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The fabrication, utilisation, and efficiency of quantum technologies rely on a good understanding
of quantum thermodynamic properties. Many-body systems are often used as hardware for these
quantum devices, but interactions between particles make the complexity of related calculations
grow exponentially with the system size. Here we explore and systematically compare ‘simple’ and
‘hybrid’ approximations to the average work and entropy variation built on static density functional
theory concepts. These approximations are computationally cheap and could be applied to large
systems. We exemplify them considering driven one-dimensional Hubbard chains and show that, for
‘simple’ approximations and low to medium temperatures, it pays to consider a good Kohn-Sham
Hamiltonian to approximate the driving Hamiltonian. Our results confirm that a ‘hybrid’ approach,
requiring a very good approximation of the initial and, for the entropy, final states of the system,
provides great improvements. This approach should be particularly efficient when many-body effects
are not increased by the driving Hamiltonian.

I. INTRODUCTION

Many-body systems composed by a relatively small
number of relevant degrees of freedom are often proposed
and used as hardware for quantum devices. This is one
of the reasons behind the development of quantum ther-
modynamics (QTD)[1–4], because it prevents relying on
assumptions derived from the thermodynamic limit. Un-
derstanding thermodynamic properties of these systems
is crucial as they could limit applications, but also help
the fabrication and running of efficient quantum devices.
In this sense, the average quantum work extracted and
the related thermodynamic entropy are very relevant: for
example, quantum work is important for quantum en-
gines, quantum batteries, and optimal energy consump-
tion, whilst the thermodynamic entropy (or irreversible
work) is indicative of the energy dissipated in a cycle or
to reset a system to thermal equilibrium.

The dynamics of interest to perform thermodynamic
cycles or computational algorithms is often a rich and
non-trivial out-of-equilibrium dynamics. Recent studies
looked at work and entropy in many-body quantum har-
monic oscillators and spin chains [5–14]. However, vari-
ous systems of interest are non-integrable and calculating
the systems’ properties may become challenging even for
integrable systems, for instance, in scenarios where an
external drive breaks integrability. Even well established
methods for strongly correlated systems quickly reach a
bottleneck. This is more critical at finite temperature,
when properties of interest involve excited states. For
instance, the Density Matrix Renormalization-Group,
which yields almost exact results for ground-state and
time-dependent properties [15], has limited applicability
at finite temperature [16]. Accuracy is lost whenever
the evolution in imaginary time has to run for longer
times than the inverse of the correlation energy scales.
Therefore, finding a way to accurately incorporate inter-

actions into reliable approximations is an important issue
for quantum thermodynamics.

Recently, we proposed a scalable approximation proto-
col inspired by density functional theory (DFT) [17, 18]
and tested it to calculate the quantum work in a Hubbard
dimer driven at finite time. Later, in reference [19] we
quantified the error in neglecting the Coulomb coupling
in Hubbard chains. We demonstrated that increased ac-
curacy for estimating quantum work can be achieved in
a wide region of the parameter space by means of a hy-
brid approximation which uses the exact (or highly accu-
rate) initial state, whilst constructing the evolution op-
erator from the non-interacting Hamiltonian. This ap-
proach is numerically relatively cheap. However, it leads
to the question if a more sophisticated hybrid approxima-
tion, including many-body interactions when calculating
the system evolution, for instance via Density Functional
Theory (DFT), would yield results of greater accuracy.

DFT[20, 21] is one of the most successful methods to
derive properties of complex many-body systems and ma-
terials, providing a suite of approximations relevant to
continuous electronic systems and model Hamiltonians
[22].

The development and applications of DFT to finite
temperature problems [23], and especially to finite-
temperature systems out-of equilibrium, are compara-
tively still in their infancy. Hence the importance of
the present study, in which we combine and adapt some
well-known zero-temperature, DFT approximations for
model Hamiltonians with the ‘hybrid’ approach from ref-
erence [19] and test their limits in describing the quantum
thermodynamics of finite-temperature systems strongly
out of equilibrium. This work will complement and ex-
tend the recent work [24] which considered static sys-
tems and showed that approximations to the exchange-
correlation potential built for ground-states should be
accurate at finite T below a characteristic thermal scale
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associated with the Fermi energy. Importantly, the DFT-
based set of approximations that we propose, will remain
applicable to systems of higher complexity, as they re-
main numerically relatively inexpensive.

II. METHOD

A. Average quantum work and entropy production

The average quantum work quantifies the energy lost
or acquired by a quantum system in a controllable way
during a certain dynamics. For closed systems where the
initial state ρ0 is diagonal in the energy basis, it is equal
to [1]

〈W 〉 = Tr
[
ρf Ĥf

]
− Tr

[
ρ0Ĥ0

]
, (1)

where ρf is the system state at the final time. The work
that can be extracted from a system is then 〈Wext〉 =
−〈W 〉.

The entropy production is related to the energy that
would have to be dissipated for the system to return to
equilibrium after a thermodynamic process [17, 25]. In
closed quantum systems, it can be defined as [2, 25]:

∆S = β (〈W 〉 −∆F ) (2)
= −β (〈Wext〉+ ∆F ) (3)

where β = 1/kBT , and the free energy variation is

∆F = − 1

β
ln

(
Zf
Z0

)
, (4)

with Z0 the partition function for the initial, and Zf for
the final Hamiltonian.

B. Model system

We will apply the approximations proposed to the
one-dimensional Hubbard model[26–28]. It is used to
simulate structures such as chains of atoms or coupled
quantum dots [29–34], which are relevant as hardware
for quantum technologies. It also allows representation
of a wide range of phases of matter: metallic, Mott-
insulating, band-insulating [35], and even superconduct-
ing [26, 36–41].

