of disorder. This is not so for a Hamiltonian
deformation, where an infinitely strong random field induces
a nontopological polarized phase with spins pointing along
the local-field directions. However, we argue that, in this
case, an intermediate phase emerges and we establish an
intriguing connection between the topological properties of
this phase and the percolation properties of the so-called rigid
lattice13 in the Edwards-Anderson bimodal (EAB) spin-glass
model.14 In particular, we show that if the rigid lattice of the
2D EAB spin-glass model does not percolate, as conjectured
recently in a preliminary numerical investigation,15 then, in the
intermediate quantum phase, spin-glass properties coexist with
topological order. Due to the interplay and possible merging
of topological and spin-glass properties in this intermediate
phase, we shall refer to it as a topological spin glass.
In what follows we briefly review the toric code model and
its basic properties (Sec. II) and then proceed to the main parts
of the paper, in which we analyze the influence of random
perturbations on the topological order of the toric code. In
Sec. III we examine a wave-function deformation, which leads
to a fine-tuned model with a tractable ground-state subspace. In
this case, we are able to calculate the block entanglement and
hence the topological entropy of the randomly perturbed toric
code. In Sec. IV we examine a Hamiltonian deformation and
establish the connection between percolation properties of the
rigid lattice and topological properties of the random-field toric
code model, in which a topological spin-glass phase appears
if the rigid lattice does not form a giant cluster spanning the
system. In Sec. V we compare and contrast the two types of
random perturbations to the toric code and develop a qualitative
understanding of the stability of topological order against
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them. In the final section our results are summarized and some
derivative open questions are discussed.
II. PRELIMINARIES: TORIC CODE MODEL AND
TOPOLOGICAL ORDER

Quantum states possessing topological order, such as those
encountered in the quantum Hall effect, do not break any local
symmetry.3 An example of such a system is the toric code,4
which is defined on a square lattice with periodic boundary
conditions in both directions and spins-1/2 on its bonds. The
Hamiltonian of the model,


As − λB
Bp ,
(1)
HTC = −λA
s

where
Z≡

l∈s

l∈p

applied on bonds forming a square p.
There is a fourfold degeneracy (on the torus) in the
ground state corresponding to different topological sectors.
If we denote by w1 and w2 the incontractible Wilson loops
along the vertical and horizontal directions, respectively, the
ground-state manifold is spanned by


j
(4)
|ij  ≡ w1i w2 |TC ; i,j = 0,1 ,
where
|TC  = |G|−1/2



g|0.

(5)

g∈G

Here g ∈ G is a string of star operators, and |0 is a reference
state in which all spins are pointing in the +Z direction.
The star operators form an Abelian group G of order |G| =
2
2L −1 for an L × L lattice L. The ground states are locally
indistinguishable (see, e.g., Ref. 16), by which we mean that
the reduced density matrix, ρA = TrĀ |ij ij |, is the same
for all ground states as long as the distinguished region A does
not form a spanning cluster in the lattice and it is smaller than
its complement Ā.
III. WAVE-FUNCTION DEFORMATION

We add a fine-tuned random perturbation to the toric code,
which is controlled by a set of parameters {βj }, j = 1, . . . ,N.
In this case the Hamiltonian is given by
⎛
⎞


H = HTC +
exp ⎝−
βj σ̂jz ⎠ ,
(6)
j ∈s

where the first sum runs over all stars and the second sum runs
over the four spins in each star. For small values of βj the
perturbation term is equivalent to a local magnetic field. The
ground state can be obtained as in Refs. 11 and 12, where
the clean-case equivalent was studied (βj = β, ∀ j ∈ L). It

⎡



exp ⎣

⎤
βj σjz (g)⎦ .

