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Abstract. We prove a new Bertini-type Theorem with explicit control of the genus, degree,
height, and the field of definition of the constructed curve. As a consequence we provide a
general strategy to reduce certain height and rank estimates on abelian varieties over a
number field K to the case of jacobian varieties defined over a suitable extension of K.
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Bertini et Northcott
Abstract. Nous présentons un théorème de Bertini avec contrôle sur le genre, le degré, la
hauteur et le corps de définition de la courbe obtenue. Ceci fournit une stratégie de réduction
de certains énoncés d’estimations sur la hauteur ou le rang des variétés abéliennes générales
définies sur un corps de nombres K au cas des jacobiennes définies sur une extension de K
appropriée.

Mots-Clefs: Bertini, Northcott, hauteur, variétés abéliennes.
———
1. Introduction
Let A be an abelian variety of dimension g over a number field K. We denote by ∆K
the discriminant of K. Let rank(A(K)) denote the Mordell-Weil rank of A(K) and hF (A/K)
the relative Faltings height of A. The first author recently gave in [Paz19b] a proof of the
inequality
(1)

rank(A(K)) ≤ c(g)[K : Q]3 max{1, hF (A/K), log |∆K |},

for an explicit constant c(g) > 0. It is unknown whether a dependence on ∆K is needed.
However, (1) was achieved by combining two inequalities: the first one is a classical descent
inequality between the Mordell-Weil rank of A(K) and the logarithm of the product of the
norms of the primes of bad reduction for A/K. The second one is an inequality between the
logarithm of the product of the norms of the primes of bad reduction for A/K and the Faltings
height of A, obtained using the strategy of reducing the general abelian case to the jacobian
case.
In the present paper, we axiomatize this strategy of reducing to the jacobian case to enable
us to use it in other contexts. A classical dimension argument shows that when the dimension
g is big, jacobian varieties become rarer in the moduli space of principally polarized abelian
varieties, at least over C.
Over Q, Tsimerman [Tsi12] proved that for every g ≥ 4 there exist abelian varieties of
dimension g that are not isogenous to any jacobian. Masser and Zannier [MaZa20] even
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recently proved the following: for every g ≥ 4 “almost every” principally polarized abelian
4
variety of dimension g, defined over an extension of Q of degree at most 216g , is Hodge generic
and not isogenous to any jacobian (see Theorem 1.3 in [MaZa20] for the precise statement).
Hence, reducing to the case of jacobians is a priori non-trivial. The jacobians we reduce to
may have significantly larger dimension than the original abelian variety. The main advantage
of this reduction lies in the fact that more tools are available for jacobians than for general
abelian varieties.
Before stating our first result we need to introduce the Northcott number of a set of algebraic
numbers, following the terminology of [ViVi16] page 59. Here we use h∞ (·) for the absolute
logarithmic Weil height on Q (defined in Section 2), whereas in [ViVi16] the exponential Weil
height is used, so that their Northcott number is the exponential of the Northcott number
defined here.
Definition 1.1. Let S be a set of algebraic numbers. For any real number t, define the set
St = {s ∈ S | h∞ (s) ≤ t}. Let m(S) = inf{t | St is infinite}. We will call m(S) the Northcott
number of S.
In particular we have m(Q) = 0 and m(K) = ∞ for any number field K.
Convention 1.2. For the remainder of the introduction we fix an arbitrary infinite subset S
of the algebraic numbers Q with finite Northcott number m(S).
For a projective variety Y , let hPN (Y ) stand for the height of a Chow form of Y (this is
a projective height defined in Section 2). In this paper varieties are always assumed to be
geometrically irreducible. Our first result is a Bertini-type statement with some control on
the genus, the degree, the height, and the field of definition of the resulting curve.
Theorem 1.3. Let K be a subfield of Q, and let X be a non-singular closed subvariety of PN
K
with dim X ≥ 2. Then there exists a finite subset s ⊂ S, and a non-singular, geometrically
irreducible curve C on X, defined over K(s), with genus g(C) ≤ (deg X)2 + deg X, with
deg C ≤ deg X and with hPN (C) ≤ hPN (X) + (dim X)(deg X)(N + 1)(m(S) + 2).
We will now apply Theorem 1.3 to the case of abelian varieties and derive some consequences. All number fields are assumed to lie in a fixed algebraic closure Q. For each abelian
variety A whose (minimal) field of definition is a number field K, we consider a real-valued
map q(A, ·) with domain the set of all finite extensions L of K. For example, one could take
q(A, L) to be the Mordell-Weil rank of the group of rational points A(L) or the dimension of
A.
We write
Q := {q(A, ·) | A is an abelian variety defined over a number field}
for the family of these maps q(A, ·).
In this article N = {0, 1, 2, 3, . . .} denotes the set of non-negative integers, R+ the set of
positive real numbers, and R+
0 the set of non-negative real numbers. All functions ci (·) are
real valued and non-negative.
Definition 1.4. Given maps c1 , c2 , c3 : N → R+
0 with c3 increasing (not necessarily strictly),
we say that the family of maps Q is (S, c1 , c2 , c3 )-admissible if it satisfies the following:
For every number field K and every abelian variety A/K of dimension g ≥ 2, and for every
finite subset s ⊂ S, for every abelian variety B/K(s), the following three properties hold:
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(E): q(A, K(s)) ≥ c1 (g)q(A, K),
(P): q(A × B, K(s)) ≥ c2 (g)q(A, K(s)),
(I): |q(A, K(s)) − q(B, K(s))| ≤ c3 (g) whenever A and B are K(s)-isogenous.
Note that the homomorphisms between abelian varieties of dimension g and defined over
K, can be defined over a finite extension of K with degree bounded above in terms of g only,
which is true by [Sil92], see also [Rém20] for a recent optimized bound.
The following result shows that certain estimates for abelian varieties using the stable
Faltings height hF (A) can be reduced to the case of jacobians.
Theorem 1.5. Let c1 , c2 , c3 , c4 , c5 , c6 , c7 : N → R+
0 , and assume c1 , c2 , c5 , c6 are positive.
Assume that the family of maps Q is (S, c1 , c2 , c3 )−admissible. Let K be a number field, A/K
an abelian variety defined over K of dimension g ≥ 2, and suppose there exists a finite set
s ⊂ S and a non-singular, geometrically irreducible curve C ⊂ A, defined over K(s), and of
genus g0 , such that
(i): there exists a closed immersion A → Jac(C), defined over the field of definition of
C ⊂ A,
(ii): g0 ≤ c4 (g),
(iii): hF (Jac(C)) ≤ c5 (g)(hF (A) + m(S) + 1).
Then, if
hF (Jac(C)) ≥ c6 (g)q(Jac(C), K(s)) − c7 (g)
holds, we also have
hF (A) ≥ c8 (g)q(A, K) − c9 (g),
where c8 (g) =

c1 (g)c2 (g)c6 (g)
c5 (g)

and c9 (g) =

c3 (c4 (g))c6 (g)
c5 (g)

+

c7 (g)
c5 (g)

+ m(S) + 1.