Calculating the thermodynamical properties of Hub-
bard chains in the presence of inhomogeneities is not
possible analytically; numerically, achieving reasonable
accuracy requires substantial computational effort. The
size of their Hilbert space increases exponentially with
the number of sites. At finite temperature and/or out-of-
equilibrium dynamics, more excited states are populated.
Hence the calculation of work and entropy, becomes pro-
hibitive for systems exceeding a dozen sites. For larger
systems, the simulation of long time evolutions suffers

from propagation of errors, and becomes especially prob-
lematic at time scales of the order of 102 the inverse of
the hopping parameter [42–44].

Yet, in short Hubbard chains non-trivial behaviors are
already evident, such as the precursor to the metal-Mott
insulator phase transition and the transition to a band-
insulator phase. This makes these systems ideal to test
approximations for quantum thermodynamics[17, 18, 45,
46].

The Hamiltonian for a chain of N sites is

Ĥ(t) = −J
N∑
i,σ

(
ĉ†i,σ ĉi+1,σ + ĉ†i+1,σ ĉi,σ

)

+ U

N∑
i

n̂i,↑n̂i,↓ +

N∑
i

vi(t)n̂i, (5)

where J is the hopping term, U the Coulomb interaction
strength on site i, and vi(t) is the time-dependent driving
potential at site i. The creation (annihilation) operator
for a fermion with spin σ (σ =↑ or ↓) at site i is ĉ†i,σ
(ĉi,σ), and its number operator is n̂i = n̂i,↑ + n̂i,↓, where
n̂i,σ = ĉ†i,σ ĉi,σ. The number of particles is N , with n↑ =

n↓, and we consider Open Boundary Conditions (OBC).
The external potential vi(t) = µ0

i + µτi t/τ makes the
system inhomogeneous [47]. Here µ0

i and µτi are the time-
independent coefficients for site i at the initial time t = 0
and final time t = τ , respectively. We note that the final
Hamiltonian is independent from τ , which then sets the
rate of driving during the system evolution.

We consider systems with N = 6; for each site i, µ0
i =

µ0(−1)i at t = 0 and µτi = µτ (−1)i at t = τ , where
µ0 = 0.5J and µτ = 4.5J (‘Comb’ potential [19]). These
chains and dynamics are directly comparable to the ones
in reference [19]

1. Metallic, Mott insulator and band insulator phases

equation 5 with the ‘comb’ potential describes an ionic
Hubbard model (see e.g. [35]), with the ratio between
U and the time-dependent height of the local alternat-
ing potential changing with time. For an adiabatic dy-
namics, for U . J , as t increases the system changes
from metallic to a quasi-band-insulator, while for U � J
and U . 2|vi(τ)| it would transition from a quasi-Mott-
insulator to a quasi-band-insulator. For a generic dynam-
ics, if the system will or not settle in each of these phases
will depend on the rate of the finite-time dynamics.

The presence of these phases represents a tough test
for the approximations analyzed in this paper.

C. Density functional theory approach to quantum
thermodynamics

DFT is, in principle, an exact method of calculating
properties of many-body systems. In fact, in 1964 Ho-
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henberg and Kohn , demonstrated that any property of
a ground state system can be, in theory, expressed as
a functional of the ground state density[48], and hence
calculated if the functional is known or can be reason-
ably approximated. Afterwards, the method was ex-
tended to spin-dependent [49, 50] and time-dependent
problems [51], which also allows the calculation of ex-
cited states. Extensions to mixed states and finite
temperature systems are also pursued, with some suc-
cess [23, 52, 53]. Often the wavefunction of complex
many-body systems is too large to handle, and/or the
related (time-dependent) Schrödinger equation too com-
plex to solve; through DFT, their properties can be esti-
mated using their local densities, which are much simpler
quantities both to compute and to measure.

To find the ground state density of a given system,
Kohn and Sham developed a method which mapped the
interacting system to a fictitious non-interacting system
whose potential - the Kohn-Sham (KS) potential - is con-
structed in such a way to reproduce the many-body inter-
acting ground state density [54]. In practice, finding this
density through this KS system usually requires some
approximation to be made in the so-called exchange-
correlation potential, the key ingredient of the KS poten-
tial. This has led to many DFT approximations [22, 55–
57].

Among them, there are approximations suitable to
describe Hubbard chains in the static zero-temperature
case, see e.g. [22]. In the next two subsections, we re-
view two of them and explain how we adapt them to
finite temperature; we then explain how thermodynamic
quantities can be calculated based on them.

1. BALDA

One of the most commonly used DFT approximation
is the local density approximation (LDA). This is de-
signed to represent spatially slowly varying continuous
systems [54, 58], but it is often successful well beyond
this limit. Notably, LDA is computationally ‘cheap’ to
implement even for very large systems. An extension
of LDA specifically designed for the Hubbard model is
the Bethe Ansatz LDA (BALDA) developed by Lima et
al.[59]. The BALDA KS potential vBALDAKS,i is

vBALDAKS,i = vi + vBALDAH,i + vBALDAxc,i . (6)

Here the external potential vi is the same as applied to
the original many-body system. To adapt the scheme
to finite temperatures, we have constructed the Hartree
term as vBALDAH,i = Unth,exact0,i /2, where nth,exact0,i is the
occupation at site i obtained from the exact initial ther-
mal state. Our exchange-correlation terms vBALDAxc,i also
utilizes nth,exact0,i , and it is formally defined in [59].

In appendix B we show the effect of using a thermal
density in this approximation for the initial local den-
sities, the initial KS potential, and the instantaneous

Hamiltonian spectrum. We note that the effect on the
spectrum is small.