(8)

j

A. Mapping to a classical random-bond Ising model

(2)

which are applied on bonds meeting on a vertex s; and the
plaquette operators

σ̂lz ,
(3)
Bp =


g∈G

p

is composed of a sum over the star operators

σ̂lx ,
As =

s

was shown there that the model has a quantum critical point at
βc  0.440 686 8, and topological order is lost for β > βc .
Without detailing the derivation11 (as it is not relevant for
our purposes here), the ground state of the disordered model (6)
is explicitly given by
⎡
⎤


1
|0  = Z −1/2
exp ⎣
βj σjz (g)⎦ g|0,
(7)
2
g∈G
j

A generic configuration g|0 is uniquely determined by the
set of star operators acting on the reference state |0, modulo
the action of the product of all g ∈ G, which is equal to the
identity. Therefore there is a one-to-two mapping between G
and the configuration space  = {θ } of an Ising model with
degrees of freedom θs living on the sites s of the square lattice.
We change variables from the bonds (σ spins) of the lattice
to the vertices (stars or θ spins) by choosing θs = −1 (+1)
to mean that the corresponding star operator As is (is not)
“participating” in the relevant g ∈ G. Since each σ spin can
only be flipped by its two neighboring θ spins, we have σj ≡
θs θs  , where j labels the bond between two neighboring sites
s,s  . Hence each random parameter βj is uniquely labeled
by the pair s,s  , and we can substitute βj → βss  .
With this change of variables, the ground state of H can be
expressed as
⎛
⎞

 1
1
|0  =
βss  θs θs  ⎠ g(θ )|0,
(9)
√ exp ⎝
2
Z

θ∈
s,s 
where
Z=


θ∈

⎛
exp ⎝



⎞
βss  θs θs  ⎠ .

(10)

s,s  

The second quantity is, in fact, the partition function
of a classical random-bond Ising model (RBIM) on a
2D square lattice at temperature T , with reduced nearestneighbor couplings βss  = Jss  /T . As a result, all equal-time
correlation functions that can be expressed in terms of θs
variables are exactly the same in the two systems.
B. Topological entropy and phase diagram

We can now calculate the entanglement and topological
entropy,10 which serves as an order parameter for phase
transitions into and out of topological order.11,16–18 Via the
topological entropy the phase diagram of model (6) can be
obtained exactly by identifying the correspondence between
topological order and spin polarized phases with the paramagnetic and ferromagnetic phases of the mapped classical model,
as explained now.
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FIG. 1. The four bipartitions (Ai ,Bi ) used to compute the
topological entropy according to Levin and Wen (Ref. 10), Stopo =
limr,R→∞ [−S(A1 ) + S(A2 ) + S(A3 ) − S(A4 )], where S(A) =
−Tr(ρA ln ρA ) is the von Neumann entropy of subsystem A.

Using the bipartition scheme of Levin and Wen (Ref. 10),
depicted in Fig. 1, a calculation following closely the steps of
(Ref. 11) leads to the topological entropy
1  s,s  βss θs θs
Stopo = lim
e
log2 R(g),
(11)
r,R→∞ Z
g∈G
where
R(g) ≡



 ∂
Z1 (g) + Z1∂, twisted (g) Z4∂ (g) + Z4∂, twisted (g)
Z2∂ (g)Z3∂ (g)

.
(12)

∂
Z2,3
(g)

Here
represents the partition function of an Ising
model with reduced nearest-neighbor interactions {βss  }, and
with fixed spins along the boundary of bipartitions 2 and 3,
∂
respectively (see Fig. 1). Partition functions Z1,4
(g) are the
∂
analogs of Z2,3 (g) for bipartitions 1 and 4, respectively,
∂, twisted
whereas Z1,4
(g) differ from them in that the spins along
one of the two boundaries are flipped.
The sum over g in Stopo acts as a weighed average of
the logarithmic term over all possible values of the spins at
the boundary. Note that in Eq. (12) the partitions with two
boundaries, and hence with nontrivial topology, are those
appearing with two contributions (i.e., bipartitions 1 and 4).
These contributions are responsible for a nonvanishing Stopo .
In the high-T phase of the RBIM (βss  → 0) the correlations
are short ranged and the choice of boundary conditions
affects the partition function with only exponentially small
corrections. Therefore in this case
Z1∂ (g)Z4∂ (g)  Z1∂, twisted (g)Z4∂ (g)  · · ·  Z2∂ (g)Z3∂ (g)
and Stopo = 2. This corresponds to the topological phase of
the original model (6). On the contrary, in a ferromagnetically
ordered phase, e.g., when βss  = β
1, we have
Z1∂ (g)

Z1∂, twisted (g), Z4∂ (g)

Z4∂, twisted (g),

while Z1∂ (g)Z4∂ (g)  Z2∂ (g)Z3∂ (g) still holds.11 This leads to
Stopo = 0. The behavior of Stopo across such a transition is
discontinuous, with a sharp jump from Stopo = 2 to Stopo = 0.