Theorem 1.3, in conjunction with work of Cadoret and Tamagawa, allows us to prove the
existence of a curve C with the required properties, provided A is principally polarized. We
also need an additional technical assumption which can always be achieved by extending the
ground field.
Let K be a number field, and let A be an abelian variety of dimension g defined over K.
We say A/K satisfies the condition (SSΘ) if:
2g

(SSΘ)

A/K is semi-stable and equipped with a projective embedding Θ : A → P4K −1 ,
corresponding to the 16th power of a symmetric theta divisor, with a theta
structure of level r = 4, given by the modified theta coordinates of [DaPh02]
section 3.1.

For any positive integer N , we denote by A[N ] the set of all N -torsion points in A(Q).
We will then denote by K(A[N ]) the smallest field extension F/K such that A[N ] ⊂ A(F ).
If A/K is principally polarized then we can ensure (SSΘ) by replacing the ground field K
with K(A[48]). Indeed, an embedding Θ always exists (based on Mumford’s construction,
see for instance paragraph 2.3 in [Paz12]) after replacing the base field K with the extension
K(A[16]). Moreover, A is semi-stable over the field K(A[N ]) whenever N has at least two
coprime divisors d1 , d2 ≥ 3 (by Raynaud’s criterion from [SGA7], Proposition 4.7. See also
[SiZa95] for extensions of this result). Note also that for any positive integer N we have
2
[K(A[N ]) : K] ≤ N 4g by Lemme 4.7 page 2078 of [GaRé14].
Proposition 1.6. There exists a map c5 : N → R+ such that the following holds. If K is a
number field, and A/K is a principally polarized abelian variety defined over K of dimension
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g ≥ 2 satisfying (SSΘ), then there exists a finite set s ⊂ S and a non-singular, geometrically
irreducible curve C ⊂ A defined over K(s), and of genus g0 , such that
(i): there exists a closed immersion A → Jac(C), defined over the field of definition of
C ⊂ A,
(ii): g0 ≤ (16g g!)2 + 16g g!,
(iii): hF (Jac(C)) ≤ c5 (g)(hF (A) + m(S) + 1).
Note that the curve C is not necessarily semi-stable over K(s), and that Jac(C) does not
come automatically with a theta structure of level 4 over K(s). This is why the item (iii)
concerns stable Faltings heights, and not heights over K(s).
Corollary 1.7. Let c1 , c2 , c3 , c6 , c7 : N → R+
0 , with c1 , c2 , c6 positive, and suppose the family
of maps Q is (S, c1 , c2 , c3 )−admissible. Set c4 (g) = (16g g!)2 + 16g g!. Then there exists a map
c5 : N → R+ such that the following holds:
If K is a number field and the inequality
(J):
hF (J) ≥ c6 (g)q(J, K(s)) − c7 (g)
holds for all finite s ⊂ S, for all jacobians J/K(s) of dimension g0 ≤ c4 (g), then
hF (A) ≥ c8 (g)q(A, K) − c9 (g)
for all principally polarized abelian varieties A/K of dimension g ≥ 2 satisfying (SSΘ), where
c8 (g) and c9 (g) are as in Theorem 1.5.
Sometimes Zarhin’s trick can be used to get rid of the assumption that A be principally
polarized and the property (SSΘ). Let us denote the dual of A by Ǎ. We set
Z(A) = A4 × Ǎ4 .
Corollary 1.8. Let c1 , c2 , c3 , c6 , c7 : N → R+
0 , with c1 , c2 , c6 positive, and suppose the family
of maps Q is (S, c1 , c2 , c3 )−admissible. Set c4 (g) = (16g g!)2 + 16g g!. Then there exists a map
c5 : N → R+ such that, with c8 (g) and c9 (g) as in Theorem 1.5, the following holds: Let A/K
be an abelian variety of dimension g.
i) If Z(A)/K satisfies (SSΘ), and the hypothesis (J) (with 8g instead of g) holds true, then
we have
c9 (8g)
c8 (8g)c2 (g)
q(A, K) −
.
hF (A) ≥
8
8
ii) If the hypothesis (J) from Corollary 1.7 (with 8g instead of g) holds for all extensions L
2
with [L : K] ≤ 48256g instead of just K, then we have
hF (A) ≥

c8 (8g)c2 (g)
c9 (8g)
q(A, L0 ) −
,
8
8
2

for some extension L0 of K with [L0 : K] ≤ 48256g , even if Z(A)/K does not satisfy (SSΘ).
To deduce Corollary 1.8 we first note that Z(A) admits a principal polarization. For the
first claim we combine Theorem 1.5 (with c4 (g) = (16g g!)2 + 16g g! and c5 (·) as in Proposition
1.6) and Proposition 1.6 with A replaced by Z(A). Using that dim Z(A) = 8g, hF (Z(A)) =
8 hF (A), and that by (P) we have q(Z(A), K) ≥ c2 (g)q(A, K) the claim follows. For the second
part we use that by the discussion before Proposition 1.6 there exists an extension L0 of K
2
such that Z(A)/L0 satisfies (SSΘ) and [L0 : K] ≤ 48256g . We replace K by L0 and conclude
as before.
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Let us illustrate Corollary 1.8 by a result of the first author [Paz19b] that pioneered the
strategy used in this paper. We take