2. Exact ground state Kohn-Sham potential

Refs [24, 60, 61] have started to explore reverse en-
gineering the thermal density to find the Kohn-Sham
system at temperatures which are much less than the
electron-electron interaction strength. It has been shown
that the exact Kohn-Sham system at low temperatures
is remarkably similar to the ground state (zero tempera-
ture) Kohn-Sham system. Here, we will test if the dy-
namics at low temperatures can be accurately repro-
duced by an evolution operator built upon the exact
ground state (GS) Kohn-Sham potential vGSKS,i, i = 1, N .
We will also check its limits as the temperature increases.

We employ the reverse engineering scheme developed
in reference [62], which is suitable for ground state lat-
tice systems at zero temperature. In the present work,
the initial-time GS exact density nGS,exact0,i is used as the
input of a self-consistent cycle that yields the exact Kohn-
Sham potential at t = 0 as the output.

The Kohn-Sham potential vGSKS,i is

vGSKS,i = vi + vGSH,i + vGSxc,i, (7)

where the external potential vi is the same as applied
to the original many-body system; the Hartree term is
vGSH,i = UnGS,exact0,i /2, and the exchange-correlation terms
vGSxc,i is defined by the reverse engineering result.

We note that with the definitions chosen, vGSH,i 6=
vBALDAH,i for T 6= 0, and the comparison between the
‘BALDA’ and ‘GSKS’ approximations becomes a com-
parison over contributions from both the Hartree and the
exchange-correlation potentials.

3. Simple and Hybrid DFT approximations for quantum
thermodynamics

The implementations of the BALDA and GSKS ap-
proximations to estimate work and entropy within a ‘sim-
ple’ or a ‘hybrid’ protocols are summarised in table I.

In all cases, the (approximate) Hartree and the
(approximate) exchange correlation potential are time-
independent, which keeps the computational cost low.
Within this framework, the BALDA-based approxima-
tions represent a lower bound to the accuracy that can be
achieved, whilst the approximations based on the t = 0
reverse-engineered Kohn-Sham potential give an estimate
of its upper bound.

As shown in table I, for both the ‘simple’ (second col-
umn) and the ’hybrid’ (third column) approximations, we
include interactions in the driving Hamiltonian Ĥevo(t)
through the approximations of the Kohn-Sham poten-
tial as described in the previous subsections. The KS
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TABLE I: ‘Simple’ (second column) and ‘hybrid’ (third column) proposed approximations for calculating the
systems’ dynamics and hence to estimate the average work from equation 1. Here Ĥevo(t) is the Hamiltonian which
defines the time-evolution operator; initial states are indicated. Here ZBALDA is the partition function calculated

using ĤBALDA; similarly ZGSKS uses ĤGSKS , and Zexact uses the exact many-body Hamiltonian Ĥexact.

‘Simple’ approximations ‘Hybrid’ approximations
Acronym BALDA exact + BALDA
Approx. 〈WBALDA〉 〈W exact+BALDA〉

Ĥevo(t) ĤBALDA = −J
N∑
i,σ

(
ĉ†i,σ ĉi+1,σ + h.c.

)

+

N∑
i

vBALDAKS,i (t)n̂i

ĤBALDA = −J
N∑
i,σ

(
ĉ†i,σ ĉi+1,σ + h.c.

)

+

N∑
i

vBALDAKS,i (t)n̂i

Initial state ρ̂BALDA0 =
exp(−βĤBALDA(0))

ZBALDA ρ̂exact0 =
exp(−βĤ(0))

Zexact

Acronym GSKS exact + GSKS
Approx. 〈WGSKS〉 〈W exact+GSKS〉

Ĥevo(t) ĤGSKS = −J
N∑
i,σ

(
ĉ†i,σ ĉi+1,σ + h.c.

)

+

N∑
i

vGSKS,i(t)n̂i

ĤGSKS = −J
N∑
i,σ

(
ĉ†i,σ ĉi+1,σ + h.c.

)

+

N∑
i

vGSKS,i(t)n̂i

Initial state ρ̂GSKS0 =
exp(−βĤGSKS(0))

ZGSKS ρ̂exact0 =
exp(−βĤ(0))

Zexact

potentials are made time dependent by the substitution
vi → vi(t) in equations (6) and (7), with vi(t) the ‘comb’
potential previously described. In the ‘hybrid’ approx-
imations, interactions are also included by utilizing the
exact initial thermal state, under the assumption that
this is relatively easy to calculate (or accurately estimate)
for a static system at equilibrium.

As the exchange-correlation and Hartree potentials are
only calculated at t = 0 as derived from the ground state
theory, calculations remain “cheap”. This is still a rela-
tively crude approximation to the many-body dynamics,
but constitutes the next step towards including interac-
tions within the system dynamics with respect to Refer-
ence [19].

III. RESULTS

We will now present the results for the average quan-
tum work from the four approximations in table I, in-
cluding their comparison with the corresponding exact
results and non-interacting approximations reported in
[19]. The exact results are obtained by exact diagonal-
ization and propagation [63] of the system Hamiltonian
in equation (5).

Three temperatures are considered: a low temperature
(T = 0.2J/kB), a medium temperature (T = 2.5J/kB),
and a high temperature (T = 20J/kB). For each of
them, we explore regimes from non-interacting (U =
0J) to strongly interacting (U = 10J), and from sud-
den quenches (τ = 0.5/J) to quasi-adiabatic evolutions

(τ = 10/J).

A. Simple BALDA approximation

Figure 1 shows the results of the simple BALDA ap-
proximation for the average quantum work (top row) and
its relative error (second row) to the exact calculation.
The temperature grows from left to right. In the top
panels, the work that can be extracted (W > 0) increases
with lighter shades. In the bottom panels,the relative er-
ror increases with lighter shades.

