
 

 

INVERSE PROBLEMS, NON-UNIQUENESS 

AND SYMMETRIES IN GEOLOGY 

 

 

 

Jie Xiao 

 

 

 

 

Thesis Submitted for the Degree of 

Doctor of Philosophy (PhD) 

 

Department of Earth Sciences 

Royal Holloway, University of London 

 

July, 2020 

 



I 

 

Acknowledgements 

 

I would like to express my sincere gratitude to my supervisor Prof. Dave Waltham 

who motivated me in geology, maths and coding. Though this unusual combination of 

skills was hard to achieved, the invaluable guidance, support and feedback he gave me 

has made things go smoothly throughout my PhD. 

I am extremely grateful to my advisor Dr. Saswata Hier-Majumder for his vital 

assistance at all stages of my research and for his great efforts in initiating me to the 

areas of seismology and petrology. Dr. Benoit Tauzin of Australian National University 

and Prof. Yunpeng Wang of Guangzhou Institute of Geochemistry, Chinese Academic 

of Sciences are highly acknowledged for their contributions to the co-authored work 

presented here. Dr. Rebecca Fisher of my department and Prof. Gary Hampson of 

Imperial College London are acknowledged for their thorough examination of this 

work. A special mention goes to Dr. Mfon Udofia, who also looked at the problem of 

non-uniqueness during her PhD and whose thesis was a good start for my research. 

Many thanks to Dr. Christina Manning and Prof. Martin King for participating as 

independent people in my annual review and/or MPhil to PhD upgrade meeting and 

offering critical inquiries and insightful comments. Thanks also to Prof. Jürgen Adam, 

Dr. Domenico Chiarella, Prof. Margaret Collinson, Prof. Javier Hernandez-Molina, Dr. 

Dave Lowry, Dr. Ian Watkinson and many others for the useful discussion on various 

aspects of geology and for the many pieces of advice for future career. I sincerely 



II 

appreciate the support from the technical and administrative staff in the department, 

in particular Ms. Julie Brown, Mr. Kevin D’Souza, Mr. Frank Lehane, Mr. Mark 

Longbottom, Mr. Dan Parsonage, Ms. Nisha Patel and Ms. Lynne White. 

I would like to thank Prof. Martin Menzies who is an emeritus at Royal Holloway, 

University of London and Prof. Yigang Xu who is the head of Guangzhou Institute of 

Geochemistry, Chinese Academic of Sciences for establishing the RHUL-GIGCAS 

collaboration scheme by which my doctoral research was sponsored. I acknowledge 

my scholarship awarded by Chinese Scholarship Council. Many thanks to EU-FLOWS 

and NERC for their fabulous short training courses where I gained additional exposure 

to modelling, statistics and field research. 

Thanks to my fellow postgraduate students: Kayode Adeoye-Akinde, Aalia Al-

Shalan, Gavin Anthony, Ivan Antonov, Salim Ayomaya, Semra Bakkaloglu, Sandy 

Drymoni, Elham Jonade, Gerardo Gaitan, Alex Hughes-Wharton, Lucky Imagbe, Liang 

Liu, Zhi Lin Ng, Yasir Said, Yizhuo Sun, Paul-Ross Thomson, Seehapol Utitsan, Thomas 

Vandyk, Shuang Zhang to name a few. Thanks also to my close friends Xuanyu Chen, 

Arif Hussain Moosvi, Noah Okuonghae, Aidan Poles, Yunting Qi, Tat-in Tam, Xiangming 

Tao and Shuo Zhang. 

Finally, I owe my deepest gratitude to my parents and my girlfriend Songshi Liang 

for their unfailing support and continuous encouragement throughout my years of 

study and throughout the way to approaching the degree. I love you! 

Jie Xiao 

  



III 

 

Abstract 

 

Most research in geology requires solving inverse problems. A geological inverse 

problem could be, for example, to extrapolate conditions in the past given limited 

observations today, or to unravel properties of the Earth’s interior given incomplete 

measurements gathered at the surface. Unfortunately, inverse problems usually have 

non-unique solutions. However, these solutions are often linked by quite simple 

relationships even when problems are non-linear. These relationships express the 

symmetry for a problem since predictions are unaltered given proper changes in a 

solution obeying the rules. Symmetries are powerful tools since they enable an existing 

solution to be directly transformed into an alternative solution. This property leads to 

a novel inversion procedure based on numerical models, i.e. find a simple solution that 

produce the desired model and then have all additional solutions derived from the 

initial solution. Calculation of multiple solutions allows properties common to all 

solutions to be deduced and hence allows end-member hypotheses to be examined. 

Hence, it is possible to determine what is physically reasonable and what is not for an 

inverse problem, even though a unique solution is not available. The principle of 

symmetry is quite general and can be widely applied in various fields of geology. 

Synthetic and real-data examples presented in this thesis cover sedimentology, 

thermochronology and geophysics. 
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1 Introduction 

 

Almost every aspect of geology involves an inverse problem. In general, an 

inverse problem is to interpret the cause of a particular effect, whereas a forward 

problem is to predict the effect of a particular cause. Two types of inverse problems 

are frequently encountered in geology. First, geological outcomes at present are 

observed and conditions in the past deduced. Secondly, measurements are gathered at 

the ground surface and structure at depth revealed. These are in stark contrast to 

experimental sciences, such as Physics, that involve the much easier forward problem 

of predicting outcomes given well controlled initial conditions. Inverse problems are 

not only inherently more difficult, but they suffer from the fundamental challenges of 

non-uniqueness and ill-conditioning as well. The non-uniqueness arises because more 

than one cause could give rise to the same effect, whilst the issue of ill-conditioning 

occurs as small errors in the observations produce large changes in the interpretation. 

The concepts of non-uniqueness and ill-conditioning were often confused in the 

literature. This thesis primarily deals with the former issue in the absence of errors. As 

will be shown in the later chapters, any inverse problem has non-unique solutions 

even if error-free data are available, though the problem of ill-conditioning makes this 

even more challenging (Tetzlaff, 2004). 

Owing to advances in computer techniques, inverse problems frequently end up 

with quantitative models in practice. Compared to conceptual models that emerged 
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prior to the digital era, computer models are more quantitative as they are built upon 

mathematics of exact theories that prescribe the laws of geology. Using numerical 

techniques, the continuous functions are represented discretely in computers. 

Arguments associated with the functions are known as input parameters. Prediction of 

the end product in response to a set of input parameters is referred to as forward 

modelling. The reverse process of inverse modelling thus corresponds to the search of 

parameters that would generate the desired model to a good match with the reality. 

Though it is not unusual that a computer model fails to replicate the entire 

complexities of the real world, this is not an issue to worry about. All models are 

simplifications and no model can ever hope to match reality perfectly. The objective of 

this work is to determine the key controls that dominate the geological system, instead 

of more accurately visualizing the observations. 

However, as Tarantola (2006) pointed out, a forward model can only exclude the 

parameter sets that are incompatible with the observations but not to identify the 

correct combination. Examination of a parameter set typically relies on an objective 

function (e.g. the root-mean-square error) that characterizes how well a model fits the 

observed data. A good-fit model can be generated by finding a local minima in the 

objective function, which is referred to as ‘model optimization’ (Press et al., 2007). 

Existence of solutions can be confirmed by finding at least one good-fit model. Failure 

to discovering any local minima is rarely the case. Instead, there are likely continuously 

connected regions of locally low values, forming a trough in the objective function. 

Each of the low value in the trough corresponds to a different solution that accounts 
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for a sufficiently good model. In addition, there may be may many such troughs in the 

objective function, leading to extra non-uniqueness in the inverse problem. 

Though being aware of the non-uniqueness, geological studies still tend to seek 

particular solutions. Geologists are often (rightly) delighted to have found even one 

reasonable interpretation of their imprecise and incomplete data. For more 

quantitative problems, a single ‘best’ solution is often obtained by introducing 

additional constraints (e.g. the smoothest solution (Constable et al., 1987) to avoid 

over-interpretation of the results). Both of these ways attempted to solve an inverse 

problem by restricting a model until a single solution is found. Unfortunately, however, 

these are fundamentally wrong. As highlighted in Gubbins (2004), a solution should be 

predetermined by the knowledge upon which the model is built, rather than by the 

modellers’ expectation. The ideas of using particular solutions to explain observed data 

have been criticised as long ago as late 19th century by Chamberlin (1890) who 

suggested, instead, the method of multiple working hypotheses. 

In terms of computational geology, application of the multiple working 

hypotheses is referred to the discovery of multiple solutions to a single model. 

Calculating complete solutions for a model has remained challenging. The method of 

trial-and-error is frequently used for problem solving but can be slow and tedious 

when applied to real data. Likewise, an exhaustive search through all possibilities may 

seem straightforward but can be extremely time-consuming if not impossible. 

Optimization methods, such as gradient descent, are fast but can be easily trapped in 

local minima. Stochastic algorithms that generate and use random variables were 
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expected to find all solutions using tentative starting guesses. However, there has not 

been any published example ever succeeding. See Chapter 2 for more detailed 

discussion on inverse methods applied in specific geological problems. 

This thesis approaches the issue of non-uniqueness by generating the whole set 

(or a representative ensemble) of possible solutions. This would be done through the 

principle of symmetry. In the same way that rotating a square by 90° leaves its 

geometry unchanged, a symmetry could be any operation on any object that preserves 

appearances. The operations and objects involved can be more abstract than rotation 

of geometric figures. For example, an important symmetry in physics is that its laws 

are unaltered by translation in time or space and by rotation of coordinates; these 

symmetries lead, directly, to the conservation of energy, momentum and angular 

momentum respectively (Noether, 1918). In the context of inverse modelling, a 

symmetry is any manipulation of a forward model’s parameters that leaves the model 

output unchanged. In other words, symmetries specify trajectories in the parameter 

space that produce identical model outputs. A simple, frequently encountered, 

example is that model results are usually unaltered by the transformation rate[i] → 

a · rate[i] (i = 1, …, N), where N is the number of rates in the model) plus time → time / 

a where a is any constant, i.e. all processes are speeded up (or slowed down) by a 

constant factor and then the duration is altered to compensate. 

The close relationship between non-uniqueness and a generalized concept of 

symmetry has been rarely applied in geology. An exception of these is a geochemical 

research undertaken by Waltham and Gröcke (2006) on the seawater Sr-isotope 
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fluctuations in the Early Jurassic, of which the multiple interpretations are similar to 

each other. Although the term ‘symmetry’ was not explicitly used, the correlation 

between multiple solutions can be thought of as an underlying symmetry. The rules of 

symmetry can enable a solution, once found, to be directly transformed into another 

solution that gives the same model. Using this insight, it is possible to derive all 

possible solutions given an initial solution. A significant advantage of the above 

geochemical problem is that it has analytic symmetry, i.e. the problem can be stated in 

a precise, mathematical form. However, an analytic symmetry only exists in simple 

problems and may not apply in complex, process-based models. 

Nevertheless, as will be presented in this thesis, all inverse problems have 

symmetries; it’s just that these have to be revealed using numerical methods. To 

better understand non-unique inverse problems, a numerical method is proposed here 

for discovering, exploiting and utilizing their symmetries. The method is used to tackle 

inverse problems in three inverse problems from very different fields of geology. These 

are: a problem of interpreting sequence architectures, a problem of reconstructing 

thermal histories and a problem of evaluating mantle properties. Application of the 

symmetry method and resulting benefits in each specific inverse problem are 

demonstrated. Bringing the individual examples together shows the general 

applicability of symmetry concepts. 

The remaining part of this thesis engages a literature review in Chapter 2 in order 

to provide context of the specific inverse problems to be explored and previous 

attempts to address these problems. Chapter 3 outlines the principle of symmetry and 



6 

its applications in numerical models. Chapters 4 to 6 present three published (or 

pending to submit) examples showing the symmetry method applied to a model of 

sequence stratigraphy, a model of thermal maturity and a model of mantle petrology. 

Chapter 7 consolidates the principle of symmetry and emphasizes how the method is 

superior to conventional methods. Finally, conclusions drawn from the theoretical and 

model work are presented in Chapter 8. 
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2 Literature Review 

 

Extracting reliable information from the geological record, for example to better 

understand paleoclimate or structure of the Earth, depends on successful application 

of the inverse method. Geological data such as the sequence architecture of an 

outcrop, thermal indicators for a borehole or seismic travel-times are observed, and 

controlling factors deduced. However, inverse methods usually produce non-unique 

solutions because more than one set of parameters could account for identical results. 

Non-uniqueness is a fundamental issue that widely exists in geology. This chapter 

reviews the inverse problems where non-unique solutions arise. The literature 

discussed here covers three different aspects of geology (i.e. sedimentology, 

thermochronology and geophysics). A series of examples are discussed here for the 

purpose of providing an overview on key challenges to address later. The review 

focuses on the non-uniqueness in specific inverse problems and the strength and 

weakness of existing inversion schemes, in particular applications of quantitative 

modelling techniques. 

 

2.1 Inverse Problems in Sequence Stratigraphy 

Sequence architectures formed on continental margins are primarily determined 

by the sediment supply and accommodation (e.g. Schlager, 1993; Helland-Hansen and 

Gjelberg, 1994; Carvajal et al., 2009; Catuneanu and Zecchin, 2013). Interpreting stratal 
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geometries of sequence architectures observed on outcrops or seismic images 

corresponds to the studies of sequence stratigraphy (Vail, 1977; Posamentier et al., 

1988). However, interpretations of stratal geometries are non-unique due to the 

difficulties in distinguishing individual effects of the dual controls (Posamentier et al., 

1992). Other factors, for example the initial paleogeography (e.g. Uličný et al., 2002), 

extensional faulting (e.g. Hardy et al., 1994) and deltaic lobe switching (e.g. Ritchie et 

al., 2004), can also leave strong impacts on stratal geometries. These complications, if 

taken into account, can lead to additional possibilities and hence significantly extra 

non-uniqueness in interpretations. 

Analogue and numerical experiments have shown that a variety of stratal 

patterns may be created in more ways than one. For instance, maximum flooding 

surfaces can be generated either by a decrease in the rate of accommodation 

availability creation or by a decrease in the rate of sediment supply (e.g. Schlager, 

1993; Flemings and Grotzinger, 1996). Similarly, sequence bounding unconformities 

may be a consequence of sediment supply variations rather than erosion during 

subaerial exposure of marine strata (e.g. Schumm, 1993; Flemings and Grotzinger, 

1996; Best and Ashworth, 1997; Martin, 2011). Moreover, Burgess and Prince (2015) 

suggested that the identical progradational to retrogradational shoreline trajectories 

can form at different phases of relative sea-level changes. Likewise, whilst 

aggradational stacking patterns are frequently interpreted as relative sea-level rise, it 

has been suggested that topset aggradation may occur either during relative sea-level 
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fall or stillstand (e.g. Burgess et al., 2006; Swenson and Muto, 2007; Prince and 

Burgess, 2013). 

Though the interplay between sediment supply and accommodation space has 

been well understood, previous work usually supposed that stratal geometries are 

dominated solely by the creation of accommodation. In practice, it was often assumed 

that there is a constant sediment flux through time (e.g. Posamentier et al., 1988; Van 

Wagoner et al., 1990; Plint and Nummedal, 2000; Neal and Abreu, 2009) or there is an 

idealized cycle of eustatic sea-level oscillations (e.g. Helland-Hansen and Hampson, 

2009). Such methods allow possible histories of relative or even eustatic sea-level for 

observed strata to be generated from simple, conceptual models of system tracts and 

depositional sequences (Burgess et al., 2006). However, these assumptions are no 

longer tenable since variations in sediment supply have proved to be complex (Frostick 

and Jones, 2002). The information extracted in this way has large uncertainties and can 

be misleading if adopted to predict stratigraphy at depth for less well-known areas 

with limited subsurface data. Due to the high demands for extracting robust signals of 

eustasy, for example for paleoclimate studies, there is a widespread interest on 

alternative sedimentation scenarios of the strata formation that does not depend on 

simplifying assumptions. 

For more quantitative research, numerical forward models are frequently used to 

help determine stratal controls. A variety of software packages are available for this 

task, for example SEDSIM (Tetzlaff and Harbaugh, 1989), STRATA (Granjeon and 

Joseph, 1999), Dionisos (Granjeon and Joseph, 1999) and SEDTEC (Boylan et al., 2002). 
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Stratigraphic forward models allow simulation of various depositional settings (e.g. 

siliciclastic delta and carbonate platform). The forward modelling products are 

manifested as synthetic strata in 2-D or 3-D for a set of input parameters describing 

variations in stratal controls through time. Non-uniqueness in stratigraphic forward 

modelling has long been highlighted since Burton et al. (1987). In spite of this, forward 

models have the advantage in that it is capable of showing different mechanisms by 

which selected strata can be produced. Using a simple geometric model, Heller et al. 