FIG. 2. (Color online) Phase diagram the random-bond Ising
model (Ref. 19) (RBIM) with bipartite disorder as a function of
the density of antiferromagnetic (AF) bonds p and T ≡ 1/β.

The ground state of the model, Eq. (9), is controlled by the
partition function Z of a 2D RBIM with reduced couplings
βss  = ±1/T , where the density of antiferromagnetic (AF)
bonds is p. The phase diagram of this model is well known19,20
and is given for completeness in Fig. 2. The solid line separates
the paramagnetic (PM) and ferromagnetic (F) phases. In
two dimensions a spin-glass (SG) phase appears only in the
zero-temperature limit (i.e., for βss  → ∞). It is noted that
other salient features in the phase diagram are straightaway
inherited from the physics of spin glasses. For instance, model
(6) exhibits a multicritical Nishimori point and a re-entrant
behavior in the FM phase in Fig. 2 (see e.g., Ref. 19, and
references therein).
The region of the phase diagram where the RBIM is in the
paramagnetic phase corresponds to a topologically ordered
phase of the quantum model, which is continuously connected
to the unperturbed toric code. In this fine-tuned model,
topological order is stabilized by disorder and, for instance,
at p = 1/2 topological order survives for all nonvanishing
values of T . The mapped system enters the spin-glass phase
only for T → 0. However, specifically in two dimensions, the
stiffness exponent of the spin-glass phase is negative21 and
this leads to R = 1 → Stopo = 2 down to T = 0, while the
system becomes conformally invariant.22
It is remarkable that if we prepare the system in the spin
polarized phase, which can be done in a straightforward way
by applying a strong uniform field βj = β > βc , and then
we increase the amount of disorder (that is, if we increase
the density of AF bonds p), we can induce a recovery of
topological order in the disordered model of Eq. (6).
IV. HAMILTONIAN DEFORMATION

We now focus on the more general case of the toric code in
a random magnetic field,

hi σ̂iz .
(14)
H = HTC −
i∈L

C. Bipartite disorder

Let us study a particular case of disorder in model (6), with
probability distribution




1
1
+ (1 − p) δ βss  −
. (13)
P(βss  ) = pδ βss  +
T
T

In the limit |hi | → ∞ every spin i polarizes in the local-field
direction and hence the ground state has no topological order.
Contrary to the uniform-field case, such a strong random field
can favor plaquettes for which Bp = −1. An upper bound to
the stability of this fully polarized phase can be obtained by
setting λA = 0 and asking how large λB needs to be to make
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it energetically favorable forsome spins to point against the
field direction so that Bp = i∈p σiz = +1 everywhere on the
lattice. Recall that negative plaquettes can only be removed
in pairs by flipping strings of spins that join them on the dual
lattice. Therefore the energy gain for
such a change, −4λB ,
is opposed by a field contribution 2 |hi |, where the sum is
carried out along the chosen string. If the probability of hi
being positive is the same as that of being negative, the density
of negative plaquettes is η = 1/2 and the typical separation
√
between two such defects is ∼ 1/ η, independent of system
√
size. The field contribution amounts to 2 h ∼ 2h/ η, where
h is the average field strength (extremal field values need not
be considered here as it is almost always possible to find a
string that avoids them on the lattice). Once λB  h/2η, the
condition Bp = +1 becomes enforced throughout the lattice
and the system exits the fully polarized phase.
A. Mapping to a quantum random-bond Ising model