As mentioned, BALDA assumes a slowly varying infi-
nite system. Here we have short chains but with a slowly
varying potential at the beginning of the dynamics, when
the BALDA KS potential is calculated. This condition
is not satisfied as the dynamics progresses due to the
external drive.

As U increases, double site occupation is discouraged,
and a charge gap opens up in the lower part of the spec-
trum, bringing the system towards a Mott insulating
state (see figure 2, left column, for t/τ ≈ 0). This feature
is embedded in the static BALDA exchange correlation
potential, which displays a discontinuity at half filling
that becomes more pronounced as U increases. This pos-
itively reflects in the simple-BALDA instantaneous spec-
tra (figure 2, right column, t/τ ≈ 0), where we can see
that, as U/J increases, the 20 eigenstates without con-
tributions from double site occupation gets separated by
a charge gap from the rest of the spectrum. However,
as U/J increases, the quantitative energy-level spacing
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instantaneous spectra for U = 2J . Central and lower panels: as for upper panels, but for U = 5J and for U = 8J ,
respectively. Here the low-temperature simple-BALDA is used, but differences with higher temperatures are small,

see appendix B.

becomes quite different, and hence it does the level pop-
ulation at the beginning of the dynamics. As a result, the
‘simple BALDA’ approximation is only able to quantita-
tively capture the work accurately for Coulomb repulsion
of the order of U <∼ 3J , performing well for a metallic sys-
tem with an accuracy of ∼ 20% or better almost at all

τ ’s.

When U and v(t) become comparable, a precursor to
a transition to a band-insulator starts to appear in the
instantaneous spectrum (see first column of figure 2 as
t/τ increases). This is in general well reproduced by
the lower part of the simple-BALDA spectrum (see third
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t = τ (purple); first column: exact; second column: simple GSKS; third column: simple BALDA. Here the

low-temperature simple-BALDA DoS is plotted.

column of figure 2). When U
>∼ 5J , as t/τ increases,

the exact instantaneous spectrum displays a crossover
between the Mott-insulating and the doublon-hole cor-
relation phase [64] driven by the applied field. As men-
tioned, simple BALDA does not reproduce quantitatively
well the phase dominated by many-body interactions, so
that for U >∼ 5J accuracy reduces greatly for most τ ’s at
all temperatures.

Finally, for simple BALDA and U & 6J , work needs to
be performed on the system - note the change in sign -
to achieve the driven dynamics for all temperatures: this
is an artifact of simple BALDA, as the extracted work is
always positive for the exact results [19].

For U & 5J the width of the BALDA spectra is sig-
nificantly smaller than the corresponding exact ones, see
figure 2, contributing to significant differences in the cor-
responding density of states, see figure 3. As the tem-
perature increases, the above leads to the incorrect de-

scription of the populations of the approximated initial
thermal state, and poor performance of simple BALDA
for medium-large U/J and temperatures.

However, we note that the maximum work extracted,
which is achieved for very weakly correlated regimes, is
accurately estimated by BALDA, especially at low and
intermediate temperatures [19].

B. Hybrid BALDA approximation

Figure 1 shows the results for the average work ex-
tracted using the hybrid BALDA approximation (third
row), and the relative difference with the exact results
(fourth row) for our parameter set. By including the
exact initial state, the quantitative accuracy is similar
across all temperatures, with a marked improvement at
low temperatures and U

<∼ 3J , where the accuracy is
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now consistently 10% or less. Also, for all temperatures
and small τ ’s, τ <∼ 1 (quasi-sudden quench regime), the
accuracy is consistently improved for 3J

<∼ U <∼ 6J . The
extracted minimum work is also better captured than
with simple BALDA, though the minimum work within
the considered parameter space is still negative. We will
further comment on the reasons for this improvements in
section IVA. Comparison with the corresponding exact
heat maps in [19] shows that hybrid BALDA produces
qualitatively incorrect trends with τ and U for U >∼ 7.

C. Simple GSKS approximation

As mentioned, this approximation is based on the ex-
act ground state v̂xc as calculated at t = 0 using the
inversion scheme of reference [62]. The results for the
extracted work (top row) and relative difference (second
row) with the exact results are shown in Fig 4. For U >∼ 5,
results are almost independent from many-body interac-
tions, while at lower U ’s results are qualitatively more
similar to the exact ones for low and medium tempera-
tures.

At the lowest temperature, the simple GSKS approx-
imation improves over the simple BALDA results for
1
<∼ U

<∼ 3: simple GSKS reproduces a bit better the
exact instantaneous spectrum at low U values, such as
the low-energy levels and related first gap, see upper pan-
els of figure 2. Interestingly, as U increases, the simple
GSKS instantaneous spectrum does not reproduce the
charge gap-opening due to the precursor to the Mott-
insulator transition which is visible in both exact and
simple BALDA spectra (see lower panels of figure 2 for
low t/τ values). This lack of structure will negatively
affect results especially at higher temperatures, when
states above the charge gap could become substantially
occupied. Indeed, at medium and high temperatures the
region with accuracy of . 20% with respect to the exact
shrinks with respect to simple BALDA. For T = 20J/kB ,
accuracy is reduced to within ∼ 50% of the exact result
for the majority of U ’s and τ ’s, which is actually worse
than the completely non-interacting approximation ‘NI’
(figure 4 of [19]). At this temperature interactions are al-
most negligible for U . 5J , while this is the region where
simple GSKS shows dependence on U .