(1993) suggested that discovery of multiple solutions of a forward model can allow 

universal properties of all solutions to be deduced. In other words, it is possible to 

encapsulate variations in stratal controls once all possible solutions are found. 

However, calculation of multiple solutions for more sophisticated stratigraphic 

forward models has been elusive. Inverse stratigraphic modelling was often incorrectly 

treated as an optimization problem assuming a unique solution can be determined by 

searching for the best match to the observations. A number of optimization methods, 

such as the genetic algorithm (Bornholdt et al., 1999), model ranking approach (Wijns 

et al., 2004) and Bayesian statistics (Charvin et al., 2009b), were developed to meet the 

best-fit models. These techniques, however, are unable to approach the non-unique 

problems because even the best-fit models could be reproduced by more than one set 

of parameters. Other studies were in favor of particular solutions that are thought to 

represent the realities most closely in a geological sense (e.g. Cross and Lessenger, 

1999; Burgess et al., 2006; Burgess and Steel, 2017). Whilst multiple scenarios of 

model generation were considered in these cases, such methods tended to presume 
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that the real solution can eventually be discovered. In brief, stratigraphic modelling 

research lacks a quantitative inversion scheme that is able to produce multiple 

interpretations of stratal controls and yet is simple enough to be widely applicable in 

sophisticated, process-based models. 

 

2.2 Inverse Problems in Thermochronology 

Subsurface temperature is a key control on reactions of organic matter buried 

underground. Precise reconstruction of the thermal history in sedimentary basins can 

offer critical implications for petroleum exploration in that it enables the timing and 

volume of hydrocarbon generation to be predicted (Waples, 1994). Thermal structure 

beneath a basin varies with the depth of burial, thermal conductivities of rock, surface 

temperature and heat flow (or heat flux density) into the basin from below (Welte et 

al., 2012; Allen and Allen, 2013). Thermal history reconstruction is hampered by non-

uniqueness as there are too many free parameters to deduce. Though the challenge of 

non-uniqueness has been known since the early stage of quantitative basin modelling 

by McKenzie (1978), explorationists are usually delighted to have found even one 

scenario that is consistent with the thermal indicators. In reality, however, there are 

likely to be many, each of which has large uncertainties leading to substantial risk in 

exploration and development of fields. 

A common way to tackle non-uniqueness is to reduce the number of unknowns 

using supplementary knowledge. For instance, the burial history of sedimentary basins 

can be reconstructed using a general subsidence model (e.g. McKenzie, 1978) or a 
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backstripping approach (e.g. Sclater and Christie, 1980). Lithologies of the subsurface 

can be estimated in the field (e.g. Beck et al., 1971; Conaway and Beck, 1977), in a 

laboratory (e.g. Sass et al., 1984) or through an empirical model (e.g. Vasseur et al., 

1995). Temperature at the seafloor may be estimated from paleoclimate change. 

Moreover, heat flow in the near surface (≤ 5 km depth) can be effectively thought of as 

vertically constant, except for in geothermal areas or basin margins where vertical 

variations in heat flow may be more significant (Gallagher and Sambridge, 1992). 

Hence, inverse modelling of thermal history in 1-D (i.e. a borehole) is simply to deduce 

paleo-heat flow. However, such models are still heavily non-unique because more than 

one sequence of heat flow variations could account for the same results. 

Non-uniqueness can exist in various types of thermal indicators. The one most 

commonly used in thermal history reconstruction is vitrinite reflectance, which is 

defined as the percentage of incident light reflected from the surface of vitrinite 

particles in sedimentary rock (Tissot and Welte, 1984). Others include apatite fission-

track, fluid Inclusions, K-Ar dating estimates, biological markers and clay mineralogy 

(Tissot et al., 1987). However, not a single type of thermal indicators can adequately 

determine the complete thermal history. For example, the reflectance of vitrinite is 

largely determined by the highest temperature that a sample experienced during its 

thermal exposure (Price, 1983), whilst the fission-track length of an apatite results 

from the recent cooling stage rather than from the earlier periods (Gallagher, 1995). In 

practice, multi-source data were often combined to infer thermal histories (e.g. Bray et 

al., 1992; Zhao et al., 1996; George et al., 2001; Carrapa et al., 2009). Though these 
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methods can allow thermal conditions during particular periods in specific regions to 

be better constrained, they fail to address the fundamental challenge of non-

uniqueness. 

The key to thermal history modelling is to understand the dependence of thermal 

indicator reaction on both time and temperature. Quantitative forward models have 

been developed for various types of thermal indicators, such as vitrinite reflectance 

(e.g. Royden et al., 1980; Burnham and Sweeney, 1989; Sweeney and Burnham, 1990; 

Nielsen et al., 2017), apatite fission-track (e.g. Green et al., 1989; Crowley, 1993; 

Ketcham et al., 2000; Ketcham et al., 2007) and geochemical data (e.g. Mackenzie and 

McKenzie, 1983). The forward problem of predicting thermal indicators at present has 

been relatively well established. In contrast, inverse thermal history modelling receives 

ongoing concerns, most of which focus on the non-uniqueness. To prevent inessential 

complications in the interpretation, Gallagher and Sambridge (1992) suggested that 

the ‘smoothest’ solutions (e.g. a time-temperature with the least variations) should be 

used. However, such solutions are, by definition, untypical and may be misleading. 

Despite this, an optimistic viewpoint was proposed by Shen et al. (1992) who 

argued that a representative solution can be determined if multiple solutions derived 

from a model are similar to each other. This provided a useful insight into the inverse 

problem although only a small number of solutions were examined. Similarly, it has 

been suggested that calculation of multiple solutions can enable the uncertainties in 

time and temperature to be quantified (e.g. Corrigan, 1991; Nielsen, 1996). However, 

the majority of thermochronological studies relied on stochastic algorithms (e.g. 
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Willett, 1997; Hopcroft et al., 2007; Gallagher, 2012) that likely escape from local 

minima. Inversion strategies built upon these algorithms hope to generate a wide 

range of solutions that are compatible with the observations. However, these studies 

typically ended up with what were thought to be the statistically ‘best’ solutions (e.g. 

solutions with the maximum likelihood or the highest possibility), rather than the 

entire range of solutions. For more reliable information of paleohistory and for more 

accurate assessment of petroleum perspective, extra work should be done to produce 

complete interpretations of thermal indicators, from which firm conclusions can be 

extrapolated. 

 

2.3 An Inverse Problem in Geophysics 

A seismically low-velocity layer (LVL) has been identified in the deep upper 

mantle, just above the mantle transition zone (MTZ), in numerous regions around the 

world with lateral thickness from 20 km to over a hundred kilometres (e.g. Revenaugh 

and Sipkin, 1994; Song et al., 2004; Courtier and Revenaugh, 2007; Jasbinsek and 

Dueker, 2007; Schaeffer and Bostock, 2010; Huckfeldt et al., 2013; Hier-Majumder and 

Tauzin, 2017). The seismic anomaly in this layer is characterized by sharp seismic 

velocity reductions (-5.3% to -1.0% for P wave and -7.0% to -3.0% for S wave) on its 

upper-boundary at approximately 350 km depth (Vinnik and Farra, 2007; Tauzin et al., 

2010; Tauzin et al., 2013). As the velocity reductions and the associated impedance 

contrasts are unlikely produced solely by the thermal effects that usually give rise to 
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diffusive boundaries, the 350-km LVL has been suggested as a seismic signature of 

compositional heterogeneity. 

More specifically, the seismic reductions are frequently ascribed to a small 

amount of volatile-induced melt triggered by subducting slabs (e.g. Revenaugh and 

Sipkin, 1994) or mantle plumes (e.g. Vinnik and Farra, 2007) in surrounding regions. 

Some others suspect that a partially molten LVL could exist throughout the 350 km 

depth due to the gradient in melt-bearing capacity across the transition zone (Bercovici 

and Karato, 2003; Leahy and Bercovici, 2007). However, the presence of the LVL does 

not show evident correlation with particular tectonic settings in a global scale (Tauzin 

et al., 2010). Interpretation of the LVL can benefit from quantifying the fraction of melt 

within the LVL. An accurate estimate of the melting extent in the LVL is also essential 

to advance understanding of the volatile-storage capacity of the layer, the sources and 

migration of volatiles and the nature of the MTZ that plays a crucial rule in the volatile 

cycle of the Earth. 

Seismic velocities in the mantle are controlled by the interplay between thermal 

and compositional properties. Similar to other inverse problems, estimation of melting 

extent in the LVL suffers from non-uniqueness owing to the trade-off effect between 

the multiple factors. Whilst ideal seismic speeds at various depth of the mantle in the 

absence of melting are given by global predictive models, such as the Preliminary 

Reference Earth Model of Dziewonski and Anderson (1981), exact velocities can vary 

significantly in different regions. The petrologic model of Xu et al. (2008) indicates that 

a higher temperature typically leads to lower seismic velocities, whereas the influence 
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of bulk solid composition may differ at various depth in the mantle. Seismic velocity 

reductions in a melt-bearing aggregate depend upon the volume fraction, geometry 

and composition of the melt. In addition, these factors are strongly correlated with 

each other. The geometry of melt depends upon the dihedral angle at the grain-melt 

interface and the melt volume fraction (von Bargen and Waff, 1986; Takei, 1998, 

2002). Whilst variations in melt composition leave a relatively insignificant impact on 

seismic velocities, it is known that the geometry of melt has notable dependence on 

the composition (Yoshino et al., 2005; Wimert and Hier-Majumder, 2012). 

Previous studies have provided additional information regarding properties of the 

solid mantle and the melt. Numerical models indicated empirical calibration between 

thermal conditions in the LVL and the thickness of MTZ below (e.g. Courtier et al., 

2007; Tauzin and Ricard, 2014). Experimental measurements suggested variations in 

dihedral angles for different types of melt, for example carbonated melt (e.g. Minarik 

and Watson, 1995) and hydrous basalt (e.g. Mei et al., 2002). Others proposed elastic 

properties of the melt, such as the bulk modulus, shear modulus and density for 

carbonated peridotite melt (e.g. Ghosh et al., 2007) and mid-ocean ridge basalt (e.g. 

Guillot and Sator, 2007). However, though the seismic and petrologic constraints 

provide a reasonable range for the unknown parameters, these are not known with 

much precision. As a consequence, there are still a large number of possible solutions 

within the range. 

The key challenge in interpretation of the LVL is to simultaneously determine the 

multiple seismic controls. Having mantle temperature, bulk solid composition and 
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partial melting incorporated in a forward model enables seismic velocity reductions to 

be predicted (e.g. Hier-Majumder, 2017). Once the other parameters are specified 

with educated guesses, the corresponding melt volume fraction can be deduced by 

trying different values until the model fits the seismic observations. This method was 

used to estimate the melt volume fraction in the LVL beneath the South Pacific (Hier-

Majumder and Courtier, 2011), the Hawaii Islands (Hier-Majumder et al., 2014), the 

Western US (Hier-Majumder and Tauzin, 2017) and Southeastern China (Ma et al., 

2020). However, discoveries in these studies should be carefully examined since the 

melt volume fractions estimated are highly sensitive to the associated parameters and 

hence small errors in the assumptions can lead to large changes in the results (Hier-

Majumder et al., 2014). An alternative estimation strategy that hopes to overcome 

these drawbacks should involve constructing a good-fit model, unravelling the 

competing effect of the multiple controls and encapsulating variations in the mantle 

properties. 
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3 Methodology: Determining Symmetries in Numerical Models 

 

A quantitative inverse method, based upon forward modelling techniques and the 

principle of symmetry, is proposed for tackling non-unique inverse problems. The 

inversion procedure can begin with any arbitrary solution that produces the desired 

model. Correlations between multiple solutions can be linearized by considering small 

differences in the solutions. Using this insight, any solution can be directly modified 

into another solution that gives exactly the same model. The general procedure of the 

symmetry method can be described as follows: 

(1) First, give a tiny increment into the parameters of a forward model, which 

gives rise to a residual in the model output. 

(2) As the increment is small enough, the residual can be approximated as a 

linear function (e.g. using the 1st order Taylor’s expansion). 

(3) The linear approximation enables calculation of required changes in other 

parameters to compensate the residual. 

(4) Having the required changes resolved from the linear function allows 

parameters to be properly modified and hence the original model restored. 

(5) The modified parameter set gives a new solution to the same model. Now 

give another increment to the parameters and repeat the procedure. 

Iterations of the procedure can produce a range of solutions in addition to the initial 

solution. A significant advantage of the proposed method is that the principle of 



19 

symmetry is entirely general. That is, the iterative inversion procedure can be adapted 

to any forward models, even if a model is non-linear. Applications of the symmetry-

based method to a diverse range of geological inverse problems will be given in the 

following chapters. 

Calculation applied in step (3) requires understanding of the compensation effect 

between multiple parameters of the model. This can be mathematically expressed as 

follows given a general function 

𝑧 = 𝐹(𝑥, 𝑦) (3.1) 

, where 𝑥 and 𝑦 are variables for the model, 𝑧 is model output and 𝐹 can by any 

non-linear function. Both 𝑥 and 𝑦 can vary through time, subject to the constraints 

imposed by 𝑥 = 𝜑(𝑡) and 𝑦 = 𝜓(𝑡), where 𝑡 is time. For instance, 𝑥 can be 

sediment supply history and 𝑦 can be the relative sea-level history, whereas 𝑧 can 

be strata formation in response to tectono-sedimentary processes 𝐹 in a depositional 

system. An alternative solution to the model can be found by a different set of 

variables 𝑥′ = 𝜑′(𝑡) and 𝑦′ = 𝜓′(𝑡) that reproduce the same results, i.e. 

𝐹(𝑥′, 𝑦′) = 𝐹(𝑥, 𝑦). In the context of numerical modelling, 𝑥, 𝑦 and 𝑧 should be 

parameterized with discrete values. The time-dependent variables 𝑥 and 𝑦 may be 

represented by a pair of M-length vectors 𝒙 and 𝒚, where 

𝒙T = (𝑥1, 𝑥2, … , 𝑥𝑀) (3.2) 

and 

𝒚T = (𝑦1, 𝑦2, … , 𝑦𝑀) (3.3) 
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Similarly, the modelling result 𝑧 may be represented numerically by an N-length 

vector 𝒛, where 

𝒛T = (𝑧1, 𝑧2, … , 𝑧𝑁) (3.4) 

Now the forward model can be rewritten in matrix notation 

𝒛 = 𝐹(𝒙, 𝒚) (3.5) 

Having a small enough change (𝛿𝒚) introduced into variable 𝒚, a residual ∆𝒛 is 

caused in the modelling result 𝒛. To compensate the residual, a proper change 𝛿𝒙 is 

required in variable 𝒙 to replicate the original result, i.e. 𝐹(𝒙 + 𝛿𝒙, 𝒚 + 𝛿𝒚) =

𝐹(𝒙, 𝒚). This can be represented in a linear form 

∆𝒛 = A𝛿𝒙 (3.6) 

, where A is a N × M matrix of coefficients of which the elements are partial 

derivatives of 𝐹 with respect to 𝒙, i.e. 

A𝑖𝑗 =
∂𝐹𝑖
∂𝑥𝑗

 (3.7) 

, where 𝑖 = 1, 2, …, N and 𝑗 = 1, 2, …, M. The matrix element values can be derived 

from the forward model using a finite difference approach. That is, first run the default 

model and then run the model again with a small increase given to input parameters. 

The partial derivatives are calculated as the difference between the two model runs 

divided by the increase in parameters. Properly solving 𝛿𝒙 from eq. 3.6 can allow a 

new solution to the model to found as 𝒛 = 𝐹(𝒙 + 𝛿𝒙, 𝒚 + 𝛿𝒚). Solutions to eq. 3.6 

depend upon the number of constraints and the number of unknowns: 

(1) When M = N 
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The number of equations is the same as the number of unknowns in eq. 3.6 and 

the question is said to be equi-determined. Solution to eq. 3.6 can found by 

𝛿𝒙 = A−1∆𝒛 (3.8) 

, where A−1 is the inverse of matrix A. Note that the inverse of a matrix only exists if 

the matrix is square and it has a non-zero determinant. Clearly, matrix A is square 

when M = N. It is expected that the determinant of the matrix det(A) ≠ 0. Otherwise 

the problem is actually under-determined (M > N), which will be discussed a little later 

in this chapter. 