Y
1
log NK/Q
p ,
q(A, K) =
[K : Q]
p bad s.s.

where the product runs over the semi-stable bad prime ideals of A/K. It is clear that (P ) holds
with c2 (g) = 1. Isogenous abelian varieties share the same semi-stable bad reduction primes by
the Néron-Ogg-Shafarevich criterion, because they have the same Tate modules (see Theorem
1 page 493 of [SeTa68] and Corollary 2 page 22 of [Fal86]). Hence, (I) holds with c3 (g) = 0.
For (E) we need to assume that our fixed S from Convention 1.2 is such that K(S)/K has
ramification uniformly bounded above all finite prime ideals of K with a bound independent
of K (cf. Proposition 7.2 to construct such S). If M/K is a finite extension then A/K has
semi-stable bad reduction at p ⊂ OK if and only if A/M has semi-stable bad reduction at
B ⊂ OM for each prime B above p. Hence, with an S as above, a straightforward computation
shows that (E) holds. Finally, as shown in [Paz19b] hypothesis (J) follows essentially from
the arithmetic Noether’s formula of [MB89] Théorème 2.5 page 496. By Corollary 1.8 (ii) it
+
follows that there exist c8 : N → R+
0 and c9 : N → R such that




Y
c8 (8g)
c9 (8g)
(2)
hF (A) ≥
.
log NK/Q
p −
2
256g
8
8 · 48
[K : Q]
p bad s.s.
Combining (2) with an additional argument (Lemma 3.5 of [Paz19b]) shows that one can
take the product in (2) even over all primes with bad reduction, but at the expense of replacing the stable Faltings height hF (A) on the left hand-side with the relative Faltings height
hF (A/K). This was used in [Paz19b] to establish (1).
Next let us consider another consequence of Theorem 1.5. Taking q(A, K) = rank(A(K))
we see that Q is (S, 1, 1, 0)−admissible.
Given an abelian variety A/K of dimension g ≥ 1 then q(A, L) is unbounded as L runs over
all finite extensions of K. Let c4 (·), c5 (·) be given, and choose c1 (g) = 1, c2 (g) = 1, c3 (g) =
0, c6 (g) = 1 and c7 (g) = 0. Take an extension L/K such that hF (A) < c8 (g)q(A, L) − c9 (g).
Then apply Theorem 1.5 with A/K replaced by A/L to deduce the following corollary.
Corollary 1.9. Let A be an abelian variety over Q of dimension g ≥ 2, let c4 , c5 : N → R+ .
Then there exists a number field L such that A is defined over L, and for every finite set
s ⊂ S, and for every non-singular, geometrically irreducible curve C ⊂ A defined over L(s),
and satisfying (i), (ii), (iii) from Theorem 1.5 (with the given maps c4 (·), c5 (·)), we have
hF (Jac(C)) < rank(Jac(C)(L(s))).
Let us recall that Honda conjectured in [Hon60] page 98 that for any abelian variety A/K
there exists a constant cA > 0 such that if M is an extension of the number field K then
rank(A(M )) ≤ cA [M : Q].
As a consequence of Proposition 1.6 we can reduce Honda’s conjecture to the case (of a
strong form) of jacobians.
Corollary 1.10. Let A be a principally polarized abelian variety over K of dimension g ≥ 2
satisfying (SSΘ). Suppose that there exists a map c10 : N × R → R+ , increasing in both

6

F. Pazuki and M. Widmer

variables, and such that
rank(Jac(C)(M )) ≤ c10 (g0 , hF (Jac(C)))[M : Q],
for all finite subsets s ⊂ S, for all non-singular, geometrically irreducible curves C ⊂ A,
defined over K(s), and of genus g0 ≤ (16g g!)2 + 16g g!, and for all finite extensions M/K(s).
+
Then there exist a finite subset sA ⊂ S, and a map c11 : N × R × R+
0 → R such that for each
finite extension M/K(sA )
rank(A(M )) ≤ c11 (g, hF (A), m(S))[M : Q].
Using again Zarhin’s trick, we conclude that if rank(J(M )) ≤ c10 (g0 , hF (J))[M : Q] for all
2
finite subsets s ⊂ S, all jacobians J/L(s), for each extension L/K of degree at most 48256g ,
and of genus g0 ≤ (168g (8g)!)2 + 168g (8g)!, and all finite extensions M/L(s), then there exists
+
a finite subset sA ⊂ S, and a map c11 : N × R × R+
0 → R such that for each finite extension
M/K(sA )
2

rank(A(M )) ≤ 48256g c11 (8g, 8 hF (A), m(S))[M : Q].
In particular, if the strong form of Honda’s conjecture (with cA = c10 (g, hF (A)) as above)
holds true for all jacobians, then Honda’s conjecture holds true for all abelian varieties over
Q.
A different contribution related to Honda’s conjecture is in Pasten’s recent paper [Pas19].
We define the main tools in Section 2. As Theorem 1.3 is expressed using the Philippon
height of Chow forms, and as we would like to obtain corollaries involving the Faltings height,
we also gather what is needed to translate the inequalities into this other height theory. We
prove Theorem 1.3 in Section 3 (for background on Bertini theorems, a good reference is
[Jou83]).
As usual we proceed by intersecting the projective variety X with hyperplanes but we use
the fact that all their coefficients can be assumed to lie in our fixed set S with finite Northcott
number. To control the height and the degree we use previous work of Rémond [Rém10]. The
control on the genus is obtained through previous work of Cadoret and Tamagawa [CaTa13].
In Section 4 we explain how to apply Theorem 1.3 to abelian varieties. In Section 5 we prove
Theorem 1.5, and in Section 6 we prove Corollary 1.10. Finally, in Section 7, we provide
some methods to construct infinite sets with finite Northcott numbers. In particular, we show
how to construct an infinite set S ⊂ Q with finite Northcott number such that K(S)/K has
uniformly bounded ramification for every number field K, and this bound is also uniform in
K.
The authors thank Philipp Habegger and Gaël Rémond for their helpful feedback on an
earlier version of the text, and Hector Pasten for helpful comments on Honda’s conjecture. It
is our pleasure to thank the referee for a very dedicated work and for helpful feedback, that
led to improvements in several places.
The first author is supported by ANR-17-CE40-0012 Flair and ANR-20-CE40-0003-01 Jinvariant.
2. Definitions and height comparisons
2.1. Height of algebraic numbers and projective points. Let K be a number field and
0 the set of finite places and M ∞ the set of
MK the set of places of K. We denote by MK
K
archimedean places. For any prime number p > 0, we normalize the archimedean absolute
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values by |p|v = p and the non-archimedean by |p|v = p−1 if v divides p. We denote by Kv the
completion of K with respect to |·|v . Let d = [K : Q]. For any place v of K, let dv = [Kv : Qv ].
Let N ≥ 1 be an integer and x = (x0 , . . . , xN ) a vector of algebraic numbers in K, not all
1/2
 X
zero. Let kxkv = max |xi |v for v a non-archimedean place of K and kxkv =
|xi |2v
0≤i≤N