These results expose the limits of the simple GSKS ap-
proximation, where vxc is accurately constructed for the
specific system albeit at low temperatures, where it per-
forms better than simple BALDA. However we note that
this GSKS approximation captures the minimum work
extracted over the parameter set much more accurately
than either simple or hybrid BALDA approximations. In
particular, there is no negative work extraction in the
GSKS results for the ‘comb’ potential at 6 sites, much
like in the exact results.

D. Hybrid GSKS approximation

Finally, results for the hybrid-GSKS approximation
are shown in Figure 4, third and fourth rows. We ob-
serve qualitative and quantitative improvement in the
accuracy over the other three approximations shown in
this work. Qualitatively behaviour is now well repro-
duce at all U ’s for low and intermediate temperature
and at medium-large U ’s for large temperature. Es-
timates are within 20-30% of the exact results over
most regimes for all temperatures. Notably, there is a
marked improvement in the strongly-correlated quasi-
sudden quench regime. Also, both the minimum and
maximum values of average work extraction across the
parameter set are captured well, usually within 20% of
the exact value.

E. Comparison with the approximations of
reference [19]

As mentioned, reference [19] explored ‘simple’ and ‘hy-
brid’ approximations in which a fully non interacting
evolution Hamiltonian Hevo(t) = H(t;U = 0) is consid-
ered. The hybrid (‘exact+NI’) approximation was found
to perform surprisingly well in estimating results for the
average work. Now, we can discuss how the DFT-inspired
approximations proposed in the present work compare to
the results of this previous work.

For low temperatures, simple BALDA shows an im-
provement over the completely non-interacting approxi-
mation ‘NI’ from reference [19], figure 4. However, this
improvement is lost as the temperature increases. This
could be attributed to two main factors. First, BALDA
is an approximation for the ground state (and hence
zero temperature): as the temperature increases an in-
creasing number of higher energy states are populated
and so a ground state approximation is less reliable.
Second, as T increases, thermal excitations allow elec-
trons to move almost freely among levels of energy, so
that a non-interacting approximation becomes increas-
ingly more suitable.

Surprisingly the hybrid BALDA approximation, where
interactions are somewhat included in Hevo, performs
worse than the hybrid NI approximation (see figure 5
from reference [19]). The NI spectrum occupy an en-
ergy window similar to the exact spectrum for U = 2J .
Note then that the window of energy in which NI and the
U = 8J exact eigenstates exist are closer to each other
than the U = 8J spectra for the exact and BALDA cases.

In addition, the improvement from BALDA to hybrid
BALDA is modest when compared to the improvement
found from simple NI to hybrid NI [19]. This suggests
that to improve over the hybrid NI approximation by
incorporating electron-electron interactions into the evo-
lution Hamiltonian, one should use either a static DFT
approximation more elaborate than BALDA, or perhaps
include a time-dependency in the exchange-correlation
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potential as proposed in [17, 18].
At all temperatures, for U >∼ 5, the simple GSKS ap-

proximation is almost independent from many-body in-
teractions, so its results are qualitatively similar to the
corresponding NI results in figure 4 of [19]. However, at
the lowest temperature explored, the simple GSKS ap-
proximation substantially improves over its NI counter-
part for 1

<∼ U <∼ 5. For T = 20J/kB , simple-GSKS accu-
racy for the majority of U ’s and τ ’s is actually worse than
the simple NI approximation (figure 4 of [19]). This con-
firms the limitations of simple-GSKS at higher tempera-
tures, as this approximation is constructed from ground
state properties.

Results from hybrid GSKS and hybrid NI approxima-
tions are comparable (see figure 5 of [19]), with very sim-
ilar patterns for the average work approximation and its
relative error. For the low and medium temperatures, the
hybrid GSKS approximation is better at low τ (τ . 1)
and increasing coupling strength U . For medium and
high temperatures, it is generally less accurate than the
hybrid NI approximation for τ >∼ 1 and medium inter-
action strengths. These differences can be attributed to
the dominant energy at play in each situation: in very
strongly interacting systems at low and medium tempera-
tures, U will be a dominant energy and so the inclusion of
a system-specific accurate vxc will help capture these in-
teractions; however at high temperature, both the GSKS
vxc approximation becomes less suitable and the thermal
energy dominates over many-body interactions, leading
to more accurate results for the hybrid NI approximation.

IV. DISCUSSION

A. ‘Hybrid’ versus ‘simple’ approximations

From the results presented here and in [19] it is clear
that all hybrid approximations improve substantially
over the correspondingly simple approximations. To un-
derstand the reason for this, we turn once more to the
spectra in figure 2. As U increases, at small t, the
main features of the exact instantaneous spectrum are
going to be determined by many-body interactions; how-
ever, at large t and up to relatively large U ’s they re-
main mainly dominated by the driving potential, which
is single-particle. These non-interacting features, are rel-
atively well reproduced by all the approximations, and in
particular, with the exception of BALDA at large U val-
ues, the energy range spanned by the approximate spec-
tra at t ≈ τ remains relatively close to the exact one.
At t/τ ≈ 0, approximations fail to reproduce the charge-
gap which opens for increasing U (NI and GSKS) and/or
quantitatively fails to reproduce the energy spread of the
exact instantaneous spectrum, tending to underestimate
it. This reflects in a density of states at t/τ ≈ 0 which
is increasingly different from the exact one for increas-
ing U (compare black lines in figure 3) As a result, in

the simple approximations, at t = 0 the thermal energy
tends to populate the wrong number of states, too few or
too many, does not matter. As we are considering closed
systems, no decay may help adjusting the DOS during
the dynamics and the wrong number of states will tend
to be populated at t ≈ τ , where the spectra (and the
DOS) tend to be more similar to the exact one (figure 2
and purple lines in figure 3), respectively. Hence the ex-
tracted work will be substantially different from its exact
counterpart, with the initial state occupation strongly af-
fecting the number and weight of the significant contri-
butions to P (W ).