 

(2) When M < N 

There are more equations than unknowns in eq. 3.6 and the problem is so called 

over-determined. In general, there is no solution to the problem as there are always 

misfits between the two sides of eq. 3.6. Hence, a term of errors 𝒆 should be 

introduced into the equation, which gives 

∆𝒛 = A𝛿𝒙 + 𝒆 (3.9) 

In this case, to solve eq. 3.6 is to find an optimal ∆𝒛 by minimizing the sum of square 

errors. Writing eq. 3.9 in full gives 

𝑒𝑖 = ∆𝑧𝑖 −∑A𝑖𝑗𝛿𝑥𝑗

𝑀

𝑗=1

 (3.10) 

, where 𝑖 = 1, 2, …, N. As a consequence, the squared sum of errors is 



22 

𝐸2 =∑𝑒𝑖
2

𝑁

𝑖=1

=∑(∆𝑧𝑖 −∑A𝑖𝑗𝛿𝑥𝑗

𝑀

𝑗=1

)

2
𝑁

𝑖=1

 (3.11) 

𝐸2 can be minimized by setting 𝜕𝐸2 𝜕𝛿𝑥𝑘⁄ = 0 using unknowns {𝛿𝑥𝑘} (𝑘 = 1, 2, …, 

M), leading to 

2∑[∆𝑧𝑖 −∑A𝑖𝑗𝛿𝑥𝑗

𝑀

𝑗=1

]

𝑁

𝑖=1

A𝑖𝑘 = 0 (3.12) 

, which may be rearranged as 

∑∑A𝑖𝑘A𝑖𝑗𝛿𝑥𝑗

𝑁

𝑖=1

𝑀

𝑗=1

=∑A𝑖𝑘∆𝑧𝑖

𝑁

𝑖=1

 (3.13) 

Writing the above in matrix notation yields 

ATA𝛿𝒙 = AT∆𝒛 (3.14) 

ATA is invertible as it is square. Hence, the least square 𝛿𝒙 is given by 

𝛿𝒙 = −(ATA)−1AT∆𝒛 (3.15) 

 

(3) When M > N 

There are less equations than needed to solve the unknowns and thus the 

problem is under-determined. For any change in 𝒚, there are more than one way to 

modify 𝒙 in order to retain 𝒛. A useful choice is to find the particular adjustment 𝛿𝒙 

with the least length |𝛿𝒙| (i.e. the minimum-norm 𝛿𝒙). As such adjustment contains 

no unnecessary information, it is the smallest possible 𝛿𝒙 to compensate the residual 

∆𝒛. The smallest |𝛿𝒙| can be found by minimizing the length squared 𝛿𝒙T𝛿𝒙 subject 
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to ∆𝒛 = A𝛿𝒙 using the method of Lagrange multipliers. First, the Lagrange multipliers 

are assembled into an N-length vector 𝝀. A Lagrange function 𝓛 is then formulated 

as 

𝓛 = 𝛿𝒙T𝛿𝒙 + 𝝀T(A𝛿𝒙 − ∆𝒛) (3.16) 

Differentiating 𝓛 with respect to 𝛿𝒙 then gives 

𝜕𝓛

𝜕𝛿𝑥𝑗
= 2𝛿𝑥𝑗 +∑𝜆𝑖A𝑖𝑗

𝑁

𝑖=1

= 0 (3.17) 

, which may be rearranged as 

𝛿𝒙 = −
1

2
AT𝝀 (3.18) 

, subject to ∆𝒛 = A𝛿𝒙, such that 

∆𝒛 = −
1

2
AAT𝝀 (3.19) 

Matrix AAT is square and hence its inverse exists. The Lagrange multipliers 𝝀 can be 

resolved as 

𝝀 = −2(AAT)−1∆𝒛 (3.20) 

Substituting from eq. 3.18 gives the minimum-norm solution of 𝛿𝒙 

𝛿𝒙 = AT(AAT)−1∆𝒛 (3.21) 

An alternative way to solve eq. 3.6, when M > N, is to find the scenario that leads 

to the smoothest new solution 𝒙 + 𝛿𝒙, i.e. to seek an adjustment 𝛿𝒙 to minimize the 

roughness of vector 𝒙 + 𝛿𝒙, where 𝛿𝒙 subject to the constraint imposed by eq. 3.6. 

Calculation of the smoothest 𝒙 + 𝛿𝒙 has the advantage that it prevents unjustified 
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fluctuations from the new solution. The roughness of vector 𝒙 is given by the finite 

difference of the first (𝑅1) and second (𝑅2) derivatives, in a similar way to the approach 

of Constable et al. (1987) 

𝑅1 =∑(
𝑥𝑗 − 𝑥𝑗−1

𝑡𝑗 − 𝑡𝑗−1
)

2𝑀

𝑗=2

 (3.22) 

and 

𝑅2 = ∑ (
𝑥𝑗+1 − 𝑥𝑗

𝑡𝑗+1 − 𝑡𝑗
−
𝑥𝑗 − 𝑥𝑗−1

𝑡𝑗 − 𝑡𝑗−1
)

2𝑀−1

𝑗=2

 (3.23) 

, where 𝑡𝑗 is the time corresponding to 𝑥𝑗. In matrix notation, both 𝑅1 and 𝑅2 can 

be written as 𝒙TDTD𝒙, where D is an M × M matrix of coefficients given by eq. 3.22 

(for 𝑅1) and eq. 3.23 (for 𝑅2). As a consequence, the smoothest 𝒙 + 𝛿𝒙 can be 

found by minimizing its roughness where A𝛿𝒙 = ∆𝒛. Summing up the solution 

roughness and model misfit gives a trade-off function 

𝑇(𝜃) = (𝒙 + 𝛿𝒙)TDTD(𝒙 + 𝛿𝒙) + 𝜃(∆𝒛 − A𝛿𝒙)T(∆𝒛 − A𝛿𝒙) (3.24) 

, where 𝜃 is an unknown scalar (also known as a penalty parameter) to replace the 

multiplier in eq. 3.20. Note that it is practically impossible to solve for 𝜃 because this 

ends up with inverting the singular matrix DTD of which the determinant is zero (this 

happens because all elements in the first row of matrix D are zero). Instead, a large 

value (e.g. 103 - 106) is chosen for 𝜃 and hence to minimise 𝑇 is to ensure the model 

misfit dominated by 𝜃 is small enough with the remaining degrees of freedom to 

reduce the solution roughness. Setting 𝜕𝑇 𝜕𝛿𝒙⁄ = 0 gives 
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DTD(𝒙 + 𝛿𝒙) − 𝜃(AT∆𝒛 − ATA𝛿𝒙) = 0 (3.25) 

The required 𝛿𝒙 is therefore found by 

𝛿𝒙 = (𝜃ATA+DTD)−1(𝜃AT∆𝒛 − DTD𝒙) (3.26) 

All the treatments presented above are used to resolve vector 𝛿𝒙 from eq. 3.6, 

depending on the numbers of unknowns and constraints provided. The 𝛿𝒙 resolved 

indicates adjustment needed by vector 𝒙 to compensate the residual ∆𝒛 caused by 

changes 𝛿𝒚 in vector 𝒚. As a consequence, an alternative solution to model 𝒛 can 

be determined as 𝒛 = 𝐹(𝒙 + 𝛿𝒙, 𝒚 + 𝛿𝒚). Readers are referred to Appendix 1 for 

pseudocode scripts written in Python style demonstrating implementation of the 

numerical algorithm on computers.
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4.1 Abstract 

Different combinations of stratal controls could produce identical sequence 

architectures. Consequently, interpretations of the stratigraphic record, for example to 

infer palaeo-climate and eustatic sea-level history, suffer from non-uniqueness. 

However, variations in the multiple controls can be encapsulated through discovery of 

all possible solutions to an interpretation. As this paper demonstrates, a single solution 

can be directly transformed into an alternative solution that leaves the expected 

geological outcomes unaltered, which can be regarded as the existence of symmetry in 

the interpretation. Repetitive application of the symmetry method can therefore allow 

additional solutions to be rapidly derived given an existing solution. The proposed 

method has been adapted to a stratigraphic forward model for interpreting the 

Baltimore Canyon Trough (USA) stratigraphy. Modelling results have indicated the 

ranges of changes in relative sea-level, sediment supply and subaerial erosion from 

Oligocene to Mid-Miocene. Using these limits, it is possible to determine what appears 

to be true in the palaeo-history, even when a solution is not unique. 

 

Keywords: Non-uniqueness, symmetry, sequence stratigraphy, stratal geometries, 

palaeo-climate 

 

4.2 Introduction 

It has long been understood that siliciclastic depositional systems are controlled 

on a large scale by subsidence, eustasy and sedimentation (Barrell, 1917; Sloss, 1962). 

With the increased use of seismic data to image basin margins, these concepts were 
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repackaged as sequence stratigraphy (Vail, 1977; Posamentier et al., 1988) which is an 

example of inverse observational methods; stratigraphic architectures are observed 

and stratal controls such as relative sea-level history deduced. However, such an 

inverse method usually yields non-unique solutions because more than one set of 

parameters could produce identical observations. The non-uniqueness in the inverse 

problems can be demonstrated through a metaphor of simple mathematic functions 

such as 𝒙 + 𝒚 = 𝒛, from which one can never resolve 𝒙 and 𝒚 uniquely given only 

the value of 𝒛. In the context of sedimentology, assuming 𝒙 and 𝒚 are sea-level and 

sediment supply, respectively, while 𝒛 is the resulting stratal geometry, it could be 

hard, if possible, to distinguish the individual influences of the multiple controls. 

What makes stratigraphic inverse problems even more challenging is that tectonic 

and sedimentary processes cannot be simplified as linear functions, and the stratal 

controls are likely to be strongly correlated rather than independent. Analogue and 

numerical experiments have shown numerous examples of non-unique stratal 

geometries. These include transgressive surfaces (e.g. Schlager, 1993; Flemings and 

Grotzinger, 1996), shoreline trajectories (e.g. Burgess and Prince, 2015), sequence 

bounding unconformities (e.g. Flemings and Grotzinger, 1996) and aggradational 

topsets (e.g. Burgess and Allen, 1996; Swenson and Muto, 2007; Prince and Burgess, 

2013). Many of these examples were displayed by two-dimensional (2D, i.e. in cross-

section) models; however, as strata grow in three-dimensions (3D), the third 

dimension also needs to be considered on some occasions. Simulating 3D processes 

can introduce significant extra complications (for example, lobe-switching that leads to 
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asymmetrical delta progradation) and significant additional ways in which the results 

can be non-unique. 

To address the non-uniqueness, sequence stratigraphic studies typically assume 

accommodation space as the dominant control on any given sedimentary system; 

moreover, tectonic influences are simplified as monotonic steady subsidence, and 

sediment supply are considered as a simple function of time (e.g. Posamentier et al., 

1988; Van Wagoner et al., 1990; Plint and Nummedal, 2000; Neal and Abreu, 2009). 

These simplifying assumptions have allowed application of simple models of systems 

tracts and sequences to reconstruct a relative and perhaps even eustatic sea-level 

history from selected strata that is then used as a predictive model for stratal patterns 

in other less well-known areas (Burgess et al., 2006). Numerous problems with this 

approach have been highlighted (e.g. Heller et al., 1993; Miall, 1997), and the 

significance of other controls has been recognized. Despite its obvious limitations, this 

method is still widely applied, either because of its assumed global predictive power or 

because few practical alternative approaches exist. 

However, as evidence for complex tectonic and sediment supply variations 

mounts (Frostick and Jones, 2002), and as the need increases for robust stratigraphic 

evidence for palaeo-climate change, a new method is required for determining the 

multiple controls on stratal patterns that does not depend on simplifying assumptions. 

Using the principles of symmetry to generate multiple solutions could meet this 

requirement. This paper shows how the symmetry concept can be adapted to a 

stratigraphic forward model to produce many possible solutions accounting for the 

observed sequence architecture. Thus, the use of symmetry methods can provide a 
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more rigorous approach for identifying multiple controls on stratal geometries. To 

demonstrate the methodology, this paper initially examines 2D models. As a real-case 

study, the proposed method is applied to interpret the sequence architecture of 

Oligocene to Mid-Miocene stratigraphy from the Baltimore Canyon trough, New 

Jersey, USA. 

 

4.3 Methodology 

4.3.1 Forward model 

In order to demonstrate and investigate the concept of non-uniqueness in 

sequence stratigraphy, a computer program, modified from SedTec 2000 (Boylan et al., 

2002), has been used to simulate 2Dstratal architectures in response to tectonic and 

sedimentary effects. Compared with SedTec, an important modification in the new 

program is that it operates in increments of sediment supply instead of the more 

conventional approach of stepping forward in constant intervals of time. A source of 

sediment is assumed to be fixed on the left-hand side of the model. Sediments 

supplied to the depositional system are classified into coarse-grained and fine-grained. 

Proportions of the coarse and fine sediment fractions within the initial supply are 

specified as coarse to fine ratio through time. The abilities of coarse and fine grains to 

transport are characterized by a variable known as ‘transport distance’. Fine grains 

have a large value of transport distance and travel a long way from the point of supply, 

whilst coarse grains have a small value of transport distance and settle rapidly. In the 

forward model, strata either fill up to the sea-surface when there is sufficient sediment 

to completely fill available accommodation, creating a delta topset, or repose to form 
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a delta foreset. Tectonic rotation effects are also included, of which the hinge point is 

fixed at the left-edge of the model. The erosion effect in the model is simplified as a 

subaerial erosion rate, i.e. erosion occurs only above the sea-surface. For more details 

of the algorithm and its numerical solutions, see Hardy and Waltham (1992), Hardy et 

al. (1994) and Waltham and Hardy (1995). It is worth noting that forward models 

applied in this work can be considered as general rather than specific and the 

methodology presented later for handling non-uniqueness can apply in any type of 

stratigraphic forward models. 

 

4.3.2 Sea-level vs sediment supply 

Figure 4.1 shows an example of strata generated when both sea-level and 

sediment supply vary through time in a simulated deltaic setting. The identical section 

can be equally produced by either of the two different solutions (i.e. fig. 4.1A and B). 

Erosion has not been included in this initial, simple case (but will be introduced later). 

Input sediment was set to be homogeneous in grain-size. Note that sediment supply is 

cumulative, and thus rate of supply is given by the gradient of the sediment supply 

curve. This gradient must be non-negative at all times. The remaining part of fig. 4.1 

shows a ‘sea-level versus sediment supply’ cross-plot (an SS–SL curve). This can be 

generated simply by pairing corresponding sea-level and sediment supply values at 

each point in time. Note that this curve could alternatively be generated directly from 

observed strata because sea-level through time is indicated by the maximum height at 

which deposition is occurring whilst cumulative sediment supply is given by the cross-

sectional area beneath the corresponding sea floor surface. Crucially, it is also possible 
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to do the reverse and generate the synthetic strata directly from the sea-level and 

sediment supply pairs. Thus, the cross-section and the SS–SL curves are 

interchangeable; they are simply two different ways of displaying the same 

information. 

Fundamental to the issue of non-uniqueness is the observation that identical SS–

SL curves and therefore, by the argument of interchangeability above, identical stratal 

architectures, can be generated from different combinations of sediment supply and 

sea-level curves. This point is illustrated by fig. 4.2 which shows how to derive a sea-

level curve from an observed architecture given an arbitrary sediment supply. The 

arbitrary sediment supply curve was constrained only by the need to start at zero, 

finish at the same final sediment supply as before and to have a non-negative gradient 

at all times. Once an appropriate sediment supply curve is defined, the corresponding 

sea-level curve is found by noting that, by definition, the sediment supply curve 

defines a sediment supply to time conversion. Given this the known SS–SL curve from 

fig. 4.1 can be converted into the required sea-level curve simply by determining which 

value of sea-level corresponds to the values of sediment supply on the sediment 

supply curve. Note that there are an infinite number of sediment supply curves that 

satisfy the start, finish and gradient constraints described above and so there are an 

infinite number of sediment supply and sea-level combinations corresponding to any 

given SS–SL curve.
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Figure 4.1 Two sets of sediment supply and sea-level curves (A) and (B) are plotted with the resulting strata geometry from a simple 2D forward model of delta 

formation, and a cross-plot of sediment supply versus sea-level (SS–SL curve). Note that ka = thousands of years ago (an age). Different histories of sea-level and 

sediment supply can generate exactly the same stratal geometry, demonstrating non-uniqueness. 
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Figure 4.2 Principles of symmetry can be used to derive multiple interchangeable sediment supply and sea-level curves from a stratal geometry. Observation on 

stratal geometry (A) is used to derive a SS–SL curve (B). Two sediment supply curves (C) and (D) are derived from the observed geometry constrained by required 

sediment supply magnitude and by conservation of mass, and the symmetry encoded in the SS–SL curve is used to derive a sea-level curve for each of these 

sediment supply curves (E) and (F). The resulting pair of sediment supply curve and sea-level curve can generate identical stratal geometry as seen in (A).  
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4.3.3 Non-uniqueness and symmetry 

The approach used above to generate multiple solutions to the delta-inversion 

problem can be thought of as exploiting a symmetry in the forward model since it 

illustrates how different combinations of sea-level and sediment supply can be directly 

derived whilst the stratal geometry is unaltered. This is similar to rotating a square 

through 90° and leaving it unchanged. The close relationship between non-uniqueness 

and a generalized concept of symmetry is widely understood in physics (e.g. Elliott and 

Dawber, 1979) but is not frequently used in geology. However, a similar analysis has 

previously been undertaken for a geochemical problem (Waltham and Gröcke, 2006) 

where it was shown that, although the problem of determining the cause of observed 

seawater Sr-isotope fluctuations through time has an infinite number of solutions, 

these are closely related to one another because there is an underlying symmetry. 