0≤i≤N

for v an archimedean place of K.
N we define the l -height and the l -height (or Weil height) as
For P = (x0 : · · · : xN ) ∈ PQ
2
∞
h2 (P ) =

X dv
log kxkv ,
d

v∈MK

h∞ (P ) =

X dv
log max |xi |v ,
0≤i≤N
d

v∈MK

where K is any number field containing the coordinates x0 , . . . , xN . Dividing by the degree
d = [K : Q] makes the value independent of the particular choice of K, and thanks to the
product formula these heights are well-defined on PN
. Moreover, they are comparable; we
Q
have
1
(3)
h∞ (P ) ≤ h2 (P ) ≤ h∞ (P ) + log(N + 1).
2
Besides the height of a projective point we also need to measure the height of an algebraic
number x. By abuse of notation we write
h2 (x) = h2 (P ),
h∞ (x) = h∞ (P ),
where P = (1 : x) ∈

1.
PQ

2.2. Height of a polynomial with algebraic coefficients. If P = x0 X N + · · · + xN −1 X +
xN ∈ Q[X] is a non-zero polynomial we define h2 (P ) = h2 (x0 : · · · : xN ). More generally, if
P =

N
X
i1 =0

···

N
X

xi1 ···in X1i1 · · · Xnin ∈ Q[X1 , . . . , Xn ]\{0}

in =0

then we define
h2 (P ) = h2 (· · · : xi1 ···in : · · · ).
Analogously, we define
h∞ (P ) = h∞ (· · · : xi1 ···in : · · · ).
2.3. Height of a Chow form. Let us now consider X a geometrically irreducible projective
variety inside PN defined over the number field K. We follow [Rém10] to define the height of
X. Let F be its Chow form. We define the height of X by
Z
N
i
X dv
X dv h
X
1
hPN (X) =
log kF kv +
(dim X + 1)(deg X)
+
log |Fv |τ ,
dim X+1
d
d
2j
SN
∞
0
+1
v∈MK

v∈MK

j=1

dim X+1
where τ is the invariant measure of total mass 1 on SN
, the (dim X + 1)-power of the
+1
unit sphere SN +1 , and in the expression kF kv we identify F with the vector of its coefficients.
Again, this definition is independent of the choice of K.
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When X is a general closed subscheme of PN defined over a number field, we define its
height as the sum of the previously defined heights of its irreducible components. We note
that hPN (·) is non-negative (see for instance [Phi95] paragraph 1 page 346).
2.4. Height of an abelian variety. For the special case of abelian varieties, we will mostly
use the Faltings height, and in some estimates also the theta height. We recall their definition
and give a brief summary of some useful properties and comparisons of these heights.
2.4.1. Faltings height. Let A be an abelian variety of dimension g ≥ 1 defined over a number
field K. Let OK be the ring of integers of K and let π : A −→ Spec(OK ) be the Néron model
of A over Spec(OK ). Let ε : Spec(OK ) −→ A be the zero section of π and let ωA/OK be
the pullback along ε of the maximal exterior power (the determinant) of the sheaf of relative
differentials
ωA/OK := ε? ΩgA/OK .
For any archimedean place v of K, let σ be an embedding of K in C associated to v. The
associated line bundle
ωA/OK ,σ = ωA/OK ⊗OK ,σ C ' H 0 (Aσ (C), ΩgAσ (C))
is equipped with the L2 -metric k.kv given by
2

ksk2v =

ig
γg

Z
s∧s
Aσ (C)

where γ > 0 is a normalizing constant. In this article we choose γ = (2π)2 .
The projective OK -module ωA/OK is of rank 1 and together with the hermitian norms k.kv
at infinity it defines a hermitian line bundle ω A/OK = (ωA/OK , (k.kv )v∈MK∞ ) over OK . It has
d A/O ), given by
a well defined Arakelov degree deg(ω
K
X

d A/O ) = log # ωA/O /sOK −
deg(ω
dv log kskv ,
K
K
∞
v∈MK

where s is any non-zero section of ωA/OK . The resulting number does not depend on the
choice of s in view of the product formula on the number field K.
The height of A/K is defined as
hF (A/K) :=

1 d
deg(ω A/OK ) .
[K : Q]

It does not depend on any choice of projective embedding of A. We emphasise that by our
choice of normalization γ = (2π)2 the Faltings height hF (·) is non-negative (see Remarque 3.3
in [Paz19a] and a detailed proof in the appendix of [GaRé14b] for the semi-stable case, the
general case follows by property (2) below). Faltings [Fal83] used the normalization γ = 2 so
that hF (A/K) = hF altings (A/K) + g2 log(2π 2 ).
We recall here three classical properties (see for instance [Del83], in particular page 35)
used in the sequel:
(1) If A = A1 × A2 is a product of abelian varieties over K then one has hF (A/K) =
hF (A1 /K) + hF (A2 /K).
(2) If K 0 /K is a number field extension then one has hF (A/K 0 ) ≤ hF (A/K).
(3) If A/K is semi-stable then the height is stable by number field extension.
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Definition 2.1. The stable height of A/K is defined as hF (A) := hF (A/K 0 ) for any number
field extension K 0 /K such that A/K 0 is semi-stable.
2.4.2. Theta height. We refer the reader to classical work of Mumford on theta structures,
recalled in some details in paragraph 2.3 of [Paz12]. Let A be an abelian variety over a
number field K. Assume A/K is given with a theta structure of level 4. It gives in particular
2g
an explicit embedding of K-varieties Θ : A → P4K −1 , and we define
(4)

hΘ (A, Θ) := h2 (Θ(0A )).
(4)