The hybrid approximations provide correction to the
initial state occupation. In this way, large part of
the negative effect of the instantaneous spectrum non-
reproducing (GKSK) or reproducing only qualitatively
(BALDA) the charge-gap of the Mott-insulator transi-
tion is overcome. In particular, because, for the types of
potentials explored, at large t the approximate and ex-
act instantaneous spectra are similar, by correcting occu-
pation at small t’s, the hybrid approximations strongly
improve results in the quasi-sudden quench regime.

We note that in any of the approximations presented
the effective number of energy levels is reduced in com-
parison to the spectrum of the exact Hamiltonian as
many degeneracies can be lifted only by an Hamilto-
nian that is explicitly interacting. This can be noted
by comparing the spectra and DoS’s in Figs. 2 and 3 re-
spectively. These degeneracies reflect in the approximate
P (W )’s which will comprise fewer distinct transitions.

B. Overall comparison of results for the
approximated average work

We summarize comparisons among all approximations
in Figure 5 where we consider accuracy down to at most
20%, and report which approximation performs best
within this constraint at every point in the parameter
space. The top row shows the outcome for the aver-
age quantum work for all ‘simple’ approximations at low,
medium, and high temperature (left to right); the bot-
tom row shows the corresponding results for the ‘hybrid’
approximations. The colour code in the figure is:

• Green when the simple/hybrid NI approximation
has the best accuracy;

• Orange when the simple/hybrid BALDA has the
best accuracy;

• Crimson when the simple/hybrid GSKS approxi-
mation has the best accuracy;

• Gray when the relative error for all approximation
is over 20%;

• Purple when all approximations are at least 20%
accurate;
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At low temperatures and for the ‘simple’ approxima-
tions, including interactions via an accurate, system-
tailored, low-temperature (albeit static) vxc (in addition
to a static Harthree potential) gives consistently the best
approximation up to medium many-body interactions
U

<∼ 4. This is indeed the regime in which we would
expect the GSKS approximation to best behave. Inter-
estingly ‘BALDA’ outperforms it at higher U values when
in the quasi-adiabatic regime (high τ). Here the system
would be slowly varying in time and higher values of U
confine the dynamics mostly to the evolution of the in-
stantaneous ground state. From figure 2 it can be then
see that the energy difference between initial and final
ground states is approximated much better by BALDA
than by GSKS. In this regime, this is the major contri-
bution to the work. The simple BALDA approximation
here used can be considered as a zero-order implementa-
tion of the adiabatic-LDA[51] which is indeed designed
for zero-temperature dynamical systems in the adiabatic
regime.

At intermediate temperatures, simple GSKS approxi-
mation is the best in the regime for which Coulomb re-
pulsion is dominant over the thermal energy and starts
to reduce access to excited states with double occupa-
tion. While GSKS instantaneous spectrum does not re-
produce the charge-gap due to the Mott-insulator tran-
sition, its low-energy level spacing allows for occupation
of the relevant eigenstates (improvement over BALDA)
and contain some information about Coulomb repulsion
(improvement over NI). At lower U values Coulomb and
thermal energy become comparable and for most of the
parameter regions the simple NI approximation returns
the best results, and similarly for the great part of the
parameter region at high temperatures. There are re-
gions at low U values where the simple BALDA is bet-
ter than the simple NI: a medium-high temperature will
reduce both the variation in the static density and the
response to the external applied field providing a density
profile more appropriate to a BALDA-type approxima-
tion. However we think that the boundary of the region
in which simple BALDA behaves the best are somewhat
accidental, especially at high temperature, where the ex-
act average work varies little with the parameters and
hence any approximation giving a result in the correct
ballpark has a chance to be ‘the best’. At these high-
temperatures, the dominance of the thermal energy over
Coulomb interaction and external field suggests the sim-
ple NI approximation to be the most trustworthy.

Inclusion of many-body interaction effects through the
initial exact thermal state remains the single most impor-
tant improvement with respect to the simple NI approx-
imation. In fact, Figure 5 confirms that the hybrid NI
approximation is the best performing approximation in
the majority of parameter regimes at all temperatures.
The hybrid GSKS outperforms the hybrid NI primar-
ily in the strongly correlated and quasi-sudden-quench
regimes. In the first case many-body interaction effects
in Hevo help maintaining precision where Coulomb repul-

sion dominates; in the second case, the improvement over
the instantaneous initial and final spectra delivers a bet-
ter approximation. The hybrid BALDA approximation
occasionally performs as best in weakly-coupled regimes
at the low and high temperatures. Here, though, also the
hybrid GSKS performs within 10% of the exact results.

All approximations reduce to the simple NI for U = 0.
In some circumstances, one may prefer to choose a sin-

gle approximation, provided that its error is below a given
threshold for the parameter region of interest. To aid
with this, in figure 6 we re-plot the results of Figs. 5
highlighting in purple the regions of the parameter space
in which all approximations yield less than 20% of error.

C. Overall results for the approximated entropy
variation

We construct approximations to the entropy variation
equation (3) similarly to reference [19]: the approxima-
tion used to calculate the free energy variation matches
the approximation used for the initial state of the sys-
tem, and ∆Sapprox = 0 if (〈W appr

ext 〉+ ∆F appr) > 0 to
avoid nonphysical negative entropy variation. In this case
|∆Sexact − ∆Sapprox|/|∆Sexact| = 1 confirming that in
that case the approximation is not a good one.