Symmetry relationships can be used to transform any single solution, once known, 

into other solutions and therefore gives a practical method for finding large numbers 

of related solutions. More importantly, the symmetries encapsulate properties of all 

possible solutions. For example, in the delta-inversion problem discussed above, the 

symmetry (all solutions have the same SS–SL curve and a monotonic sediment supply 

curve) implies that all compatible sea-level curves have the same sequence of sea-level 

highstands and lowstands and only differ in the time-durations between these, i.e. all 

possible sea-level curves are just horizontally deformed versions of one another, as can 

be verified by close examination of fig. 4.1. Thus, the problem of estimating sea-level 

history from stratal architecture in the absence of dating information is under-



36 

constrained rather than unconstrained, i.e. not all sea-level curves are compatible with 

the observations even though no single sea-level history can be extracted. 

 

4.3.4 Multiple grain-sizes 

Application of the symmetry method becomes more difficult if additional 

controlling factors are included in the model for delta formation. For example, if the 

factor of multiple grain-sizes is included then the resulting stratal architecture varies 

according to the relative supplies of each grain size. A coarse-grained delta may have a 

steeper foreslope than a fine-grained delta and, for a mixed supply, slope may vary 

with distance. Under these circumstances, the SS–SL curve does not contain sufficient 

information to allow a complete reconstruction of the architecture. However, the 

interchangeability argument of the forward model can be extended to include this 

complication. This can be done by introducing a coarse/fine ratio versus sediment 

supply cross-plot (SS–CF curve) into the method. Figure 4.3 shows that identical stratal 

architectures can be produced by different solutions of sea-level, sediment supply and 

coarse/fine ratio histories. Both solutions can produce the same SS–SL and SS–CF 

curves. Similar to the generation of the SS–SL curve, the SS–CF could also be retrieved 

directly from an observed architecture through careful examination. Thus, the 

combination of SS–SL and SS–CF curves is interchangeable with the architecture. The 

combination can then serve as a proxy from which infinite numbers of solutions of sea-

level, sediment supply and coarse/fine ratio variations can be derived. 
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Figure 4.3 Non-uniqueness and symmetry in a more sophisticated model including multiple grain-

sizes. The two solutions of relative sea-level curve, sediment supply curves and coarse/fine ratio 

curves can produce identical stratal geometry, SS–SL curve and cross-plot of sediment supply 

versus coarse/fine ratio (SS–CF curve). All additional solutions can be generated using the 

combination of SS–SL and SS–CF curves. 

 

4.3.5 Subaerial erosion 

All of the preceding examples are based on special cases of models in which the 

strata growth is controlled by variations in accommodation availability but not by the 

magnitude of sediment supply. A more difficult problem occurs if subaerial erosion is 

included since, during periods of sea-level fall, material on the delta top may be 

eroded and subsequently resettled on the delta foreset. As a consequence, maximum 

heights of sea-level rise are underestimated and much of the sediment reaches its final 
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resting-place with a significant time-delay compared to the time at which it was 

supplied. Thus, the apparent SS–SL and SS–CF curves produced from examining the 

architecture no longer agree with the true curves and thus the interchangeability 

argument breaks down. 

However, given an erosive stratigraphic model where the interchangeability does 

not exist, symmetry of the model can still be exploited using linearization techniques 

and thus the general principles proposed here remain valid. The procedure can start 

with a simple solution that assumes no erosion (i.e. erosion rate = 0). A perturbation 

(i.e. a tiny increment) is then made to the erosion rate, which subsequently causes a 

residual in the model. The residual caused by the incremental change in erosion rate, 

however, may be compensated by adjustments in other controls. Successful 

calculation of the required changes in other parameters can allow the original solution 

to be modified appropriately and hence the model can be restored. Meanwhile, the 

original solution is transformed into an alternative solution whilst the model remains 

unchanged. The new solution can then be used as a basis of the next round of 

transformation. Repetitive application of the method can allow the original solution to 

be altered into an infinite number of additional solutions, each of which is associated 

with a different erosion rate. The workflow of the method is summarized in fig. 4.4. 

The algorithm of the method is given in Appendix 2, based on a model controlled by 

sea-level, sediment supply and subaerial erosion. However, the transformation process 

is completely general and can be extended to include additional factors (for example, 

multiple grain-sizes and a more realistic erosion effect as a function of water depth). 
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Note that the transformation method presented here also applies in the simplest 

deltaic model which involves only sea-level and sediment supply but not erosion. In 

fact, the non-uniqueness in the simplest model can be demonstrated either by the 

implicit interchangeability of SS–SL curve and the modelled section or by the 

transformation process. 

 

Figure 4.4 Generation of all possible solutions for a non-unique stratigraphic inverse problem. *The 

maximum erosion rate is defined by the assumed erosion rate in the solution where the gradient of 

cumulative sediment supply curve is 0 at a time. As the sediment supply rate must always be non-

negative, no further increment could be made to the assumed erosion rate. Hence, the erosion rate 

in this solution is the highest possible subaerial erosion rate. 
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4.3.6 Encapsulating variations in the controls 

An example shown in fig. 4.5 demonstrates how a starting solution that assumes 

no erosion can be transformed into a more realistic solution that assumes a plausible 

erosion rate. To compensate the erosion effect during subaerial exposure, higher sea-

level and additional sediment were required before sea-level fall in order to produce a 

taller delta profile than the final observation. The additional sediment was then eroded 

when sea-level dropped below the delta top. Since the delta topset was mainly formed 

by coarse sediment, the majority of the additional supplies were coarse grains rather 

than fine grains. When the sediment was eroded from the delta top, it was then 

reworked and charged into the latter supply, which led to an overestimation of the 

latter coarse fraction. Consequently, modification is also needed in the coarse/fine 

ratio curve to leave the architecture unaltered. The three modified curves and the 

plausible erosion rate hence generate a new solution to the inverse problem. In 

addition, there could be an infinite number of sediment supply curves, as for the non-

erosive case, and each of these give an infinite number of sea-level curves and coarse 

fraction curves which differ in their history of subaerial exposure episodes. 

However, whilst there could be an infinite number of possible solutions to the 

problem, the problem is not completely unconstrained. As discussed earlier, the 

gradient of sediment supply curve must be non-negative. When a plausible erosion 

rate is introduced, increments are required in sediment supply rate during periods of 

sea-level rise to provide additional sediment. Because the final amount of cumulative 

sediment supply must remain unchanged, the sediment supply rate during sea-level 
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fall must decrease accordingly. The highest possible erosion rate during delta 

formation can be found in the solution where the gradient of sediment supply curve is 

zero at a point of time. Any solution that assumes a higher erosion rate than this value 

is geologically unfeasible. For the same reason, the sea-level curve in the solution 

indicates the maximum sea-level heights through time. As a result, upper-bounds can 

be placed upon the sea-level heights above the erosional surfaces and the associated 

subaerial erosion rate. Figure 4.6 shows an instance of how values of upper-bounds 

and the corresponding solutions are found. It should be noted that these values may 

vary when alternative (zero-erosion) starting solutions are applied, an example of 

which is given in fig. 4.7. 
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Figure 4.5 Using the symmetry method, a starting solution that assumes no erosion (black dotted 

curves) can be modified into an alternative solution with a plausible erosion rate (red solid curves). 

Note that kyr = thousands of years (a duration). Stratal geometries produced by the two solutions 

are identical. 
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Figure 4.6 Another alternative solution (red solid curves) modified from the starting solution (black 

dotted curves). The gradient of the sediment supply curve in ca 35 ka of modelled period is shown 

to be 0, which suggests a sediment supply rate of 0 at this point of time. The erosion rate 

presented here is the highest possible erosion rate whilst the corresponding sea-level curve 

indicates the highest possible sea-level amplitude through time. 
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Figure 4.7 Using different starting solution can result in different sets of additional solutions. Note 

that upper-bounds upon sea-level height and upon associated erosion rate in each of the solution 

sets may also vary. 

 

4.3.7 Using symmetry for determining multiple controls 

The above theoretical treatment, based on a simple numerical forward model of 

deltaic sequence architecture, demonstrates the application of symmetry concept. It is 

also possible to determine relative sea-level heights, sediment supply and grain-size 

fractions from an observed sequence architecture. This would be done in a similar way 

to the back-stripping approach of Steckler et al. (1993): 

i. Divide the architecture into a number of depositional packages, for example 

based upon well-defined stratal surfaces. 
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ii. Successfully strip off each layer by removing any effects due to compaction, 

rotation, faulting or folding. 

iii. As each layer had been successively removed, the apparent (i.e. assuming 

zero erosion) sediment supply associated with the top depositional package 

can be estimated by measuring its area (2D) or volume (3D). 

iv. The relative sea-level and sediment coarse/fine ratio associated with each 

package can also be estimated from analysis of stratal terminations like 

onlap and toplap, as well as from a shoreline trajectory analysis (Helland-

Hansen and Hampson, 2009). 

v. The successive sediment supply (from iii) and sea-level (from iv) pairs can be 

applied to produce an apparent SS–SL curve. Similarly, an SS–CF curve can 

also be generated using the sediment supply and coarse/fine ratio (from iv) 

pairs. 

vi. The SS–SL and SS–CF curves can then be combined with an arbitrarily chosen 

sediment supply curve to give the corresponding sea-level curve and 

coarse/fine ratio curve. This step can be repeated for any number of 

appropriate sediment supply guesses. 

vii. The initial (i.e. zero-erosion) models are then modified for finite erosion 

using the approach shown in fig. 4.4. 

A diagram illustrating the back-stripping procedure [i.e. steps (i) to (iv) in the 

approach] can be found in (Steckler et al., 1993). A significant advantage of this 

method is that it allows generation of relative sea-level, sediment supply and 
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coarse/fine ratio values that can account for the observed strata. If dating estimates 

are available for the depositional packages, then it becomes possible to constrain the 

sediment supply curve used in step (vi). Consequently, the relative sea-level and 

coarse/fine ratio curves also become constrained. Note that the resulting histories are 

not based upon an unrealistic assumption of constant sediment supply. 

Some of these steps in defining values of relative sea-level, sediment supply and 

coarse/fine ratio may not be straightforward. First, measurement of sediment amount 

in each stratal package relies on successful restoration of the strata and accurate 

identification of the depositional packages. Secondly, estimation of sea-level elevation 

through time requires careful identification of appropriate stratal terminations, and 

careful consideration of evidence for abnormal subaerial exposure of marine strata 

that occurs during forced regression, which is the only reliable indicator of relative sea-

level fall. In the absence of abnormal subaerial exposure many stratal patterns can be 

equally well explained by sediment supply variations driving transgression and 

‘unforced’ regression (Schlager, 1993). In addition, the process of determining 

coarse/fine ratio that accounts for each stratal package is iterative, which would be 

done by: (1) defining an initial guess for the coarse-grained proportion and running the 

forward model, (2) comparing the output with the observation and calculating the 

errors, (3) adjusting the initial values to reduce the errors, and then (4) running the 

model again and repeating this procedure until an acceptable match is achieved 

between the resulting model and observed architecture. Any inaccurate estimation of 

the controlling factors that account for the depositional packages can lead to the 
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production of an incorrect starting solution and hence an incorrect range of variations 

in stratal controls. 

 

4.4 Baltimore Canyon: A Real-world Example 

The techniques discussed above have been applied to interpret the Oligocene to 

Mid-Miocene stratigraphy from Baltimore Canyon Trough, offshore New Jersey. The 

Baltimore Canyon stratigraphy can be effectively viewed as a 2D system. A cross-

section of the stratigraphy has been observed from a seismic reflection profile Ewing 

9009, line 1003. The strata section is arranged into a series of 15 depositional packages 

according to the stratal line interpretation from Steckler et al. (1999), whereas the 

duration of the whole section is estimated to be 33.0 Ma to 11.5 Ma according to δ18O 

record analysis from Miller et al. (1998). The seismic reflection profile of the 

stratigraphy, identification of depositional packages and the dating estimates are 

shown in fig. 4.8. 
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Figure 4.8 Sequence architecture of Baltimore Canyon Oligocene to Mid-Miocene stratigraphy 

observed from depth-converted seismic section Ewing 9009, line 1003 [modified from Steckler et 

al. (1999)]. 

 

The case study began with an arbitrary solution that assumes no erosion had 

occurred during the Baltimore Canyon stratigraphy development. The back-stripping 

approach was applied to remove the tectonic effects on the strata and to determine 

changes in relative sea-level, sediment supply and coarse/fine ratio through time. 

Dating estimates correlated with the depositional packages were then applied and 

therefore the curves of these controlling factors were produced (fig. 4.9A). Note that 

variations in the stratal controls during ages between each pair of the adjacent 

surfaces are still unknown. The three curves, incorporated with strata rotation angle 

though time determined from the back-stripping process, were then used to generate 

a synthetic architecture from the forward model (fig. 4.9B). Comparison of fig. 4.8 and 

Fig. 4.9B indicates that a good match has been achieved between the observed stratal 

geometry and the modelled section. 
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Next, subaerial erosion was introduced into the model and symmetry 

transformations were applied to adjust the input parameters for restoration of the 

resulting architecture. The increment of subaerial erosion rate in each step was set at 

0.1 m/Myr. Figure 4.9C shows that when the erosion rate reached 30 m/Myr, the 

sediment supply rate at 15 Ma was found to be zero. This indicates the upper-bounds 

upon the subaerial erosion rate and upon the highest possible relative sea-level that 

could have existed during the strata growth. Compared with the original solution, 

differences in relative sea-level height can be up to 50 m during relative sea-level rising 

stage. This suggests that even a small change in the assumed subaerial erosion rate can 

leave a notable impact on the inferred palaeo-history. Note that, as discussed earlier, 

in the absence of dating estimated for the strata, the starting solution is also non-

unique and can result in rather different solutions for the inference. 
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Figure 4.9 (A) A starting solution of sediment supply, relative sea-level and coarse/fine ratio from 

the Oligocene to Mid-Miocene reconstructed from Baltimore Canyon stratigraphy assuming no 

erosion. The inferred palaeo-history is constrained by dating estimates (makers shown on the 

sediment supply curve) for the strata. Conservative error bar on both timing and height are placed 

on the sediment supply curve to estimate the maximum variability one could infer from the 

observed data. (B) A synthetic architecture generated from a forward model using the starting 

solution. (C) An alternative solution that accounts for identical architecture is modified from the 

starting solution using the symmetry method. This solution indicates the upper-bounds upon 

relative sea-level height through time and upon the associated erosion rate. Note that Ma = 

millions of years ago (an age) and Myr = millions of years (a duration). 
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4.5 Discussion 

Historically, geologists have realized that stratal geometries formed in siliciclastic 

shallow-marine environments are determined by the interaction of multiple controls, 

not just the accommodation. With the aid of quantitative forward models, stratal 

controls can be parameterized and then be used for stratigraphic simulations. 

Numerous attempts have been made to generate a solution that can produce a ‘best-

fit’ model of the observed stratal geometry (e.g. Bornholdt et al., 1999; Cross and 

Lessenger, 1999; Wijns et al., 2004; Charvin et al., 2009a). However, any single solution 

found by these approaches can be considered a local optima (Burgess, 2012) and there 

are likely to be many others. Despite the awareness, entire exploration of the 

parameter space has not proved to be available, either using exhaustive searching 

approaches or by defining different starting guesses for the inversion algorithm. 

This paper illustrates how to exploit the symmetry from a stratigraphic model and 

thus to transform an existing solution into the additional ones that can produce the 

same model outputs. However, as (Burton et al., 1987) claimed, it is impossible to 

determine the real solution from all possible solutions due to the absence of geological 

reason for distinguishing the effects of individual controls. Although all of these 

solutions appear to be possible, they may imply very different tectono-sedimentary 

processes and very different palaeo-history. Therefore, application of simple 

assumptions, such as constant sediment supply rate through time, is untenable. To rely 

on any single interpretation of a stratigraphy can lead to substantial uncertainties in 

the palaeo-history reconstruction. In an inverse problem, the conventional forward 
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modelling approach that a model conducts in constant time interval should also be 

avoided, since it implies an assumption that the time-steps between each of the stratal 

surfaces are identical. In comparison, a model that operates in cumulative sediment 

supply, same as the one employed in this work, is more appropriate in this context. 