We note that hΘ (·, ·) is also a non-negative height.
2.4.3. Useful inequalities. We gather here some technical inequalities between these different
N with N ≥ 4, of degree deg C
heights. Let us start by considering C a non-singular curve in PQ
and genus g. Choose a ground field K such that Jac(C)/K has (SSΘ). By Théorème 1.3 and
Proposition 1.1 page 760 of [Rém10] one has
(4)

g

(4)

hΘ (Jac(C), Θ) ≤ (2 deg C + 1)2 log(N + 1)4 m20m8 (hPN (C) + 1),

where m = 4g + 2 deg C − 2.
As we will also need a comparison between the Faltings height and the theta height of level
r = 4 of a principally polarized abelian variety A/K of dimension g with (SSΘ), we extract
the following Bost-David comparison from [Paz12], Corollary 1.3 page 21 (due to the different
normalization γ = 2π our height here differs by g log(2π)/2 from the one in [Paz12]) using the
factor 7 instead of 6 to take care of the different normalization:


1
(4)
(4)
|hΘ (A, Θ) − hF (A)| ≤ 7 · 42g · log(42g ) · log max{1, hΘ (A, Θ)} + 2 .
2
It follows that there exists an explicitly computable map c12 : N → R+ such that
(5)

(4)

(4)

hΘ (A, Θ) − c12 (g) ≤ hF (A) ≤ 3hΘ (A, Θ) + c12 (g).

Finally, we need a Philippon height – Faltings height comparison lemma.
Lemma 2.2. Let A be a principally polarized abelian variety of dimension g over Q given
2g
with a projective embedding Θ : A → P4 −1 compatible with a theta structure of level r = 4,
corresponding to the 16th power of a symmetric theta divisor. There is an explicitly computable
map c13 : N → R+ such that
hPN (A) ≤ c13 (g)(hF (A) + 1),
where N = 16g − 1.
Proof. We use Proposition 3.9 of [DaPh02] page 665, where the authors prove that for any
algebraic subvariety V ⊂ A the inequality
(4)
|b
hPN (V ) − hPN (V )| ≤ c14 (g, dim V, deg V, hΘ (A, Θ))

holds, where hPN (V ) is the height of the variety V as defined previously in paragraph 2.3
(it is the same definition as the one in [DaPh02] page 644), the height b
hPN (V ) is defined in
(4)
[Phi91] before Proposition 9 and the quantity c14 (g, dim V, deg V, hΘ (A, Θ)) > 0 can be taken
(4)
to be (4g+1 hΘ (A, Θ) + 3g log 2) · (dim V + 1) · deg V . Picking V = A the abelian variety we
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focus on, we have b
hPN (A) = 0 (see Proposition 9 item (vii) page 281 of [Phi91]), dim A = g,
deg A = 16g g! (see [Mum70] page 150) and
(4)

hPN (A) ≤ c15 (g)(hΘ (A, Θ) + 1),

(6)

where c15 (g) > 0 only depends on the dimension of A, and one can take c15 (g) = 43g+1 (g!)(g +
1). Plugging the estimate from (5) into (6) and using that hF (A) ≥ 0, concludes the proof. 
3. Bertini with height control
As a first step, we state a classical Bertini Theorem, then we use a result of Rémond to
control the height of a curve drawn on a projective variety.
with
Theorem 3.1. (Bertini’s Theorem) Let X be a non-singular closed subvariety of PN
Q

dim X ≥ 2. There exists a hyperplane H0 ⊂ PN
not containing X and such that X ∩ H0 is
Q
non-singular, geometrically irreducible of dimension dim X − 1. Furthermore, the set of such
hyperplanes forms an open dense subset U of the complete linear system |H0 |, viewed as a
projective space.

Proof. This is a particular case of Theorem II.8.18 of [Har06] page 179, see also Remark 7.9.1
of [Har06] page 245.

Corollary 3.2. Let X be as in Theorem 3.1, and let S be an infinite set of algebraic numbers.
There exists a hyperplane H0 defined with coefficients in S such that X ∩ H0 is non-singular,
geometrically irreducible, of dimension dim X − 1.
Proof. Let P̌N be the dual projective space. Consider the isomorphism j : PN −→ P̌N defined
by j([s0 : · · · : sN ]) = Hs0 ,...,sN , where Hs0 ,...,sN is the hyperplane defined by s0 x0 + · · · +
sN xN = 0. We look at the set U obtained in Theorem 3.1. The set j −1 (U ) is non-empty
and open in PN . Let P ∈ Q[x0 , . . . , xN ] be a non-zero homogeneous polynomial. Since S is
infinite there exists [s0 : · · · : sN ] ∈ PN with all si ∈ S and P (s0 , . . . , sN ) 6= 0. Hence,
j −1 (U ) ∩ {[s0 : · · · : sN ] ∈ PN | s0 , . . . , sN ∈ S not all zero} =
6 ∅,


and this implies the claim.

The following result of Rémond is the main tool for Theorem 1.3. It is a direct consequence
of Proposition 2.3 page 765 of [Rém10].
N . Let P , . . . , P be homogeProposition 3.3. (Rémond) Let X be a closed subscheme of PQ
1
s

neous polynomials of Q[X0 , . . . , XN ] of degree at most D and of height h2 (·) at most H. If V
is the family of irreducible components of the intersection Y of X with the zeros of P1 , . . . , Ps ,
then
X
Ddim V deg V ≤ Ddim X deg X,
V ∈V

and if one denotes d = min{dim V |V ∈ V},
X
Ddim V +1 hPN (V ) ≤ Ddim X+1 hPN (X) + (dim X − d)Ddim X (deg X)H.
V ∈V