From the exact results in Fig. 2 (central column) and
Fig. 3 (central panel, first row) of [19], we observe that
〈W exact

ext 〉 is always positive and ∆F exact is always nega-
tive for the ‘comb’ potential. In addition, they are often
very close in absolute value. This implies that ∆S is
often the result of a cancellation of terms. Then, to ob-
tain a good approximation for the entropy variation, it
is necessary that not only work and free energy are both
separately well approximated, but also that their inaccu-
racies combine point-by-point in the parameter space so
to keep the overall error low. This is not a given.

Indeed, the simple NI and hybrid NI approximations
reproduced the entropy quite poorly and inconsistently
for most regimes and temperatures, see figures B1 and
B2 of [19]. Here we wish to explore if including many-
body interactions through a KS potential in the evolution
Hamiltonian improves the reliability of these types of ap-
proximations, at least for certain interaction regimes.

We start by discussing the ‘hybrid’ approximations
(lower row of figure 7). When (〈W appr

ext 〉+ ∆F appr) < 0,
the relative error on the entropy variation is related to
the corresponding error on the extracted work as follows

|∆Sexact −∆Sapprox|
|∆Sexact|

= Rexact
| 〈W exact

ext 〉 − 〈W approx
ext 〉 |

| 〈W exact
ext 〉 |

,

(8)
with

Rexact =
1

kBT

| 〈W exact
ext 〉 |

|∆Sexact|
. (9)

This shows that only where Rexact ≤ 1 the hybrid ap-
proximation for the entropy variation is at least as good
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FIG. 5: Upper panels: Figures showing which simple approximation is most accurate (up to 20% relative error) for
the average work in each region (6 site chains, ‘comb’ potential).The colours representing the approximations are
green (NI), orange (BALDA), and crimson (GSKS). Grey is used when all approximations have a relative error

above 20% . Lower panels: as for the upper panels but for the hybrid approximations. All approximations reduce to
the simple NI for U = 0.

as the corresponding one for the average work. Impor-
tantly, as in this case ∆F is exact, an improvement over
the approximation of 〈Wext〉 should directly reflect on the
quality of the approximation for ∆S. Indeed the results
obtained from the hybrid GSKS approximation comple-
ments results from hybrid NI approximation in a similar
way as for the results for the work, providing accuracy
especially in the sudden quench and strong interaction
regimes.

The comparison of the ‘simple’ approximations is pre-
sented in the upper row of figure 7. Here the DFT-based
approximations consistently provide good estimates for
∆S in the low-interaction regime. Results are partic-
ularly good at high temperatures. In this regime the
∆S is small and so is its variation over the parameter
range (less than a factor 2). Both simple GSKS and
simple BALDA reproduce the highest value of ∆S; sim-

ple BALDA strongly underestimates ∆S lowest value,
though reproducing the qualitative behaviour of the ex-
act entropy variation better than GSKS. However both
approximations are designed for low temperatures, so fur-
ther study would be necessary to understand if the accu-
racy displayed is just a coincidence.

The detailed results for the simple and hybrid GSKS
and BALDA approximations are reported in appendix A.
Information on parameter regions in which all approxi-
mations have a relative error of at most 20% is in figure 10

V. CONCLUSIONS

Calculating non-equilibrium properties of driven finite-
temperature many-body systems is at the core of quan-
tum thermodynamics but remains a hard task. Here we
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FIG. 6: As for figure 5, but with purple color representing where all approximations are accurate within 20%
relative error.

introduced DFT-inspired approximations to the calcula-
tion of the average work and entropy variation. These ap-
proximations can be applied to generically-driven, large
many-body systems. We exemplify their use by consider-
ing one-dimensional Fermi Hubbard chains, driven to dis-
play transitions between different phases: metal, Mott-
insulator, and band-insulator phases.

Building on the structure of the approximations in ref-
erences [17–19], we (further) included many-body effects
by approximating the driving many-body Hamiltonian
with Kohn-Sham Hamiltonians. These included static
Hartree and exchange-correlation potentials. This im-
proves sophistication while remaining computationally
cheap. We introduced the ‘hybrid’ versions of the lo-
cal density approximation (BALDA) and of the exact
(reverse-engineered) ground state Kohn-Sham potential
(GSKS) for the average work and entropy production.
We compared these hybrid approximations to their equiv-
alent ‘simple’ approximations, as well as comparing the
results to the corresponding non-interacting approxima-

tions from reference [19].
‘Hybrid’ approximations require the ability of exactly

(or very accurately) diagonalize the initial (for the work)
and also the final (for the entropy variation) Hamilto-
nians, but are confirmed to strongly improve results of
corresponding ‘simple’ approximations.

‘Simple’ BALDA and GSKS are designed for low-
temperature systems. Indeed, when considering the av-
erage work, they are the best ‘simple’ approximations in
that regime and even for some parameter regions at inter-
mediate temperatures. Further, all the ‘simple’ approx-
imations considered have better than 20% relative error
in the weakly interacting regime at all temperatures.

When considering ‘hybrid’ approximations for the av-
erage work, all approximations behaves well (below 20%
error) at all temperatures for low and medium interaction
strength. The non-interacting ‘hybrid’ approximation re-
mains the best though in most parameter regions, with
the exception of sudden quench and highly interacting
regimes, where the use of an accurate initial KS poten-
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FIG. 7: Same as in figure 5 but for the entropy variation.

tial pays off. In general, ‘hybrid’ approximations should
provide significant improvement when the system evolves
towards a similarly or lesser-interacting regime, as they
allow for many-body corrections to the initial thermal
population of the system’s state. The initial population
may be otherwise quite flawed as the gaps’ structure of
the spectra of the Kohn-Sham Hamiltonians is very dif-
ferent from the many-body one.