Nevertheless, discovery of useful information from stratigraphic inversion is 

possible. Transformation based on the principles of symmetry shows that all the 

solutions are closely related. In this work, for example, all sea-level curves produced 

from the same strata architecture have the same sequence of sea-level 

highstand/lowstand system tracts and only differ in their amplitude and durations. If 

dating estimates are available for the strata, the timing of highstands and lowstands 

also become constrained. Given the only requirement that sediment supply rate must 

be non-negative, quantitative limits can be placed on the relative sea-level amplitude 

and on the subaerial erosion rate. Properties calculated from the method that are 

common to all solutions must be true of the real solution whatever it is. This is similar 

to the conclusions of Heller et al. (1993) and Waltham and Gröcke (2006). However, 

although these investigated the joint effects of multiple controls and estimated the 

range of variations in the individual factors, both studies assumed that one of the 

multiple controls is dominant whilst the others either remain constant or change 

independently. Such an assumption is unlikely to be realistic in real-world geology 

since the various controls are often significantly correlated. Using symmetry 

transformation can overcome this problem well since multiple parameters can be 
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altered simultaneously and thus the competing effects of the stratal controls can be 

unravelled. 

A real-case study has been conducted based on the subsurface data of Oligocene 

to Mid-Miocene deposits in Baltimore Canyon. Sequence architecture of the 

stratigraphy have been previously examined and several scenarios of eustasy, 

sediment supply history and tectonic history have been reconstructed (e.g. 

Posamentier et al., 1988; Van Wagoner et al., 1990; Miller et al., 1998). These 

interpretations have been verified using numerical models which prove that close 

matches were generated between the resulting model and the observation of strata 

(e.g. Lawrence et al., 1990; Schroeder and Greenlee, 1993; Poulsen et al., 1998; 

Steckler et al., 1999). However, model work presented here shows that an infinite 

number of alternative scenarios could be used to reproduce the same sequence 

architecture. Some differences can be observed between the inference herein and the 

scenarios of reconstruction in the previous studies, and the maximum relative sea-

level and maximum erosion rate suggested here may not be necessary to explain the 

formation of the stratigraphic architecture. However, these make no contradiction to 

the issue that identical observations could be produced by different histories. Hence 

the whole range of solutions, rather than a single solution, should be considered in an 

interpretation. Nevertheless, several statements must be true according to the model 

work of Baltimore Canyon stratigraphy. Whatever the real solution is: 

1. The stratigraphy has been shown to undergo a slight erosion subaerial 

erosion (erosion rate≤30 m/Myr) throughout the modelled period. 
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2. Two sharp changes (rapid fall followed by rapid rise) have been found in 

relative sea-level history, respectively at 16 Ma and 13 Ma. 

3. Large proportions of coarse siliciclastic (coarse/fine ratio ≥8) have been 

shown to occur in 15 Ma and 12 Ma. 

This paper also shows that increasing sophistication of a stratigraphic model could 

make the model less unique. In the simplest model (i.e. the one controlled only by sea-

level change and sediment supply), given any appropriate sediment supply curve, 

there is a corresponding sea-level curve. If dating estimates for the stratal surfaces are 

available, then a particular sediment supply curve is defined and hence the 

corresponding sea-level curve can be found. However, once the subaerial erosion 

effect is introduced into the model, for each of the given subaerial erosion rates, there 

are an infinite number of apparent sediment supply curves, each of these has a 

corresponding sea-level curve. Therefore, the model becomes even less unique. Since 

the simulation of depositional system is significantly simplified compared with real-

world geology, it is reasonable to suspect that stratigraphic interpretations could suffer 

from even more serious non-uniqueness when additional factors are included. As a 

useful tool, the principles of symmetry are general and simple enough to be widely 

applicable in higher dimensional and more sophisticated models. The symmetry 

method therefore bears great potential in the inference of palaeo-history from stratal 

geometries formed in various tectono-sedimentary settings observed from outcrop or 

subsurface. 

 



55 

4.6 Conclusions 

Non-uniqueness is a key challenge in sequence stratigraphy. In this paper, a 

forward model of delta formation illustrates that the same stratal geometry can be 

generated using different combinations of parameters. The non-unique results suggest 

that the simplifying assumptions used in most current applications of the sequence 

stratigraphic method is untenable. However, the symmetry method proposed in this 

work here has been shown to be a useful tool for determining multiple controls on 

stratal geometries. In a stratigraphic model, symmetries provide rules for transforming 

model parameters in ways which leave the resulting geometry unaltered. Using this 

insight, it is possible to derive all possible solutions from an existing solution. 

Calculation of multiple solutions can allow properties common to all solutions, and 

hence to the unknown correct one, to be found. Consequently, application of the 

symmetry method offers more complete solutions to the interpretation of stratal 

geometries and hence more predictive power. Application of the method also allows 

more robust interpretation of the controls on strata geometries and hence generation 

of more reliable data, for example for palaeo-climate studies. 
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5.1 Abstract 

Reconstructing thermal history in a sedimentary basin depends on successful 

application of the inverse method. Thermal indicators, for example downhole vitrinite 

maturation, are observed and subsurface temperature in the past deduced. However, 

inverse methods usually produce non-unique solutions because different histories 

could produce the same observations. This paper demonstrates a numerical approach 

to tackling the issue of non-uniqueness. Application of the approach begins with a 

simple solution that gives a close match between the model and the reality. The 

simple, initial solution is then transformed into alternative solutions that give the same 

model. Using the proposed method, a real-case study is carried out on the thermal 

history of central Sichuan Basin, SW China. Modelling results show that, the vitrinite 

maturation in the region nowadays can be either a consequence of a sharp, short-lived 

event in Permian or a consequence of slow, long-term paleo-heat flow evolution. 

However, calculation of end-member solutions confirms that the basin must have 

experienced unusually high temperature during Mid to Late Permian since a thermal 

anomaly is present, at that time, in every possible model scenario. 

 

5.2 Introduction 

The thermal history in a sedimentary basin is a key control on organic maturation 

and hydrocarbon generation (Waples, 1980; Tissot et al., 1987). Reconstruction of 

thermal history has been an ongoing concern in basin analysis and assessment of 

petroleum prospect. Vitrinite reflectance of organic matter buried in sediments is 
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perhaps the most frequently used thermal indicator (e.g. Bray et al., 1992; Zhao et al., 

1996; Uysal et al., 2000; George et al., 2001), due to its close correlation with 

progressive organic maturities in response to temperature variations (McKenzie, 1981; 

Ritter, 1984; Pittion and Pradier, 1986; Barker and Pawlewicz, 1994). However, neither 

vitrinite reflectance nor other thermal indicators unequivocally reveals the thermal 

history because more than one history could give rise to identical measurements at 

present. That is, solutions to the thermal history are non-unique. 

Subsurface temperature beneath a basin is determined by a variety of controlling 

factors, in particular the depth and lithologies of sedimentary layers, heat flow from 

below and temperature at the subaerial interface or seafloor (Welte et al., 2012; Allen 

and Allen, 2013). The non-uniqueness arises since there are a number of free 

parameters to deduce whereas the only observations available are the present-day 

vitrinite reflectance. Supplementary knowledge of the multiple factors is often 

adopted to reduce the number of unknowns. For instance, the tectonic evolution of a 

sedimentary basin can be inferred using general subsidence models (e.g. McKenzie, 

1978). The thermal conductivities of rocks can be estimated either in the field (e.g. 

Beck et al., 1971; Conaway and Beck, 1977), in a laboratory (e.g. Sass et al., 1984) or 

from empirical calibration (e.g. Vasseur et al., 1995). In addition, the historical surface 

temperature can be deduced from paleoclimate. Having these factors specified, the 

inverse problem is simply to infer heat flow variations in the past. However, the 

problem is still challenging because what thermal indicators record is the cumulative 

thermal exposure of a sample, rather than the individual variations in temperature. 
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Resolving the thermal history uniquely proves to be impossible since different 

sequences of temperature variations could yield the same results. 

Practically, reconstruction of thermal histories often ends up with quantitative 

basin modelling. Tectono-sedimentary processes in a depositional system are 

mathematically expressed by a forward numerical model and thermal indicator data in 

response are then predicted from prescribed geological and geothermal conditions. 

Embedded with an inverse scheme, a forward model can be alternatively used to 

deduce the thermal history from data observed. In stark contrast to the forward model 

that is built upon rigorous mathematical functions, an inverse problem is usually 

solved by stochastic algorithms. Example of these include the Constrained Random 

Search (Willett, 1997), Markov Chain Monte Carlo (MCMC, Ferrero and Gallagher, 

2002), hierarchical Bayesian models (Wang and Zabaras, 2004), MCMC sampling 

(Gallagher et al., 2009) and Bayesian transdimensional MCMC (Gallagher, 2012). These 

methods have shown capabilities in generating particular solutions that account for 

the observations. In reality, however, there are likely to be many other solutions, each 

of which has large uncertainties leading to substantial risk in petroleum exploration 

and development of fields. 

In an attempt to address the non-unique problems, it has been often suggested 

that a representative ensemble of solutions, rather than a single solution, should be 

used. Consideration of multiple solutions allows the properties that are common to 

the multiple scenarios to be found and, meanwhile, allows the interpretations that are 

physically unreasonable to be eliminated. This idea has been applied in many aspects 
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of geology such as sedimentology (Heller et al., 1993), thermochronology (Nielsen, 

1995), geochemistry (Waltham and Gröcke, 2006), stratigraphy (Waltham et al., 2008) 

and seismology (Sambridge et al., 2013). Using a stratigraphic model, Xiao and 

Waltham (2019) demonstrated that the whole set of solutions are closely correlated 

and thus an existing solution can be directly transformed into another solution. The 

transformation between multiple solutions can be thought of as utilizing the implicit 

symmetry of a model, in the same way that rotating a square by 90 degrees gives 

exactly the same geometry. 

In this paper, we present a novel application of the symmetry idea in geology by 

exploring the symmetry of a 1-D forward model of downhole vitrinite reflectance. 

Principle controls incorporated in the model include tectonic subsidence and uplift, 

heat flow variations, thermal conductivities and surface temperature. A simple, initial 

solution to the thermal history is first generated from which additional solutions are 

derived using the rules of symmetry. The model is then used to investigate thermal 

evolution in the Sichuan Basin, SW China, with a focus on a suspected heat flow spike 

during Mid to Late Permian. 

 

5.3 The Forward Problem 

A numerical forward model is employed here to estimate reflectance of vitrinite 

particles buried in a sedimentary basin. The forward modelling scheme can be divided 

into three steps. First, we calculate subsurface temperatures in the past at various 

depth beneath the basin. Organic reaction within sediments is then simulated and 
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thermal maturities at present predicted. Eventually, the results of organic thermal 

maturities are converted into vitrinite reflectance data using established empirical 

calibration. The forward modelling product is a profile of vitrinite reflectance along a 

sedimentary pile. The effects of convection and advection are excluded from the 

forward model as these are likely insignificant in the crust. Radiative heat transfer is 

also neglected since the impact it leaves on near-surface heat flow is less than a few 

mW·m-2 (Gallagher, 1988).Hence, the thermal maturation in the 1-D model only 

depends on vertical transfer of conductive heat. Crucially, as will be shown in later 

sections, the inverse method proposed does not rely on any characteristic of the 

forward model as the method is entirely general. Hence, the forward model can be 

recreated to be more sophisticated and to be spatially 2-D or 3-D. 

Assuming a stationary temperature field with no source terms, the heat flow 

within a sedimentary pile at any time can be effectively considered to be depth-

independent. This assumption is tenable for sedimentary basins with slow or moderate 

sedimentation rates (≤ 500 m·Myr-1) (Gallagher and Sambridge, 1992). Mathematically, 

the independence of heat flow can be expressed by the steady-state energy equation 

of Bullard (1954) 

d

d𝑧
[𝑘(𝑧)

d𝑇

d𝑧
] = 0 (5.1) 

, where 𝑧 is depth, 𝑘(𝑧) is thermal conductivity at 𝑧 and 𝑇 is temperature. 

Application of eq. 5.1 to sedimentary basin modelling requires specification of 

boundary conditions. The upper boundary condition at 𝑧 = 0 of a sedimentary pile is 
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given by the surface temperature. The temperature at depth 𝑧 in time 𝑡 can then be 

approximated by an integration of heat flow over depth 

𝑇(𝑧, 𝑡) = 𝑇s + 𝑄(𝑡)∫
d𝑧′

𝑘(𝑧′)

𝑧

0

 (5.2) 

, where 𝑇s is the surface temperature and 𝑄(𝑡) is the heat flow in time 𝑡. The 

surface temperature is assumed to be constant over time. As the heat transfers from 

base to top of the sedimentary pile, the values of 𝑄(𝑡) are set to be positive 

upwards. The depth of a sedimentary layer through time is given by the burial history 

in the basin. The thermal conductivities depend upon porosities and compaction 

factors of sedimentary rocks. To derive thermal variables of sedimentary layers, we 

follow the model of Beck (1976) that calculates the thermal conductivity as an average 

of the Maxwell model and geometric mean of solid and fluid thermal conductivities. 

The subsurface temperatures calculated from eq. 5.2 are then used to predict 

thermal maturities of organic matters. This can be done by calculating the time-

temperature index (TTI), a concept that was firstly proposed by Royden et al. (1980) 

for measuring the maturities of organic matters. The TTI of a sample is generally 

expressed as a time-temperature integral, where the thermal maturity shows a linear 

dependence on duration of time and an exponential dependence on temperature 

TTI = ∫ 𝑁[𝛼𝑇(𝑡′)+𝛽]
𝑡

0

d𝑡′ (5.3) 

, where 𝑡 is time in Ma, 𝑇(𝑡′) is the temperature in °C in time 𝑡′ (0 ≤ 𝑡′ ≤ 𝑡) and 

𝛼, 𝛽 and 𝑁 are constants. The constants 𝛼 and 𝛽 determine the significance of 

temperature to organic reaction rates. We set 𝛼 = 0.1 and 𝛽 = -10.5 as McKenzie 
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(1981) suggested, which implies organic reaction rate doubles for every 10°C rise in 

temperature and that rapid reaction occurs within the oil window (i.e. ~50° – 150°C). 

The constant 𝑁 determines the relative dependences of TTI on temperature and on 

duration. In this paper, we set 𝑁 = 2, presuming a dominant control of temperature 

on TTI. 

The TTI estimated from eq. 5.3 then works as a proxy that allows prediction of 

vitrinite reflectance to be generated. The reflectance of vitrinite is defined as the 

percentage of reflected light intensity from the normal incident light intensity 

measured under oil (Stach et al., 1982). The general form of logarithm calibration 

between vitrinite reflectance and TTI can be written as 

ln(𝑅o) = 𝑝 ln(TTI) + 𝑞 (5.4) 

, where 𝑅o is the vitrinite reflectance in percentage, 𝑝 and 𝑞 are constants 

empirically derived. In this work, we set 𝑝 = 0.173 and 𝑞 = - 2.242 as proposed by De 

Bremaecker (1983). Using the above treatments, the forward numerical model is 

therefore set up. Numerical solutions of the forward model can be found in Gallagher 

and Sambridge (1992). For more details of the forward model, see the reference cited. 

 

5.4 The Inverse Problem 

5.4.1 Unique and non-unique thermal histories 

In the context of thermal history modelling, a solution to an inverse problem is 

defined by a set of parameters that enable a good match from a forward model to 

observed data. The schematic in fig. 5.1 illustrates the simplest case of thermal history 



66 

reconstruction where sediment infill to the basin is continuous and erosion is absent. 

As shown in the schematic, two sedimentary layers, namely ℎ1 and ℎ2, are identified 

in the at depth 𝑧1 and 𝑧2 of a borehole. The ages of ℎ1 and ℎ2, namely 𝑡1 and 𝑡2 

(t0 as present day), can be estimated in case dating estimates are available, which 

allow burial paths of sediments to be reconstructed (fig. 5.1a). Vitrinite reflectance at 

𝑧1 and 𝑧2 can be measured from a borehole, giving a vitrinite reflectance vs. depth 

profile (fig. 5.1b). For simplification, temperature at the seafloor is assumed to be 

constant in time, although in reality it may vary a few tens of °C in millions of years. 

With the burial history and surface temperature specified, the inverse problem is 

simply to infer paleo-heat flow in 𝑡1 and 𝑡2. This would be done by a simple 

approach, similar to the thermal backstripping of Lerche et al. (1984): 

i. Since 𝑅o(𝑧1) is governed by heat flow variations from 𝑡1 to date and provided 

that present-day heat flow 𝑄(𝑡0) can be estimated from the borehole, we can 

calculate the heat flow in 𝑡1 by trying different values for 𝑄(𝑡1) in the forward 

model until the model prediction fits well with 𝑅o(𝑧1). 

ii. Successful application of step (i) allows 𝑄(𝑡1) to be resolved. We then look at 

𝑅o(𝑧2), which is determined by the rates of heat flow from 𝑡2 until present. 