So long as λB  h/2η, the phase diagram can be studied
by considering the low-energy effective Hilbert space given by
the span of all σ z tensor product states satisfying the condition
Bp = +1, as in Ref. 23. We can then simplify Hamiltonian (14)
by introducing operators θ̂sz living on the sites of the lattice,
with eigenvalues θsz ≡ (−1)ns = ±1, where ns is the number
of times that the four spins around s have been flipped
with respect to some reference configuration, say the fully
magnetized state (σiz = +1). The value of σiz for a spin at
bond i is uniquely determined by the product of two θsz on
adjacent sites, σiz = θsz θsz . Indeed, in the restricted Hilbert
space, a spin can only be flipped as part of a four-spin-flip
process around one of the two adjacent stars (otherwise it
leads to a high-energy state ∼2λB .) If we interpret θ̂sz as the
z component of a spin-1/2 degree of freedom, the operator As
is the corresponding x component. Therefore, in terms of the
θ spins, the Hamiltonian H can be rewritten as


H = −λA
hss  θ̂sz θ̂sz ,
(15)
θ̂sx −
s

s,s  

where in the second term we rename i ↔ ss  . This is the
transverse field RBIM on the square lattice, whose phase
diagram has been studied for several instances of disorder, such
as ±r (bipartite) bond disorder24 and bond-diluted disorder.25
The phase diagram of the first case is shown in Fig. 4, while
that of the second is shown in Fig. 3. Each case is studied in
turn in the following subsections.

FIG. 3. (Color online) Phase diagram of the random-bond Ising
model (RBIM) with bond-diluted disorder (Ref. 25) (J ≡ λA / h).

The h-p phase diagram of this model is known25 and
shown here in Fig. 3. For bond dilution lower than a critical
value (p  pc = 1/2), the system exhibits a quantum phase
transition from a paramagnetic (PM) phase for small values of
h/λA to a ferromagnetic phase for large values of h/λA . For
bond dilution above the critical value, the phase transition is
suppressed altogether and the system remains in the PM phase
for any h.
In the language of the original model (14), the PM phase
maps onto a topologically ordered ground state. Therefore
topological order survives irrespective of field strength all the
way up to the critical dilution, i.e., for 0  p  pc . Beyond
this threshold, a sufficiently large field takes the system into a
spin polarized phase.
This result can be understood using a percolation argument
applied to the large h case where each spin σi with hi = 0
is polarized in the direction of the field. The Hilbert space of
the system is thus effectively reduced to that of the remaining
(1 − p)N spins. Below the percolation threshold (pc = 1/2)
all clusters of polarized spins are finite. One can verify that the
corresponding projection in the large h limit simply changes
the lattice on which the toric code is defined, but does not
alter its topological properties. From a quantum information
perspective, this implies a high (50%) error threshold.5,26
On the contrary, for p  pc a spanning cluster appears.
As h is increased and the spins on the cluster polarize, the
projected system breaks down into disconnected components
and topological order is lost. For instance, winding loops
are bound to intersect the percolating cluster and topological
sectors can no longer be degenerate (as discussed in the case
of bipartite disorder with ±r magnetic field, in the previous
subsection).

B. Bond dilution disorder and the percolation threshold

Let us start for simplicity by considering the Hamiltonian (14) for a toric code in a random local magnetic field, with
bond-diluted disorder according to the probability distribution
P(hi ) = (1 − p)δ(hi ) + pδ(hi − h).

(16)

In other words, a uniform magnetic field of strength h is applied
to a fraction p of σ spins chosen at random.
Contrary to the ±r case, the dual mapping to θ spins holds
for all values of h, since the diluted field does not compete
with the plaquette term Bp . In the dual language of Eq. (15)
this type of disorder leads to a bond-diluted transverse RBIM.

C. Bipartite disorder and the topological spin glass

In the ±r model,24 a uniform field of strength r is applied
to all σ spins but its direction is randomly inverted for a
fraction p of the spins. Mathematically, the relevant probability
distribution is
P(hi ) = (1 − p) δ (hi + r) + pδ (hi − r) .

(17)

Topological order corresponds to the fixed point J ≡
λA /r → ∞ (or, equivalently, to the θ x -polarized PM phase).
It is stable for all values of AF-bond density p, provided the
disordered field strength obeys r  λA .