Performance for the entropy variation follows similar
trends to the average work, though areas with relative
error greater than 20% are larger at all temperatures.
The entropy variation is generally small and the result of
a cancellation of terms: we believe that this contributed
to the larger relative error.

To further improve the approximations’ performance,
we would recommend to include dynamic corrections e.g.

by using TDDFT-style approximations for the driving
Hamiltonian, such as in reference [18]. However this is a
much more computationally expensive scheme.

An LDA approximation or a reverse engineering
scheme dealing specifically with systems at finite tem-
perature could also be considered. For instance an adap-
tation of BALDA has been proposed in reference [52].
Employing the formalism of thermal DFT will be the fo-
cus of further studies.
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Appendix A: Results for the approximated entropy
variation

Below, we show results for the entropy variation ∆S
from equation 3 and the corresponding relative error with
respect to the exact system. The parameter space as well
as the three temperatures considered are the same as for
the average work. The darker the orange shade, the less
entropy is produced, and the deeper the purple shade,
the more accurate the quantitative results are.

1. ‘Simple’ BALDA

Figure 8 shows results for the entropy within the
‘simple’-BALDA approximation.

Overall, the ‘simple’ BALDA entropy production is
larger for sudden quenches, while decreasing with tem-
perature. Qualitatively it reproduces well the exact be-
haviour at low and high temperature, but less so at inter-
mediate one. Quantitatively, it performs better at high
temperatures, with less than 10% of error within a large
portion of the parameter space.

2. ‘Hybrid’ BALDA

Results for the ‘hybrid’ BALDA approximation are
shown in figure 8.

Interestingly, this hybrid approximation fails to repro-
duce qualitatively the exact behaviour at all tempera-
tures. We speculate that this is due to the two terms on
the r.h.s. of equation 3 been approximated in different
ways, so that even if each approximation independently
has the correct qualitative behaviour, this is lost in their
overall sum.

The overall range of the entropy production is well cap-
tured at all temperatures.

3. ‘Simple’ GSKS

Figure 9 shows results for the ‘simple’ GSKS approxi-
mation.

Entropy production at high temperatures is well ap-
proximated, this time with substantial improvement over

simple and hybrid BALDA, but not at intermediate and
low T . The highest error is of the order of 30%. At low
and medium T , however, we observe a poor performance
mainly due to errors in the free energy. Overall the qual-
itative behaviour does not reproduce well the exact one.

4. ‘Hybrid’ GSKS

Figure 9 depicts results for the entropy variation cal-
culated using the ‘hybrid’ GSKS approximation.

Qualitatively, an overall behaviour similar to the exact
one is recovered at low and intermediate temperatures.

Quantitatively, accuracy is achieved in almost all pa-
rameter space at the high temperature; we also see an
improvement in the results for low and intermediate tem-
peratures over all other approximations considered (sim-
ple and hybrid NI/BALDA and also simple GSKS).

5. Overall comparison

In some circumstances, one can be interested in choos-
ing a single approximation that yields a given error
threshold. If we modify the criterion discussed in Sec.
III E to account for regions of the parameter space in
which all approximations yield less than 20%, we obtain
the following results.

Appendix B: Effect of thermal density on
BALDA-type approximations

In figure . 11, first row, we show the t = 0 thermal den-
sities used for constructing the KS potentials vBALDAKS,i for
the BALDA approximation for all temperatures consid-
ered as a function of U/J , Each color labels a site.

In figure . 11, second row, we show the t = 0 KS
potential for the simple and hybrid BALDA approxima-
tions, for all temperatures considered, and as a function
of U/J . Each color labels a site.

In figure . 11, third row, we show the U/J = 2 in-
stantaneous spectra for the simple and hybrid BALDA
approximations, for all temperatures considered, and as
a function of t/τ .
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FIG. 8: First row: Entropy produced using ‘simple’ BALDA for 0.5 ≤ τ × J ≤ 10 (x-axis) and 0 ≤ U/J ≤ 10
(y-axis) for 6 site chains with ‘comb’ potential, increasing temperature from left to right. Second row: Relative
difference between the ‘simple’ BALDA entropy production and the exact results for the same parameters as the

upper panels. Third and fourth rows: same as in first and second row, but for ‘hybrid’ BALDA.
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FIG. 9: Same results and parameters as in figure 8 for GSKS ‘simple’ and ‘hybrid’ approximations.
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FIG. 10: Upper panels: Figures showing which ‘simple’ approximation is most accurate (up to 20%) for the entropy
production. The colours representing the approximations are green (NI), orange (BALDA), and crimson (GSKS),
and purple (all). Grey is used when all approximations have a relative error above 20% . Lower panels: as for the
upper panels but for the hybrid approximations. All approximations reduce to the simple NI for U = 0. Lower
panels: Figures showing which hybrid approximation is most accurate (up to 20%) for the entropy production.



20

0 2 4 6 8 10

U/J

0.4

0.6

0.8

1.0

1.2

1.4

1.6

〈n
j
〉

T = 0.2/kB

j = 0

j = 1

j = 2

j = 3

j = 4

j = 5

0 2 4 6 8 10

U/J

0.4

0.6

0.8

1.0

1.2

1.4

1.6
T = 2.5/kB

0 2 4 6 8 10

U/J

0.4

0.6

0.8

1.0

1.2

1.4

1.6
T = 20.0/kB

0 2 4 6 8 10

U/J

0

2

4

6

8

v K
S

;j

0 2 4 6 8 10

U/J

0

2

4

6

8

0 2 4 6 8 10

U/J

0

2

4

6

8

FIG. 11: First row: Exact t = 0 local thermal densities for T = 0.2J/kB , T = 2.5J/kB and T = 20J/kB (left to
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