In particular, deg Y ≤ Ddim X−d deg X and
hPN (Y ) ≤ Ddim X−d hPN (X) + (dim X − d)Ddim X−d−1 (deg X)H.
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Rémond’s original version is slightly stronger, as he only requires a modified height to be
bounded by H. The height used in the inequalities, however, is the same as the one used in
the present work.
Proposition 3.4. Let S be an infinite set of algebraic numbers with finite Northcott number
m(S). Let X be a non-singular closed subvariety of PN
with dim X ≥ 2. Then there exists a
Q
hyperplane H0 defined with coefficients in S and such that X∩H0 is non-singular, geometrically
irreducible with dimension dim X − 1, with deg(X ∩ H0 ) ≤ deg X, and
hPN (X ∩ H0 ) ≤ hPN (X) + (deg X)(N + 1)(m(S) + 2).
Proof. First let us replace S with its infinite subset of elements s with h∞ (s) < m(S) + 1. By
Corollary 3.2 we get a hyperplane H0 , defined by a non-zero linear form F0 , with coefficients
s0 , . . . , sN ∈ S. Thus,
h∞ (F0 ) = h∞ (s0 : · · · : sN ) ≤ h∞ (1 : s0 : · · · : sN ) ≤

N
X

h∞ (1 : si ) ≤ (N + 1)(m(S) + 1).

i=0
1
2

Finally, using that h2 (F0 ) ≤ h∞ (F0 ) + log(N + 1) ≤ (N + 1)(m(S) + 2), and applying
Proposition 3.3 with H = (N + 1)(m(S) + 2), d = dim X − 1, and D = 1 yields the claim. 
We are now in position to prove Theorem 1.3. We will prove the following, slightly more
precise, result.
Corollary 3.5. (Bertini with height control) Let S be an infinite set of algebraic numbers
with finite Northcott number m(S). Let X be a non-singular closed subvariety of PN
with
Q
dim X ≥ 2. Then there exists a non-singular, geometrically irreducible curve C on X, defined
over a finite extension of the field of definition of X by finitely many elements of S, with
deg C ≤ deg X, and
hPN (C) ≤ hPN (X) + (dim X)(deg X)(N + 1)(m(S) + 2).
Moreover, the genus of C may be assumed to be bounded from above by (deg X)2 + deg X and
if X = A is a principally polarized abelian variety, one may assume in addition that there is
a closed immersion A → Jac(C) over the field of definition of C.
Proof. We apply Proposition 3.4 to the successive intersections X ∩ H1 ∩ · · · ∩ Hi , where i ≥ 1
is an integer. We reach dimension 1 in dim X −1 steps, the curve C will be X ∩H1 ∩. . .∩Hg−1
if g = dim X. The control on the genus of C is based on Castelnuovo’s criterion of [ACGH85]
page 116 (see also Remark 2.1 [CaTa13]).
In the case where X is a principally polarized abelian variety A and both A and C are defined
over an infinite field K of characteristic zero, the closed immersion A → Jac(C) is obtained
from studying the fundamental groups of the successive intersections (independently of the
choice of hyperplanes). The closed immersion A ∩ H1 → A induces a surjective morphism
between étale fundamental groups π1 (A ∩ H1 ) → π1 (A). Iterating g − 1 times, the closed
immersion C → A induces a surjective homomorphism π1 (C) → π1 (A) over Gal(K/K).
This implies that the Albanese morphism Jac(C) → A is surjective with connected kernel.
ˇ
Hence the dual morphism Ǎ → Jac(C)
is a closed immersion. As both A and Jac(C) are
principally polarized, we have a closed immersion A → Jac(C).
For more details see Lemme X.2.10 of [SGA1], recalled in Lemma 4.1 of [CaTa13], and the
arguments detailed in the last section of [CaTa13]. The only difference with Theorem 1.2 of
[CaTa13] is that the hyperplanes we chose have bounded height.
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4. Theorem 1.3 applied to abelian varieties
We turn to an application of Theorem 1.3 to abelian varieties. In particular, we prove
Proposition 1.6.
Lemma 4.1. Suppose N ≥ 4. There exists a map c16 : N3 → R+ such that the following
holds. For any non-singular geometrically irreducible curve C in PN of genus g0 , we have
(7)

hF (Jac(C)) ≤ c16 (g0 , deg C, N )(hPN (C) + 1).

Proof. After an extension of the base field we can assume that Jac(C) satisfies (SSΘ). We
(4)
conclude from inequality (4) that hΘ (Jac(C), Θ) ≤ c17 (g0 , deg C, N )(hPN (C) + 1) where
c17 (g0 , deg C, N ) > 0. Using (5) with A = Jac(C), and the fact that hPN (C) ≥ 0 yields
the claim.

Next we prove Proposition 1.6. For the convenience of the reader we recall the statement.
Proposition 4.2. Let S ⊂ Q be an infinite set with finite Northcott number m(S). Then there
exists a map c5 : N → R+ such that the following holds. If K is a number field, and A/K is a
principally polarized abelian variety defined over K of dimension g ≥ 2, and satisfying (SSΘ),
then there exists a finite set s ⊂ S and a non-singular, geometrically irreducible curve C ⊂ A
defined over K(s), and of genus g0 , such that
(i): there exists a closed immersion A → Jac(C), defined over the field of definition of
C ⊂ A,
(ii): g0 ≤ (16g g!)2 + 16g g!,
(iii): hF (Jac(C)) ≤ c5 (g)(hF (A) + m(S) + 1).
Proof. By assumption we can embed our abelian variety A via Θ : A → PN
K (compatible with a
theta structure of level r = 4, corresponding to the 16th power of a symmetric theta divisor),
where N = 42g − 1. By Corollary 3.5 there exists a non-singular geometrically irreducible
curve C on A ⊂ PN defined over a finite extension K 0 /K obtained by adjoining elements of
S, and such that
(8)

hPN (C) ≤ hPN (A) + g(deg A)(N + 1)(m(S) + 2),

deg C ≤ deg A, and with the genus g0 of C bounded from above by (deg A)2 + deg A, and
such that there is a closed immersion A → Jac(C), defined over the field of definition of
C ⊂ A. Since deg A = 16g g!, we get the first two properties. Next we prove (iii). Because A
is principally polarized, and by Lemma 2.2, one has
hPN (A) ≤ c13 (g)(hF (A) + 1).