Given the heat flow values 𝑄(𝑡0) and 𝑄(𝑡1), we follow the same manner as in 

step (i) and deduce 𝑄(𝑡2) by iterations of model fitting. 

iii. Having the heat flow in 𝑡1 and 𝑡2 resolved, the history of paleo-heat flow can 

be found by the trajectory through the heat flow vs. time nodes (i.e. Q – t nodes). 
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As shown in fig. 5.1c, a heat flow vs. time curve can be produced by connecting 

𝑄(𝑡0), 𝑄(𝑡1) and 𝑄(𝑡2). 

 

 

Figure 5.1 Reconstructing thermal history in a synthetic basin with continuous sediment infill but 

no erosion. (a) Burial paths of sedimentary layers 𝒉𝟏 and 𝒉𝟐 that originally deposited in time 𝒕𝟏 

and 𝒕𝟐 and that are located at depth 𝒛𝟏 and 𝒛𝟐 today, respectively. (b) Downhole 

measurements of present-day vitrinite reflectance 𝑹𝐨. (c) The heat flow history inferred from (a) 

and (b). The surface temperature 𝑻𝐬 is set to be constant through time. 

 

For the very simple example presented above, application of the conventional 

thermal backstripping approach may adequately solve heat flow in the past. However, 

the argument above breaks down for more realistic basins where erosion, uplift or 

depositional hiatus are involved. This idea is illustrated in fig. 5.2, with identical 

borehole observations to the previous example except for an unconformity located at 
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depth 𝑧e (0 < 𝑧1 < 𝑧e < 𝑧2), indicating a period of erosion from 𝑡e to 𝑡1 (𝑡2 < 𝑡e 

< 𝑡1 < 𝑡0). It is not possible to unequivocally determine 𝑄(𝑡e) and 𝑄(𝑡2) that are 

constrained by the only measurement of 𝑅o(𝑧2), i.e. problem is under-determined. 

 

 

Figure 5.2 Non-unique solutions produced by backstripping the borehole data for a more realistic 

basin where erosion events took place. (a) Burial history of two sedimentary layers 𝒉𝟏 and 𝒉𝟐 

that originally deposited in time 𝒕𝟏 and 𝒕𝟐, respectively. These layers subsided continuously 

except for an erosion event took place in time 𝒕𝐞, forming an unconformity at 𝒛𝐞. (b) A downhole 

profile of vitrinite reflectance. (c) Multiple histories of heat flow are found, indicating the non-

uniqueness. 

 

A new inversion procedure, revised from the thermal backstripping approach, is 

proposed in fig. 5.3. In order to retain the usefulness of the thermal backstripping, one 

may temporally ignore the influence of erosion, uplift and hiatus on paleo-heat flow, 
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assuming a constant gradient of heat flow change during 𝑡2 and 𝑡1. This simplifying 

assumption has the advantage that it allows the heat flow in 𝑡2 and 𝑡1 to be 

deduced as in the previous example. Connecting the heat flow rates in 𝑡2, 𝑡1 and 𝑡0 

then gives an apparent heat flow curve (fig. 5.3c). Subsequently, a new Q – t node for 

time 𝑡e is created on the heat flow curve (fig. 5.3d), and hence a simple, initial 

solution to the inverse problem is generated. Note that this is not a unique solution 

because additional solutions may be derived by appropriately modifying the initial heat 

flow curve. This would be done by moving the Q – t nodes prior to 𝑡e upwards (heat 

flow increases) or downwards (heat flow decreases). 
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Figure 5.3 Determining non-unique heat flow histories from vitrinite reflectance data. (a) Burial 

paths of sedimentary layers same as in fig. 5.2a. (b) A downhole profile of vitrinite reflectance. (c) 

An initial heat flow (vs. time) curve where heat flow fluctuations during erosion event are ignored. 

(d) A new node 𝑸(𝒕𝐞) is inserted to the initial heat flow curve. (e) Additional heat flow curves can 

be found by properly modifying the initial curve. 

 

5.4.2 Calculating multiple solutions: a numerical approach 

We now investigate how to derive additional solutions, from an initial heat flow 

curve, to reproduce the identical model. No analytical tool is available for this task 

since the forward model is non-linear. Instead, a numerical approach is developed. 

Numerically, a heat flow history may be represented by a model vector of length P 
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, where 𝑥1, 𝑥2, …, 𝑥𝑃 are heat flow at different time and P is given by the total 

number of horizons plus unconformities. Similarly, the resulting vitrinite reflectance 

profile may be represented by a data vector of length d 

𝒚 = (𝑦1, 𝑦2, … , 𝑦𝐷)
T (5.6) 

, where 𝑦1, 𝑦2, …, 𝑦𝐷 are vitrinite reflectance data at various depth and D is given by 

the number of horizons. As discussed earlier, P = D in the simplest, non-erosive model 

while P > D in more sophisticated examples. For more realistic model work the latter 

case is expected. A general relationship between 𝒙 and 𝒚 may written as 

𝒚 = 𝑭(𝒙) (5.7) 

, where 𝑭 denotes a non-linear function. Therefore, once a good solution 𝒙 (i.e. an 

initial heat flow curve that produces the desired model) is found, an alternative 

solution 𝒙′ to the same model can be found by 𝑭(𝒙′) = 𝑭(𝒙). We calculate 𝒙′ 

using a linearization approach. The difference in model prediction 𝑭(𝒙) can be 

approximated in a linear form by considering small changes 𝛿𝒙 in the parameters, i.e. 

𝑭(𝒙 + 𝛿𝒙) = 𝑭(𝒙) + A𝛿𝒙 (5.8) 

, where A is a matrix of partial derivatives indicating the changes in 𝑭(𝒙) with 

respect to changes in 𝒙, i.e. 

𝐴𝑖𝑗 =
𝜕𝐹𝑖
𝜕𝑥𝑗

 (5.9) 

𝒙 = (𝑥1, 𝑥2, … , 𝑥𝑃)
T (5.5) 
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, where 𝑖 = 1, 2, …, D and 𝑗 = 1, 2, …, P. Elements of matrix A can be derived from 

the forward model using a finite difference approach. That is, we first run the default 

model 𝑭(𝒙) and then run the model again for P times. For each time, we give small 

changes to the 𝑗-th element in 𝒙 and determine changes occur in model prediction. 

If 𝒙′ = 𝒙 + 𝛿𝒙 is another solution in addition to 𝑭(𝒙), then vector 𝛿𝒙 is given 

by 𝑭(𝒙 + 𝛿𝒙) = 𝑭(𝒙) subject to the constraint imposed by eq. 5.8 (i.e. Aδ𝒙 = 𝟎). In 

order to prevent unjustified fluctuations in the new solution, 𝒙′ with the least 

complications is chosen. The roughness of vector 𝒙 can be estimated from the finite 

difference of the first (𝑅1) and second (𝑅2) derivatives, similar to the approach of 

Constable et al. (1987), i.e. 

𝑅1 =∑(
𝑥𝑗 − 𝑥𝑗−1

𝑡𝑗 − 𝑡𝑗−1
)

2𝑃

𝑗=2

 (5.10) 

and 

𝑅2 = ∑(
𝑥𝑗+1 − 𝑥𝑗

𝑡𝑗+1 − 𝑡𝑗
−
𝑥𝑗 − 𝑥𝑗−1

𝑡𝑗 − 𝑡𝑗−1
)

2𝑃−1

𝑗=2

 (5.11) 

In matrix notation, the roughness of vector 𝒙 may be written as 𝒙TDTD𝒙, where D 

is a matrix of associated coefficients given by eq. 5.10 (for 1st derivative smoothing) or 

eq. 5.11 (for 2nd derivative smoothing). 

The calculation of an additional solution can be treated as a compromise between 

reducing the solution roughness, accepting inaccuracy in the model, or reducing the 

model fitness, accepting complications in the solution. The trade-off between squared 

model misfit and solution roughness is expressed as 
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𝑇(𝜃) = (𝒙 + 𝛿𝒙)TDTD(𝒙 + 𝛿𝒙) + 𝜃2𝛿𝒙TATA𝛿𝒙 (5.12) 

, where 𝜃 is an unknown parameter determining the relative importance of the misfit 

and the roughness and is squared only to ensure it is non-negative. Large values (103 in 

this work) are suggested for 𝜃 to avoid large disagreement between 𝑭(𝒙 + 𝛿𝒙) and 

𝑭(𝒙). The minimum of the trade-off function can be found by setting 

𝜕𝑇

𝜕𝛿𝒙
= DTD(𝒙 + 𝛿𝒙) + 𝜃2ATA𝛿𝒙 = 0 (5.13) 

, which gives 

𝛿𝒙 = −(𝜃2ATA + DTD)−1DTD𝒙 (5.14) 

The above treatments allow the initial solution to be transformed into a new 

solution with smaller 1st (or 2nd) derivatives, namely 1st (or 2nd) derivative smoothing. 

The new solution would be used to form the basis of further transformation. The 

procedure may iterate until 𝛿𝒙 falls below a prescribed threshold (e.g. 𝛿𝒙 = 10-3 

mW·m-2 as applied here), showing the failure to produce further changes in vector 𝒙. 

For the 𝑘-th iteration, the new solution is given by 𝒙𝑘+1 = 𝒙𝑘 + 𝛿𝒙𝑘+1, where 𝒙𝑘 is 

the current solution and 𝛿𝒙𝑘+1 denotes the required changes. Note that coefficients 

in matrices A and D must be recomputed for each iteration because the vector 𝒙 

has changed. 

 

5.4.3 Determining universal properties of non-unique solutions 

A forward modelling example is presented to demonstrate the transformation 

approach described above. As shown in fig. 5.4, we first run the forward model 
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outlined in Section 5.3, with synthetic geologic (fig. 5.4a) and geothermal (fig. 5.4b) 

histories during basin evolution. Corresponding subsurface temperature through time 

(fig. 5.4c) and downhole vitrinite reflectance nowadays (fig. 5.4d) are then estimated 

from the forward model. Next, we calculate other heat flow vs. time curves than that 

in fig. 5.4b. Using the numerical approach, an existing solution can be symmetrically 

altered into an alternative, smoother solution, whilst leaving the model prediction 

unchanged. Repetitive application of the approach allows inessential complications to 

be removed from the initial heat flow curves, and hence a range of additional solutions 

to be derived. Though these solutions differ with each other, they all reproduce the 

identical vitrinite reflectance profile. 
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Figure 5.4 Forward modelling results for subsurface temperature and vitrinite reflectance. (a) 

Synthetic burial paths of sedimentary layers in a basin with continuous sediment infill since 100 Ma 

except for an erosion event in the recent 10 Ma. (b) Heat flow evolution in the basin through time 

and a constant surface temperature of 0 °C. (c) Prediction of subsurface temperature of the 

sedimentary layers. (d) Prediction of present-day downhole vitrinite reflectance at various depth. 

 

Among the whole set of heat flow curves, the end-member solutions with the 

smallest 1st and 2nd derivatives, are displayed fig. 5.5 and fig. 5.6, respectively. Both 

end-member solutions show similar heat flow fluctuations to the initial heat flow curve 

in the recent 40 million years. However, these end-member solutions differ 

significantly in the earlier periods compared to the initial solution, where it is shown 

that the heat flow remained 60 mW·m-2 in the first 30 million years and rose sharply to 
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100 mW·m-2 between 70 and 30 Ma. In contrast, the 1st derivative smoothest solution 

(fig. 5.5) suggests the heat flow remained around 90 mW·m-2 throughout the 20 million 

years. In terms of the 2nd derivative smoothest solution (fig. 5.6), it is shown that the 

heat flow initiated at approximately 50 mW·m-2 in 100 Ma and increased gradually to 

nearly 100 mW·m-2 in 30 Ma. Nevertheless, all these solutions indicate that the heat 

flow in the synthetic basin has remained around 100 mW·m-2 in recent 40 Ma. 

 

 

Figure 5.5 (a) An end-member solution (blue solid curve), with the smallest 1st derivative, derived 

from the initial solution (black dashed curve). (b) Subsurface temperature modelled from the end 

member solution (blue solid curve) and from the initial solution (black dashed curve). (c) Vitrinite 
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reflectance profile modelled from the end-member solution is exactly the same to that in fig. 5.4d. 

Other details as in fig. 5.4. 

 

 

Figure 5.6 (a) An end-member solution (red solid curve), with the smallest 2nd derivative, derived 

from the initial solution (black dashed curve). (b) Subsurface temperature modelled from the end 

member solution (red solid curve) and from the initial solution (black dashed curve). (c) Vitrinite 

reflectance profile modelled from the end-member solution is exactly the same to that in fig. 5.4d. 

Other details as in fig. 5.4. 

 

Using the ideas described above, a novel inverse method can be proposed as in 

fig. 5.7. The inversion procedure can begin with reconstructing the burial history in a 

sedimentary basin from borehole observations. With the influence of erosion, uplift 
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and hiatus temporally neglected, an initial heat flow curve is then generated using the 

thermal backstripping approach. Combination of the burial history and the initial heat 

flow curve would make the synthetic vitrinite reflectance generated from the forward 

model conform closely to real data. Next, the symmetry transformation approach is 

applied iteratively to calculate alternative heat flow curves that can reproduce the 

same model work. The iterations finally allow end-member solutions that have the 

smoothest structures to be discovered. Such end-member solutions, by definition, 

contain no unwarranted fluctuations to explain the present-day thermal indicators. In 

other word, application of the transformation approach can unravel paleo-heat flow 

variations that must be true to the unknown, real history, despite the solutions are 

non-unique. 
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Figure 5.7 Calculation of the smoothest heat flow histories to explain the downhole vitrinite 

reflectance data at present. *NB: A threshold value is prescribed to determine the significance of 

the perturbation. 

 

5.5 A Real-data Example 

The inverse method, based on the principle of symmetry, is applied to investigate 

the thermal history in the Sichuan Basin, SW China. The Sichuan Basin is located in the 

western Yangtze Craton, covering ~2.3 × 105 km2. The tectonic evolution in the basin 

has been relatively simple since Neoproterozoic, except for the extensive erosion and 

uplift during the North China – South China collision in Mid Triassic and the Indo – 

Asian collision during Cenozoic. Previous studies have supposed a sharp escalation in 

paleo-heat flow between Mid to Late Permian triggered by mantle plumes beneath the 

Emeishan region to the southwest of the basin (e.g. Zhu et al., 2010; He et al., 2011; 
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Jiang et al., 2018). The drastic heat flow variation is suggested as evidence of the 

ancient mantle plume activity which is thought to trigger the Emeishan large igneous 

province today (e.g. Chung and Jahn, 1995; Xu et al., 2004; Zhang et al., 2006; Ali et al., 

2010). We revisit the heat flow fluctuations in the basin from Early Paleozoic to date 

with an aim of examining whether the observations at present could be alternatively 

produced by slowly varying heat flow. If this is the case, then a short, rapid rise in the 

Mid to Late Permian heat flow might not have happened and thus the reconstruction 

of paleo-heat flow no longer supports the existence of ancient mantle plumes. 

The geological dataset for Well Nvji in the central Sichuan Basin adopted for this 

study are displayed in fig. 5.8. The data include strata thickness from Yuan et al. (2013), 

stratigraphic column from  Zhang et al. (1988) and estimates of eroded thickness and 

measurements of vitrinite reflectance for the well from Zhu et al. (2009). The present-

day heat flow in the central Sichuan Basin is set at 62 mW·m-2 as Xu et al. (2011) 

suggested. A constant surface temperature of 15°C is assumed for the region. We 

estimate the decompacted depth of sedimentary layers through time using the general 

model of Sclater and Christie (1980). The burial paths (fig. 5.8a) indicate two major 

erosion/uplift events during the basin formation, one of which from Mid Devonian to 

Early Permian and the other from Late Cretaceous till present. In addition, three minor 

erosion/uplift events, respectively during Mid Permian, Mid Triassic and Late Triassic, 

are also identified. The present-day vitrinite reflectance ranges from 0.8% at 1000 m 

depth to 3.8% at 6000 m depth of the well (fig. 5.8b). 
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Figure 5.8 Geological dataset for the Well Nvji, central Sichuan Basin. (a) Burial history 

reconstructed from the well-log data and stratigraphic information. (b) Downhole data of the 

vitrinite reflectance. 

 

With the influence of tectonic uplift and erosion on heat flow ignored, an apparent 

heat flow curve is first generated from the forward model by fitting the in-situ data. 