075124-4

INTERPLAY OF TOPOLOGICAL ORDER AND SPIN . . .

PHYSICAL REVIEW B 83, 075124 (2011)

The case of uniform field (i.e., the line p = 1) yields the
2D transverse field Ising model, whose phase diagram is controlled by the 3D classical Ising model.8 The ferromagnetically
ordered phase, which corresponds to a nontopological phase
in model (14), is controlled by the J = 0, p = 1 fixed point,
and it is stable in a finite portion of the phase diagram.
There is a third region in the phase diagram in Fig. 4,
controlled by the J = 0, p = 1/2 fixed point. It occurs when
the field strength r is large with respect to the transverse field
λA (i.e., J is small) and yet a high density of AF bonds p
prevents the onset of ferromagnetic order. In this case the
system enters a quantum spin-glass phase.24
Contrary to model (6), the fate of topological order across
this glass transition is difficult to determine via a calculation
of the topological entropy of the system. Here we take an
alternative route and propose that this is in fact a new phase
of matter where topological order coexists with spin-glass
properties.
We consider for simplicity the case p = 1/2, where Eq. (15)
reduces to the transverse field bimodal Edwards-Anderson
model. In the weak transverse field limit λA /r  1 it is
customary to construct approximate ground-state wave functions by taking the tensor product states that minimize the
classical EAB energy [Eq. (15) with λA = 0] and forming
superpositions of any sets of such states that are connected by
the action of θ̂sx operators, s ∈ L. These ground states were
shown to involve an extensive number of tensor product states
and they exhibit statistical properties similar to the PM state27
(i.e., the topologically ordered state in the dual σ variables).
The ensemble of all the bonds in the EAB model that
are always satisfied or always frustrated in all groundstate configurations is called the rigid lattice.13 Clusters of
θ spins connected by bonds in the rigid lattice are locked with
respect to one another. Correspondingly, the original σ spins
associated with the bonds of the rigid lattice are pinned to a
fixed value in the ground-state configurations.
As we showed in Sec. IV B in the case of a diluted
field, pinning the value of spins at random in the toric code
model does not spoil its topological properties until we pin a
percolating cluster of them. As a result, we see that the survival
of topological order in the spin-glass phase of the toric code
model in a bimodal field is related to the percolation properties

of the rigid lattice in the Edwards-Anderson bimodal spin-glass
model.
Very recent numerical results on the EAB model15 suggest
that the rigid lattice does not percolate in two dimensions,
although the results cannot be deemed conclusive. If they
are confirmed,28 our results suggest that topological order in
model (14) survives inside the quantum spin-glass phase. This
occurs for field strengths r stronger than λA but below the
threshold value 2λB η and high AF bond densities p. As r is
further increased beyond 2λB η, the system eventually exits
the topological spin-glass phase and enters the field polarized
phase discussed earlier.
V. COMPARISON BETWEEN WAVE-FUNCTION AND
HAMILTONIAN DEFORMATIONS

One can develop a qualitative understanding of the difference between models (6) and (14) 
by studying
more closely
the
two terms they differ by, that is, s exp[− i∈s hi σiz ] and
− i hi σiz , respectively. We shall consider the case hi = ±h
for convenience.
The term in model (14) is a local magnetic field which
favors a unique tensor product state with an energy gap  2h
to any other state. When added to the toric code, which has a
finite gap, this term eventually dominates at large field strength
and the ground state tends to the field-polarized state, where
topological order is lost.
While the perturbation of model (6) favors precisely the
same state, it does so in a subtler way, as it becomes evident
when we consider its action on a singlestar s composed of four
spin-1/2 degrees of freedom, exp[− i∈s hi σiz ]. In this case,
the lowest energy state where each spin points in the localfield direction has a gap to the first excited state proportional
to e−2h − e−4h .
In contrast to model (14), the energy difference now tends
to zero as the field strength h is increased. (Note that this is
not true for higher excited states, whose energy difference with
respect to the lowest state, e2h − e−4h and e4h − e−4h , diverges
exponentially with h.) As a result, there are exponentially many
tensor product states within an energy band smaller than the
gap of the unperturbed toric code irrespective of the value
of h.
This argument illustrates why topological order cannot
survive for large values of h in Eq. (14), while the perturbation
in Eq. (6) is by far less disruptive. Nevertheless, the survival
of topological order for all values of h in Eq. (6) is a nontrivial
result that cannot be straightforwardly deduced from these
simple considerations.
VI. DISCUSSION AND PERSPECTIVES