(9)
By Lemma 4.1 one has
(10)

hF (Jac(C)) ≤ c16 (g0 , deg C, N )(hPN (C) + 1).

Using successively (10), (8), and (9), this gives
hF (Jac(C)) ≤ c18 (g, g0 , deg C, N ) hF (A) + c19 (g, g0 , m(S), deg A, deg C, N ),
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with the quantities
c18 (g, g0 , deg C, N ) = c13 (g)c16 (g0 , deg C, N ),

c19 (g, g0 , m(S), deg A, deg C, N ) = c16 (g0 , deg C, N ) c13 (g) + 1

g(deg A)(N + 1)(m(S) + 2)) .
Finally, note that g0 ≤ (16g g!)2 + 16g g!, deg C ≤ deg A = 16g g!, and N = 16g − 1, and
since c16 (·, ·, ·) can be assumed to be increasing in each variable, we get the required map
c5 : N → R+ as claimed.

5. Proof of Theorem 1.5
Let us start by the following lemma.
Lemma 5.1. Let A be an abelian variety of dimension g over a number field K, and let
C ⊂ A be a non-singular geometrically irreducible algebraic curve of genus g0 over a number
field extension K 0 of K such that there exists a closed immersion A → Jac(C) defined over
K 0 . Then there exists an abelian variety B defined over K 0 such that Jac(C) is K 0 -isogenous
to A × B.
Proof. By abuse of notation, we may view A, via the closed immersion, as an abelian subvariety
of Jac(C) defined over K 0 . From Poincaré’s Reducibility Theorem we get that Jac(C) is K 0 isogenous to A × B, where B is the quotient of Jac(C) by the image of A.

We are now ready to prove Theorem 1.5.
Proof. By hypothesis there exists a finite set s ⊂ S and a non-singular, geometrically irreducible curve C ⊂ A, defined over K(s), and of genus g0 , such that
(i): there exists a closed immersion A → Jac(C) defined over the field of definition of
C ⊂ A,
(ii): g0 ≤ c4 (g),
(iii): hF (Jac(C)) ≤ c5 (g)(hF (A) + m(S) + 1).
By Lemma 5.1, we know that Jac(C) is K(s)-isogenous to A × B for some abelian variety B
over K(s). By hypothesis we have
hF (Jac(C)) ≥ c6 (g)q(Jac(C), K(s)) − c7 (g).

(11)

Next note that dim(Jac(C)) ≥ dim A ≥ 2, and hence by property (I)
q(Jac(C), K(s)) ≥ q(A × B, K(s)) − c3 (g0 ),
and by property (P)
q(A × B, K(s)) ≥ c2 (g)q(A, K(s)),
and finally by property (E)
q(A, K(s)) ≥ c1 (g)q(A, K).
Plugging the last three inequalities into (11) yields
hF (Jac(C)) ≥ c1 (g)c2 (g)c6 (g)q(A, K) − c3 (g0 )c6 (g) − c7 (g).
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Finally, we apply hypothesis (iii) and use that c3 (·) is increasing and g0 ≤ c4 (g) to conclude
hF (A) ≥

c1 (g)c2 (g)c6 (g)
c3 (c4 (g))c6 (g) c7 (g)
q(A, K) −
−
− m(S) − 1.
c5 (g)
c5 (g)
c5 (g)

6. Proof of Corollary 1.10

We now turn to the proof of Corollary 1.10.
Proof. By Proposition 1.6 there exists a finite subset sA ⊂ S and a non-singular geometrically
irreducible curve C ⊂ A, defined over K(sA ), and of genus g0 , satisfying (i), (ii) and (iii).
By Lemma 5.1 we have that Jac(C) is K(sA )-isogenous to A × B for some abelian variety B
defined over K(sA ). Let M/K(sA ) be a finite extension. Then, with c4 (g) = (16g g!)2 + 16g g!,
we have
rank(A(M )) ≤ rank((A × B)(M ))
= rank(Jac(C)(M ))
≤ c10 (g0 , hF (Jac(C)))[M : Q]

(by hypothesis)

≤ c10 (c4 (g), hF (Jac(C)))[M : Q]
≤ c10 (c4 (g), c5 (g)(hF (A) + m(S) + 1))[M : Q]

(by (ii))
(by (iii)).


7. Sets and field extensions with finite Northcott number
Recall Definition 1.1 of the Northcott number. In some applications of Theorem 1.3 and
Theorem 1.5 it is essential that the curve C is defined over an extension K(s)/K with uniformly
bounded (or otherwise prescribed) ramification, with a bound independent of K. Hence, we
need to construct an infinite set S ⊂ Q with finite Northcott number and such that K(S)/K
has uniformly bounded ramification, i.e., the ramification indices e(B/B ∩ K) are uniformly
bounded as B runs over the finite prime ideals of all finite extensions of K contained in K(S).
It is also required that this bound is independent of K. Here we show that such a set S exists.
We also recall two other methods to produce infinite sets with finite Northcott number.
Lemma 7.1. Let L be a number field of degree d. Then there exists an integral number α in
L with L = Q(α) and
h∞ (α) ≤

1
log |∆L |.
d

Proof. We make use of the exponential height given by H(x) = exp(h∞ (x)) for any algebraic
number x. If L has a real embedding then the claim follows from [VaWi13] Theorem 1.2 since
the proof of this result yields an algebraic integer.
Suppose the field L has no real embeddings. Let σ1 , σ1 , . . . , σs , σs be the s pairs of complex
conjugate embeddings of L. With σ = (σ1 , . . . , σs ) we get an embedding
σ : L −→ Cs . The
p
image of the ring of integers OL is a lattice with determinant 2−s |∆L |. We define a convex
set ST in Cs , symmetric with respect to the origin, by
ST = {(x1 , . . . , xs ) ∈ Cs | |=(x1 )| ≤ T, |<(x1 )| < 1, |x2 | < 1, . . . , |xs | < 1}.
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So ST has volume 4π s−1 T . By Minkowski’s convex body
p theorem we conclude that ST contains
a non-zero lattice point whenever T > (π/4)(2/π)s |∆L |. But such a lattice point σ(α)
must come from a primitive point α, otherwise there exists an embedding σ 0 , different from
σ1 (·), with σ1 (α) = σ 0 (α). If σ 0 (·) = σ1 (·) then =(σ1 (α)) = 0, and if σ 0 (·) 6= σ1 (·) then
|σ1 (α)| = |σ 0 (α)| < 1. In both cases we conclude that |σ1 (α) · · · σs (α)| < 1, and hence
α = 0. As α is integral we get H(α) ≤ (T 2 + 1)1/d , and since |∆L | ≥ 2 we may conclude
H(α) ≤ |∆L |1/d . Taking the logarithm yields the claimed inequality.