The apparent heat flow curve and the resulting model are illustrated in fig. 5.9, where 

it is shown that, the heat flow (fig. 5.9b) in the region remained ~50 mW·m-2 from Early 

Cambrian to Mid Permian and then rose sharply to ~82 mW·m-2 during Late Permian, 

tightly followed by a rapid drop until it reached ~68 mW·m-2 in Mid Triassic and slowly 

went down to date. As shown in fig. 5.9d, the associated vitrinite reflectance profile, 

predicted from the apparent heat flow curve, proves to be compatible with borehole 

measurements. 
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Figure 5.9 An initial solution to thermal history modelling for Well Nvji. (a) Burial history in the well. 

(b) A possible heat flow history inferred from borehole data and the forward model with variations 

caused by erosion/uplift excluded and surface temperature set at 15°C over time. (c) Predicted 

subsurface temperature variations through time. (d) Predicted vitrinite reflectance profile (solid 

curve) and real measurements (markers). This is the globally best-fit prediction of downhole 

vitrinite reflectance though misfits are observed at c. 4000 m depth (with an error bar attached). 

 

Next, we calculate additional solutions to the model. Application of the symmetry 

transformation approach discovers a series of alternative heat flow curves, all of which 

can reproduce the same vitrinite reflectance profiles. All these heat flow curves show 

very similar variations from Triassic until present but differ significantly in the earlier 

periods. The end member solutions with the smallest 1st and 2nd derivatives are 
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displayed in fig. 5.10 and fig. 5.11, respectively. The 1st derivative smoothest solution 

suggests the heat flow in Well Nvji remained at ~45 mW·m-2 through Cambrian before 

it gradually increased and peaked at 82 mW·m-2 by the end of Cretaceous. The 

abnormal heat flow lasted until Late Permian when it suddenly decreased. In contrast, 

the 2nd derivative smoothest solution suggests the heat flow initiated at ~25 mW·m-2 in 

Cambrian and increased continuously until it peaked at ~82 mW·m-2 in Mid Permian, 

followed by a sharp decrease. Therefore, it is almost certain that the region underwent 

unusually high temperature during Mid to Late-Permian. However, it remains unclear 

whether the temperature anomaly was resulting from a dramatic heat flow spike 

between Mid to Late Permian or a slow, continuous heat flow elevation that had 

begun much earlier. Note that the whole set of solutions can reproduce exactly the 

same present-day vitrinite reflectance profiles but different historical subsurface 

temperature. 
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Figure 5.10 (a) An end-member solution (blue solid curve), with the smallest 1st derivative, derived 

from the initial solution (black dashed curve). (b)Subsurface temperature variations modelled from 

the end-member solution (blue solid curve) and the initial solution (black dashed curve). (c) 

Vitrinite reflectance profile modelled from the end-member solution is identical to the initial 

model. Other details as in fig. 5.9. 
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Figure 5.11 (a) An end-member solution (red solid curve), with the smallest 2nd derivative, derived 

from the initial solution (black dashed curve). (b)Subsurface temperature variations modelled from 

the end-member solution (red solid curve) and the initial solution (black dashed curve). (c) Vitrinite 

reflectance profile modelled from the end-member solution is identical to the initial model. Other 

details as in fig. 5.9. 

 

5.6 Discussion 

The model work presented here shows that application of vitrinite reflectance 

data to thermal history reconstruction should be cautiously reconsidered. Inverse 

problems in thermal history modelling are not only ill-conditioned as small errors in 

the observations produce large changes in the model prediction, but are hampered by 

non-uniqueness as more than one result is compatible with the observations. Using 



86 

quantitative basin modelling techniques, the observational errors are often dealt with 

sensitivity analysis (e.g. Cao and Lerche, 1990; Nielsen, 1996) and yet the problem of 

non-uniqueness is often been neglected. Though the non-uniqueness in geophysical 

inverse problems has been highlighted since Backus and Gilbert (1970), the majority of 

thermochronological studies are still in favour of particular interpretations. 

However, as it is shown that, the use of vitrinite reflectance data is inadequate to 

deduce the paleohistory, since the identical thermal indicators could be reproduced by 

infinitely many solutions. Each of the solutions appears to be feasible and hence it is 

not possible to pick out the real solution even in a geological sense. It has been 

suggested that thermal maturity of a sample is primarily determined by the maximum 

temperature the sample experienced (Price, 1983) or the duration of the maximum 

temperature lasted (Hood et al., 1975), rather than individual events in the thermal 

history. As a result, the thermal history prior to the episode of maximum temperature 

is often poorly constrained. In fact, not a single type of paleothermometers offers 

complete record of the thermal history. Another example of these can be apatite 

fission-track analysis, which reveals the recent cooling stage but often fail to deduce 

history in the earlier periods (Green et al., 1989; Gallagher, 1995). 

To avoid over-interpreting the data observed, the conventional inverse theory 

tends to use the smoothest solutions. However, two fundamental problems exist for 

this method. First, determining the smoothest solutions has remained challenging, as 

the calculation has typically relied on stochastic algorithms that depend on a priori 

constraints and are often trapped in local optima. Solutions given by such approaches 
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are apparently smooth but may still engage unnecessary complexities. Secondly, the 

smoothest solution should not be thought of as the real solution. As presented above, 

the smoothest solutions have notably less complexities compared to the initial solution 

generated using traditional approaches. Interpretation built upon the smoothest 

solutions may overlook some dramatic changes in the thermal history and thus are 

misleading. 

Nevertheless, it is possible to give firm statements regarding the thermal history 

despite the non-uniqueness. In this study, the principle of symmetry proves to be a 

powerful tool for determining the past heat flow variations. An initial solution of the 

heat flow history can be easily generated from a forward model given simplifying 

assumptions. The changes in the model can be linearized by considering small enough 

changes to the parameters. The linear approximation reveals the correlation between 

multiple solutions and hence an existing solution can be directly transformed into 

additional solutions that do not rely on the unrealistic assumptions. Repetitive 

transformation allows end-member solutions to the model to be derived. By 

comparing the multiple solutions, we are able to discover what properties are in 

common to the ensemble of solutions. 

In this work, we examined the subsurface temperature variations in the Sichuan 

Basin from Early Cambrian. With the burial history, lithologies and surface temperature 

fixed, infinitely many heat flow histories are found to account for the same vitrinite 

reflectance models. All heat flow histories discovered overlap each other from Triassic 

to present, but differ significantly in the early ages. However, every possible solution 
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indicates that the region suffered from particularly high heat flow (~82 mW·m-2) 

through Mid to Late Permian. This discovery agrees with previous studies which 

suggested the Permian heat flow in the Sichuan Basin ranged from 60 mW·m-2 in the 

north to over 100 mW·m-2 in the southwest (e.g. Lu et al., 2005; Zhu et al., 2010; He et 

al., 2011). Estimates of paleo-heat flow, together with the facies analysis of outcrops, 

were previously applied to studies of ancient mantle plumes (e.g. He et al., 2006; Li et 

al., 2017). However, the model work suggests that the temperature anomaly might be 

generated by slow, continuing heat flow variations, rather than a short-lived event. As 

a consequence, the influence of the mantle plumes on paleoclimate (e.g. the end-

Guadalupian mass extinction event) might be much smaller than would be expected 

from a drastic heat flow spike within a few million years. 

It is worth noting that the concepts of symmetry and the resulting inversion 

techniques can be extensively applicable in thermal history modelling. In this paper, 

we primarily investigated the paleo-heat flow variations. Other factors that affect the 

thermal histories, including the thickness of erosion, surface temperature and thermal 

conductivities were set to be constant employed from supplementary datasets. 

However, estimates of eroded thickness can vary up to a few hundred meters even in 

the same region. The temperature at seafloor or subaerial interface may fluctuate for 

tens of °C over million years. The measurements of thermal conductivities play a 

crucial role in estimating the subsurface geothermal gradients. Taking these 

complications into account can introduce extra non-uniqueness into the models. 

Moreover, instead of a steady-state equation as applied here, modern basin modelling 
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software frequently implements transient solutions, in particular for the areas where 

rapid sedimentation took place. Furthermore, a number of studies have suggested 

reaction kinetic models of vitrinite reflectance evolution as a replacement of TTI 

calculation (Burnham and Sweeney, 1989; Sweeney and Burnham, 1990; Nielsen and 

Dahl, 1991; Nielsen et al., 2017). However, a forward model can be extended to 

include these additional factors and the proposed inversion scheme still applies. If 

adapted in more sophisticated models, the inverse method can produce more robust 

information regarding thermal conditions. 

 

5.7 Conclusions 

Thermal history reconstruction suffers from the fundamental challenge of non-

uniqueness. The inversion scheme, based on the implicit symmetries of numerical 

models, is effective in generating a representative ensemble of solutions that account 

for the vitrinite reflectance data observed at present. The rules of symmetry can 

enable an initial solution to be easily produced and additional solutions to be rapidly 

derived from the initial solution. Calculation of multiple solutions allows universal 

properties and end-member possibilities of the ensemble to be deduced. Application 

of the symmetry method can offer more complete solutions to thermal history 

modelling and hence more reliable reconstructions of paleo-history. Application of the 

symmetry method can also provide more predictive power for subsurface thermal 

structures and hence more accurate information of hydrocarbon generation. 
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6.1 Abstract 

In this article, we propose a new inversion scheme to calculate the melt volume 

fractions from observed seismic anomalies in a low-velocity layer (LVL) located atop 

the mantle transition zone. Our method identifies the trade-offs in the seismic 

signature caused by temperature, solid composition, melt volume fraction, and 

dihedral angle at the solid-melt interface. Using the information derived from the 

amplitude of P-to-S conversions beneath the western US, we show that the multiple 

permissible solutions for melt volume fractions are correlated to each other. Any 

possible solution can be directly transformed into alternative solutions whilst leaving 

the model output unchanged. Hence, the additional solutions can be rapidly derived 

given an initial solution. The calculation of multiple solutions reveals the universal 

properties of the whole range of solutions. A regional-averaged melt volume fraction 

of at least 0.5% occurs in every solution, even though a unique interpretation does not 

exist. 

 

Keywords: Shear wave, low-velocity layer, partial melting, inverse problem, non-

uniqueness 

 

6.2 Introduction 

The mantle transition zone (MTZ) – marked by a drastic change in the physical 

properties of the silicate mineral phases – plays a crucial role in the convective flow of 

the mantle. The sharp changes in density and volatile storage capacity across the 
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boundaries of the MTZ can act as impediments to mass transfer and as sites of partial 

melting (Bercovici and Karato, 2003; Morra et al., 2010). Seismic observations also 

provide evidence of partial melting atop the MTZ; a low-velocity layer (LVL) located at 

~350 km depth has been identified just above the mantle transition zone in numerous 

regions around the world, with lateral thickness from tens to several hundred 

kilometres (e.g. Song et al., 2004; Gao et al., 2006; Courtier and Revenaugh, 2007; 

Schaeffer and Bostock, 2010; Huckfeldt et al., 2013). The 2 – 3% reductions in shear 

wave velocities demarcate a sharp interface between the LVL and the overlying 

mantle, indicating the likely presence of a chemical anomaly and, in particular, partial 

melting. However, quantifying the fraction of melt has remained challenging because 

environmental and chemical parameters, such as the mantle temperature, bulk solid 

composition and melt geometry, are not clearly understood. 

The  LVL has frequently been interpreted as a small fraction of melt triggered by 

volatile elements released from subduction zones (Revenaugh and Sipkin, 1994; Sun et 

al., 2020) or mantle plumes (Vinnik and Farra, 2007). Since melts, characterized by zero 

shear modulus, disproportionately reduce shear wave velocities, seismic anomalies 

with low velocities are often qualitatively attributed to melting. Indirect evidence of 

mass transfer between subducting slabs and surrounding mantle are obtained from 

‘superdeep diamonds’ which bear geochemical signature of oxygen and carbon 

isotopic ratios that can be generated by mixing between mantle and subducting slabs 

at these depths. 
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The residual anomaly, defined as the difference between the observed shear 

velocity and the reference velocity, can be attributed to the presence of melting and 

used as a basis for calculating the volume fraction of melt in the LVL. Hence, 

calculation of the melt fraction requires accurate estimation of the reference seismic 

velocities, i.e. velocities in the absence of melting for given temperature and solid 

composition. However, interpreting the origin of the seismic velocity anomalies in the 

LVL is complicated by the competing influence of several additional factors. An 

increase in temperature typically leads to seismic velocity reductions even without 

melting whilst the influence of bulk mantle composition on seismic velocities also 

varies with depth (Xu et al., 2008). The multiple factors also likely affect each other. 

Furthermore, melting may leave a strong impact on the bulk solid composition, in 

particular the amount of basalt. 

Non-uniqueness in LVL interpretations also arises from the fact that, in a partially 

molten layer, the seismic velocity reductions depend on both the degree of melting 

and the microstructure of the melt-bearing aggregates (Mavko, 1980; von Bargen and 

Waff, 1986; Takei, 1998, 2002). The dihedral angle (also known as wetting angle) at the 

solid-melt interface, controls the geometry of the load-bearing framework of partially 

molten rocks (Hier-Majumder and Abbott, 2010), trading off with inferred melt volume 

fraction. Chemical composition is also found to play a moderate role in reducing the 

seismic speeds (Wimert and Hier-Majumder, 2012; Hier-Majumder et al., 2014), and 

may alter the dihedral angle (Yoshino et al., 2005). The numerical experiment of Hier-
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Majumder et al. (2014) indicated the difficulties in distinguishing different types of 

melt from the seismic observations as the fraction of melt is very small. 

A number of previous studies mitigated the issue of competing influences by 

carrying out computationally expensive brute-force search to create lookup tables for 

inferred melt volume fractions corresponding to different controlling factors (e.g. Hier-

Majumder and Courtier, 2011; Hier-Majumder et al., 2014; Hier-Majumder and Tauzin, 

2017). While a brute-force search can produce a particular scenario of inversion, 

application of the approach is unable to ascertain if alternative solutions exist in the 

parameter space. Although, in principle, the entire range of solutions could be 

discovered through repetitive use of the algorithm given different combinations of the 

parameters, it fails to rigorously tackle the nature of variations in the inferred melt 

volume fractions caused by changes in the other factors. Therefore, a new inversion 

scheme is required to interpret these geophysical observations and to address the 

theoretical drawback of previous studies. 

Here we present a mathematical formulation that uses the implicit symmetry of a 

petrologic model to understand the non-uniqueness in the melt fraction inference. The 

principle of symmetry has been successfully applied in a sedimentological problem 

(Xiao and Waltham, 2019), showing that multiple solutions can be closely linked even 

when an inverse problem is non-linear. When symmetries exist, an existing solution 

can be directly transformed into another solution that leaves modelling products 

unchanged, in the same way that rotating a square by 90° produces an identical 

geometry. In this way, the search for all possible solutions can begin with an initial 
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solution generated through standard inversion techniques. Application of the 

symmetry method then allows additional solutions to be calculated from the initial 

solution. 

This paper uses the resultant inversion scheme to revisit the 350-km LVL beneath 

the western US. A seismically anomalous layer in this region has been reported 

underneath the Oregon-Washington border (e.g. Song et al., 2004), Yellowstone (e.g. 

Fee and Dueker, 2004; Jasbinsek and Dueker, 2007), the Northern Rocky Mountains 

(e.g. Jasbinsek and Dueker, 2007; Zhang et al., 2018), the Colorado Plateau/Rio Grande 

Rift (e.g. Jasbinsek et al., 2010), and California (e.g. Vinnik et al., 2010). Once the 

complete set of solutions has been derived, the lowest possible fractions of melt 

within the LVL can be easily determined. As such, we can generate a robust, lower-

bound estimate of amount of partial melting in the LVL that does not rely on assumed 

values of the other parameters. The calculation also offers more reliable information 

about the solid mantle, such as the plausible ranges of temperature and basalt 

fraction. For example, the estimates of melt content and associated parameters can be 

used to infer the budget of volatile elements in the mantle and the excess temperature 

of the mantle plumes beneath the region. 

 

6.3 The 350-km LVL Beneath the Western US 

6.3.1 Seismic observations 

The seismic data used here are teleseismic P-to-S conversions recorded on 

receiver functions from the Transportable Array of seismic stations in the western US 
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(fig. 6.1). Shear wave velocity contrasts at a depth of around 350 km have been 

derived for 583 sites over a 0.5° x 0.5° grid in latitude and longitude. The seismically 

anomalous layer covers an area of 1.8 × 106 km2, with lateral thickness from 25 to 90 

km (Hier-Majumder and Tauzin, 2017). 