FIG. 4. (Color online) Phase diagram of the transverse field
RBIM (Ref. 24) as a function of p and J ≡ λA /r. A topological spin
glass [in the original model (14)] appears, indicated by the shaded
region.

We have shown that topologically ordered quantum systems
respond to quenched disorder very differently from conventionally ordered systems,29 in the following sense. In general,
close to a transition out of a topologically ordered phase, which
is inherently long-range entangled, the introduction of local
disorder in the applied field stabilizes the topological phase.
In some cases, such as for random-field dilution of sufficiently
high density, topological order is robust with respect to any
strength of the external magnetic field.
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An intuitive framework in which the main results can
be understood on a physical level may be provided by the
quasiparticle excitations (anyons) in the system. A uniform
field can be seen as a hopping term for otherwise static anyons,
allowing them to propagate with some lattice momenta.
For small fields the system has a spectral gap and retains
topological order as the ground state is adiabatically connected
with that of the toric code.31 For large fields the gap closes and
topological order is lost to anyons winding around the torus.
It is then tempting to speculate that a disordered field takes
on the role of either a pinning potential or a random hopping
term, which localizes the anyons. Such a mechanism would
indeed preserve topological order, as it denies the propagation
of pair-created anyons around the torus.
We also argued that quenched disorder in topologically
ordered systems might lead to a new quantum phase where
topological order and spin glassiness coexist. Fully understanding the complex nature of this intermediate quantum
phase requires the combined expertise of both research areas.
In particular, our results lead naturally to the following set of
questions, which deserves further study.
Spin-glass transitions are usually detected via magnetic
susceptibility measurements. In the present context, these

1

P. W. Anderson, Phys. Rev. 109, 1492 (1958).
B. Huckestein, Rev. Mod. Phys. 67, 357 (1995).
3
X.-G. Wen, Quantum Field Theory of Many-Body Systems (Oxford
University Press, Oxford, 2004).
4
A. Kitaev, Ann. Phys. (NY) 303, 2 (2003).
5
E. Dennis, A. Kitaev, A. Landahl, and J. Preskill, J. Math. Phys. 43,
4452 (2002).
6
C. Nayak, S. H. Simon, A. Stern, M. Freedman, and S. Das Sarma,
Rev. Mod. Phys. 80, 1083 (2008).
7
X. Chen, B. Zeng, Z.-C. Gu, I. L. Chuang, and X.-G. Wen, Phys.
Rev. B 82, 165119 (2010).
8
C. Castelnovo, S. Trebst, and M. Troyer, in Understanding Quantum
Phase Transitions, edited by L. D. Carr (CRC/Taylor and Francis,
Boca Raton, 2010), Chap. 7.
9
A. Hamma, R. Ionicioiu, and P. Zanardi, Phys. Lett. A 337, 22
(2005); Phys. Rev. A 71, 022315 (2005).
10
A. Kitaev and J. Preskill, Phys. Rev. Lett. 96, 110404 (2006);
M. Levin and X.-G. Wen, ibid. 96, 110405 (2006).
11
C. Castelnovo and C. Chamon, Phys. Rev. B 77, 054433 (2008).
12
S. Papanikolaou, K. S. Raman, and E. Fradkin, Phys. Rev. B 76,
224421 (2007).
13
F. Barahona, R. Maynard, R. Rammal, and J. P. Uhry, J. Phys. A
15, 673 (1982).
14
S. F. Edwards and P. W. Anderson, J. Phys. F 5, 965 (1975);
G. Toulouse, Commun. Phys. (London) 2, 115 (1977).
15
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