Since |∆L | = |∆K |[L:K] whenever L/K is a finite unramified extension one can conclude
from the previous lemma that if F/K is an infinite unramified extension then m(F ) ≤
1
[K:Q] log |∆K |. In general it is not so easy to decide whether a number field K has an infinite unramified extension (cf. [Mai00]). However, the following proposition shows that there
exists an infinite set S ⊂ Q with finite Northcott number such that K(S)/K has uniformly
bounded ramification, with a bound independent of K.
Proposition 7.2. There exists an infinite set S ⊂ Q with finite Northcott number, and ES ∈ N
such that for every number field K and every finite extension L/K with L ⊂ K(S), we have
e(B/B ∩ K) ≤ ES for every prime ideal B in OL .
Proof. By, e.g., [Mar78] there exists a number field K0 that admits an infinite unramified
extension F/K0 . Then KF/KK0 is infinite and unramified (see Proposition B.2.4 page 592
of [BoGu07]). Hence, if L/K is finite and L ⊂ KF then for any prime ideal Q in OLK0 we
have e(Q/Q ∩ K) = e(Q/Q ∩ KK0 )e(Q ∩ KK0 /Q ∩ K) = e(Q ∩ KK0 /Q ∩ K) ≤ [KK0 : K] ≤
[K0 : Q]. In particular, e(B/B ∩ K) ≤ [K0 : Q] for every prime ideal B in OL . Hence, with
S = F and ES = [K0 : Q] the extension K(S)/K has ramification uniformly bounded by ES ,

and we know from the previous observation that m(S) ≤ [K01:Q] log |∆K0 |.
The problem of finding K0 that admits an infinite unramified extension and minimises
log |∆K0 | has found much interest, see for instance Martinet [Mar78] who showed that
√ √
K0 = Q(cos(2π/11), 2, −23) admits an infinite unramified 2-tower and satisfies
1
[K0 :Q]

1
log |∆K0 | ≤ 4.53.
[K0 : Q]
If K = Q and if we are allowed to have ramification only above a single rational prime p,
i
then we can take S = {p1/p | i ∈ N} so that
m(S) = 0. However, in this example the ramification is not uniformly bounded.
A different way of describing essentially the same example is to take S = {xi | i ∈ N}
with x0 = p and xi ∈ Q satisfying P (xi+1 , xi ) = 0 for P (x, t) = xp − t. This approach of
constructing sets with finite Northcott number can be generalised as follows.
Lemma 7.3. Let P (x, t) ∈ Q[x, t] be irreducible with degx P > degt P > 0, and let S =
{xi | i ∈ N} with xi pairwise distinct algebraic numbers satisfying P (xi+1 , xi ) = 0 for i ∈ N.
Then

2
γP degx P
m(S) ≤ degt P
,
degx P − degt P
where
γP = 5(log(2min{degx P,degt P } (degx P + 1)(degt P + 1)) + h∞ (P ))1/2 .
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Proof. This follows from an explicit version of a result of Néron [Ner65]


h∞ (xi+1 ) h∞ (xi )
h∞ (xi+1 ) h∞ (xi ) 1/2
≤ γP max
−
,
degt P
degx P
degt P degx P
due to Habegger [Hab17, Theorem 1]. Habegger’s inequality implies
h∞ (xi+1 ) ≤ qh∞ (xi ) + Q max{h∞ (xi ), h∞ (xi+1 )}1/2 ,

2
p
degt P
Q
. We
where Q = γP degt P , q = deg
,
and
the
upper
bound
in
Lemma
7.3
is
just
1−q
xP
leave the details to the reader.

For the polynomial P (x, t) = x2 − tx − 1, Smyth ([Smy80, Theorem 1, pages 137-138])
proved much more. Indeed, set x0 = 1, and suppose S = {xi }∞
i=0 ⊂ Q satisfy P (xi+1 , xi ) = 0
for i ∈ N. Then xi has degree 2i over Q, each xi is totally real, and the sequence of logarithmic
Weil heights h∞ (xi ) has a limit point 0.2732 . . .. In particular, m(S) ≤ 0.274.
Using the the well-known identity
Z 1
1
log |f (e2πit )|dt,
h∞ (α) =
deg f 0
where f ∈ Z[x] is the minimum polynomial of α, one has yet another method to construct
infinite subsets S ⊂ Q with finite Northcott number. Let f = a0 xd + · · · + ad ∈ Z[x], and let
us write kf k1 = |a0 | + · · · + |ad | for the length of f .
Now let {fi }∞
i=0 ⊂ Z[x] be an infinite set of non-constant irreducible polynomials. Let
S ⊂ Q be such that S contains a root for each polynomial fi . Then
m(S) ≤ lim inf
i

log kfi k1
.
deg fi

Example 7.4. Consider the polynomials fi (x) = xi − x − 1 ∈ Z[x]. Selmer [Sel56] has shown
that for i > 1 they are all irreducible (and Osada [Osa87, Corollary 3] showed that they have
full Galois group Si ). Therefore, m(S) = 0.
Example 7.5. Consider a sequence of monic polynomials fi (x) ∈ Z[x] of degree i whose
constant term is equal to ±pi for a prime pi , and such that kfi k1 < 2pi . These polynomials
are all irreducible over Z. Otherwise, fi = gh with g, h ∈ Z[x], and g has constant term
±1. Hence fi would have a zero α of complex absolute value at most 1, and thus pi =
|αi + a1 αi−1 + · · · + ai−1 α| ≤ |kfi k1 − pi | < pi . If log pi = o(i), we conclude m(S) = 0.
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