 

6.3.2 Calculating shear wave velocities 

To invert the shear wave speeds in the LVL from the seismic observations, we 

follow the computational approach outlined in Hier-Majumder et al. (2014). We use 

the results of mode-conversion amplitudes at the top and the base of the LVL to 

estimate the velocity variations. To eliminate systematic variations in the amplitude of 

converted arrivals caused by differences in seismic wave incidence, we normalize the 

observed seismic amplitudes prior to computation. The normalized amplitude is 

calculated from the ratio of amplitudes of arrivals converted at the top of the LVL over 

arrivals converted at the olivine-wadsleyite mineralogical phase change at 410 km 

depth: 

𝑅norm =
𝐴LVL
𝐴410

< 0 (6.1) 

, where 𝐴𝐿𝑉𝐿 is the frequency-averaged amplitude at the top of the LVL recorded at 

each cell on the grid, and 𝐴410 is the frequency-averaged amplitude at the 410-km 

discontinuity in the same cell. Using 𝑅norm, we then calculate the shear wave velocity 

(𝑉S
obs) at each location from the normalized contrast between the shear velocity 

immediately above the 350-km LVL (𝑉S
350) and the velocity immediately below the 

410-km discontinuity (𝑉S
410): 
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𝑉S
obs = 𝑉S

350 (1 + 𝑅norm
𝑉S
410 − 𝑉S

350

𝑉S
350 ) (6.2) 

We calculate 𝑉S
350 and 𝑉S

410 as the shear wave velocities at the depths of 350 km 

and 410 km, respectively, from the Preliminary Reference Earth Model (PREM, 

Dziewonski and Anderson, 1981). Compared to the global predictions from the PREM 

(~4735 m/s at 350 km depth), the estimated shear-velocities yield an average 

reduction of 1.6%. 

 

 

Figure 6.1 Seismic observations of the 350-km LVL below the western US. (a) A map of the dense 

seismic array of 820 sites (black triangles, from Tauzin et al., 2013). The seismic cell (106.5°W, 

38°N) discussed later in this paper is labelled ‘A’. (b) The thickness of the LVL beneath 583 sites 
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(from Hier-Majumder and Tauzin, 2017). (c) Normalized amplitudes of P-to-S converted arrivals. (d) 

Shear wave velocities in the LVL estimated from the seismic data. 

 

6.3.3 Evaluating temperature variations 

We then evaluate the thermal variations in the LVL using the method outlined in 

Tauzin and Ricard (2014). In this method, the temperature variations (Δ𝑇) are related 

to the observed thickness of the MTZ (𝛿ℎ) and the Clapeyron slopes (i.e. the change in 

pressure of phase transition with respect to the change in temperature at which the 

phase transition occurs) for the olivine-wadsleyite phase transitions at 410 km (𝛾410) 

and 660 km (𝛾660). We employ the data of spatial variations in MTZ thickness beneath 

the western half of the US from Tauzin et al. (2013). We also set the reference MTZ 

thickness at 250 km calculated by Tauzin and Ricard (2014) using the IASP91 spherical 

model of Kennett and Engdahl (1991). We follow the empirical scheme of Tauzin and 

Ricard (2014) and set 𝛾410 = 3.0 MPa/K and 𝛾660 = 0.64 𝛾410 – 1.17. The 

uncertainties associated with the supplementary parameters will be discussed in later 

sections. Using these methods, we calculate the temperature variations in the LVL 

from the MTZ thickness beneath the seismic array (see fig. 6.2). 
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Figure 6.2 Thickness of MTZ (a) and temperature variations in the LVL (b) estimated from the MTZ 

thickness (after Tauzin and Ricard, 2014). 

 

6.4 Forward Modelling 

The forward model of shear-velocities presented here incorporates four primary 

controls, including the mantle potential temperature, bulk solid composition, melt 

volume fraction and dihedral angle at the solid-melt interface. The simulation of shear 

wave speeds in the LVL consists of two independent steps. Firstly, we estimate the 

reference velocities from the properties of the solid mantle. Secondly, we calculate the 

changes in velocities as waves travelling through a melt-bearing aggregate using a 

micromechanical model that involves both the fraction and geometry of the melt. 

 

6.4.1 Estimating reference velocities 

We estimate the reference shear wave speeds in the solid mantle accounting for 

the thermal and compositional properties of the mineral. The mantle temperature 

below each site can be expressed as 

𝑇 = 𝑇0 +
d𝑇

d𝑧
𝑧LVL + ∆𝑇 (6.3) 
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, where 𝑇0 is the potential temperature of the reference mantle, d𝑇 d⁄ 𝑧 is the 

adiabatic temperature gradient which is suggested as 0.4 – 0.5 K/km in the upper 

mantle (Katsura et al., 2010), 𝑧LVL is the depth of LVL and ∆𝑇 is the temperature 

variation at a given location. We set 𝑧LVL at the average depth of 352 km as observed 

from the seismic profiles. To quantify the mantle composition, we follow the definition 

from Xu et al. (2008) which parameterizes the mantle as a mechanical mixture of mid-

ocean ridge basalt and harzburgite. In this formulation, the composition of the solid 

mantle can be expressed as the fraction of basaltic component. We can then formulate 

the reference shear wave velocities as 𝑉S
ref = 𝑉S

ref(𝑇0, 𝐶), where 𝑇0 and 𝐶 are the 

potential temperature and basalt fraction of the mantle, respectively. 

Reference shear wave speeds applied here are derived from the mineral physics 

database of Xu et al. (2008), in which seismic velocities are tabulated with associated 

combinations of potential temperatures and basalt fractions. In the database, 

potential temperatures range from 1000 to 2000 K with increments of 100 K whereas 

basalt fractions range from 0 to 100% with increments of 5%. While we can select a 

given value of 𝐶 for the calculation, the temperature at any point on the seismic grid 

is determined from the MTZ thickness as discussed above. As a result, we interpolate 

the value of seismic velocity for the temperature evaluated at each location using a 

second-order polynomial interpolation between two tabulated values. Using this 

interpolation, we are able to calculate the value of reference shear wave speed at each 

point for a given bulk basalt volume fraction and a given reference potential 

temperature. Figure 6.3 presents the predictions of regional-average shear wave 
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speeds for a range of potential temperatures and basalt fractions at a constant 

pressure of 11.7 GPa. The Thermal and compositional effects can trade off each other 

and thus different combinations of the two variables may lead to the same velocities. 

 

 

Figure 6.3 Predicted regional-averaged reference shear wave velocities at 11.7 GPa in response to 

different combinations of reference potential temperature and basalt fraction in the LVL beneath 

the western US. 

 

6.4.2 Partial melting and velocity reductions 

To simulate the influence of partial melting on seismic velocities, we employ the 

modelling scheme of Takei (2002), where the shear wave speed variation 𝜉 is 

governed by the effective elastic moduli of the aggregate: 

𝜉 = √
𝑁/𝜇

�̅� 𝜌s⁄
 (6.4) 

, where 𝑁 is the effective shear modulus of the intergranular skeletal framework that 

indicates the strength of contact between the neighbouring grains, 𝜇 is the shear 
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modulus of the solid devoid of a melt phase, 𝜌𝑠 is the density of the solid bulk and �̅� 

is the volume-averaged density of the entire aggregate which is calculated as: 

�̅� = 𝜌m𝜑 + 𝜌s(1 − 𝜑) (6.5) 

, where 𝜌𝑚 is the density of the melt; 𝜑 is the volume fraction of melt within the 

aggregate. 

In eq. 6.4, the elastic modulus 𝑁 is determined by both the melt volume fraction 

𝜑 and the contiguity (𝜓, i.e. the area fraction of the intergranular contact) of the melt: 

𝑁 = 𝜇(1 − 𝜑)[1 − (1 − 𝜓)𝑛] (6.6) 

The contiguity 𝜓 depends on the melt volume fraction 𝜑 and the dihedral angle 𝜃 

between the solid grains and the melt; and 𝑛 is an exponent also depending on 𝜓 

(Takei, 2002). The simulations of contiguity applied here are based on the micro-

structural model of von Bargen and Waff (1986) which formulates the contiguity 𝜓 as 

the proportion that the contact area of grains occupy among the total contact area in a 

partial molten aggregate: 

𝜓 =
2𝐴gg

2𝐴gg + 𝐴gm
 (6.7) 

, where 𝐴gg and 𝐴gm are the grain-grain contact area and grain-melt contact area 

per unit volume, respectively. The values of 𝐴gg and 𝐴gm are calculated from the 

given melt volume fraction and dihedral angle using polynomial functions: 

{
𝐴gg = 𝜋 − 𝑏ggpower(𝜑, 𝑝gg)

𝐴gm = 𝑏gmpower(𝜑, 𝑝gm)
 (6.8) 
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The required constants 𝑏gg, 𝑏gm, 𝑝gg and 𝑝gm are approximated from quadratic 

polynomials of the dihedral angle (in degree), of which the values are outlined in von 

Bargen and Waff (1986). Wimert and Hier-Majumder (2012) demonstrated this 

approximation of contiguities can produce satisfactory fits with experimental 

measurements from partially molten aggregates with melt volume fractions below 5%. 

Combining equations 6.3 – 6.7 enables the contiguity to be expressed as a function 

of the melt volume fraction 𝜑 and dihedral angle 𝜃, i.e. 𝜓 = 𝜓(𝜑, 𝜃). Moreover, 

shear wave speed anomalies 𝜉 caused by partial melting can be formulated as a 

function with respect to melt volume fraction and dihedral angle: 

𝜉(𝜑, 𝜃) = √
(1 − 𝜑)[1 − (1 − 𝜓(𝜑, 𝜃))

𝑛
]

1 − 𝜑(1 − 𝜌m 𝜌s⁄ )
 (6.9) 

We estimate the densities of solid bulk 𝜌s and melt 𝜌m using the third-order Birch-

Murnaghan equation of state (EOS), as Ghosh et al. (2007) suggested for carbonated 

peridotite melt. We implement the mathematic approximations using MuMaP_fwd 

(Hier-Majumder, 2017), a Python computational toolkit for microscale geodynamic 

study. The modelled shear wave velocity reductions in response to a variety of melt 

volume fractions and dihedral angles are illustrated in fig. 6.4. The curves show that 

the velocity in the partially molten aggregates decreases rapidly as the fraction of melt 

increases. The curves also show that, for the same melt volume fraction, a smaller 

dihedral angle results in greater reductions in the shear wave speed. Hence, different 

combinations of dihedral angles and melt volume fractions produce the same shear-

velocity reductions. 
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Figure 6.4 Predicted shear wave velocity reductions for different melt volume fractions and 

dihedral angles. Each curve shows the velocity reductions caused by changes in melt volume 

fraction at the indicated dihedral angle. 

 

6.5 Model Inversion 

The forward modelling approach described in the preceding section predicts the 

shear wave velocity reductions in response to associated parameters. Alternatively, it 

is possible to calculate the velocity reductions as a ratio of the observed velocity over 

the reference velocities: 

𝜉 =
𝑉S
obs

𝑉S
ref(𝑇0, 𝐶)

 (6.10) 

When embedded with an inversion scheme, the numerical model can be used to 

deduce the controls on seismic velocities. The inversion procedure can begin with an 

initial solution that is built upon petrologic and seismological constraints. We then 

investigate how to exploit and utilize the symmetry of the model, which can allow us 

to alter the initial solution directly into another solution whilst giving the same 
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observations. In this way, the additional solutions to the inverse problem can be 

rapidly derived by repeated use of the transformation. 

 

6.5.1 An initial solution based on a priori knowledge 

To incorporate the forward model and the observed data in a single framework, 

we firstly combine eq. 6.9 and 6.10: 

√
(1 − 𝜑) ∙ [1 − (1 − 𝜓(𝜑, 𝜃))

𝑛
]

1 − 𝜑(1 − 𝜌m 𝜌s⁄ )
=

𝑉S
obs

𝑉S
ref(𝑇0, 𝐶)

 (6.11) 

, which gives four unknowns (i.e. 𝑇0, 𝐶, 𝜃 and 𝜑) in one equation. To solve for melt 

volume fraction 𝜑 from eq. 6.11, the reference potential temperature 𝑇0, basalt 

fraction 𝐶 and dihedral angle 𝜃 need to be specified. We initially assume the 

reference potential temperature to be 1500 K in the region. We set the basalt fraction 

at 18%, as suggested in Xu et al. (2008) for common peridotite. The dihedral angle at 

the grain-melt interface varies with the chemical composition of the melt. For 

example, Minarik and Watson (1995) proposed dihedral angles varying from 25° to 30° 

at the interface between carbonate melt and molten aggregates; Mei et al. (2002) 

suggested a dihedral angle of 28° for molten aggregates with hydrous basalt melt. Here 

we initially assume a dihedral angle of 𝜃 = 25°. Given these a priori assumptions, 𝑇0, 

𝐶 and 𝜃 are specified, and hence the melt volume fraction can be solved from eq. 

6.11. 

We then calculate the corresponding melt volume fraction 𝜑 using a modified 

Newton-Raphson root-search algorithm (Press et al., 2007, chap. 9.1), as previously 
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demonstrated by Hier-Majumder and Tauzin (2017). The algorithm begins with a 

bracket for the melt volume fraction between 1×10-4% and 10% and iterates the 

searching process until a convergence of 10-4% is achieved in the inferred fraction. 

Figure 6.5 shows the initial solution derived from the inversion using the seismic 

observations and the constraints on 𝑇0, 𝐶 and 𝜃. The melt fractions in the region 

vary spatially and yields an average of 0.72%. As a check, synthetic velocities 

reproduced from the forward model (fig. 6.5c) are a good match to the original 

observations (fig. 6.1d). 

 

 

Figure 6.5 An initial solution to the inverse problem of 350-km LVL. The observed shear wave 

velocities (a) and reference values of 𝑻𝟎, 𝑪 and 𝜽 are used to provide constraints on the 

inversion. A particular solution for the melt vol. % within the LVL (b) is then generated using the 

root-search approach. The regional-averaged fraction is calculated as 0.72% for 𝑻𝟎 = 1500 K, 𝑪 = 
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18% and 𝜽 = 25°. Using the inferred melt vol. % and the reference values, shear wave velocities (c) 

can be reproduced from the forward model. 

 

6.5.2 Symmetric transformation 

The above calculation generates a single solution to the inverse problem. Since the 

inverse problem is non-unique with respect to the input parameters 𝑇0, 𝐶 and 𝜃, 

there are, in principle, an infinite number of alternative solutions that can reproduce 

identical seismic observations. Here we develop a quantitative approach to prove the 

non-uniqueness and, more crucially, the transformation from an existing solution to an 

alternative solution. The symmetry of the numerical model is found by modifying the 

input parameters to obtain an unchanged output model. To start with, we formulate 

the forward model of shear wave speed as: 

𝑽S = 𝐹(𝑇0, 𝐶, 𝜃, 𝝋) (6.12) 

, where 𝑽S is the shear wave speeds in the LVL beneath the seismic sites; 𝐹 denotes 

a general, non-linear function (in this work, 𝐹 is the forward model from the code 

MuMaP_fwd) and 𝝋 is a vector of melt volume fractions in the LVL. Note that 583 

seismic sites are analysed in this study, and hence the vector lengths are 583 for both 

𝑽S and 𝝋. We then generate three perturbations 𝛿𝑇0, 𝛿𝐶 and 𝛿𝜃. These small 

changes in the model inputs give rise to residuals in the modelled velocities, i.e. ∆𝑽S. 

This can be written as: 

∆𝑽S = 𝐹(𝑇0 + 𝛿𝑇0, 𝐶 + 𝛿𝐶, 𝜃 + 𝛿𝜃,𝝋) − 𝐹(𝑇0, 𝐶, 𝜃, 𝝋) (6.13) 
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, which may be approximated in a linear form using the first-order Taylor’s series: 

𝜕𝐹

𝜕𝑇0
𝛿𝑇0 +

𝜕𝐹

𝜕𝐶
𝛿𝐶 +

𝜕𝐹

𝜕𝜃
𝛿𝜃 = ∆𝑽S (6.14) 

, where 𝜕𝐹/𝜕𝑇0, 𝜕𝐹/𝜕𝐶 and 𝜕𝐹/𝜕𝜃 are finite derivatives of the function 𝐹 with 

respect to 𝑇0, 𝐶 and 𝜃. We then calculate changes required in the melt volume 

fractions (i.e. 𝛿𝝋) to compensate the changes in velocities resulting from the 

perturbations. This can be expressed as: 

𝐹(𝑇0 + 𝛿𝑇0, 𝐶 + 𝛿𝐶, 𝜃 + 𝛿𝜃,𝝋 + 𝛿𝝋) = 𝐹(𝑇0, 𝐶, 𝜃, 𝝋) (6.15) 

Approximation based on the Taylor’s series gives: 

𝜕𝐹

𝜕𝑇0
𝛿𝑇0 +

𝜕𝐹

𝜕𝐶
𝛿𝐶 +

𝜕𝐹

𝜕𝜃
𝛿𝜃 +

𝜕𝐹

𝜕𝝋
𝛿𝝋 = 0 (6.16) 

, where 𝜕𝐹/𝜕𝝋 is the finite derivative of the function 𝐹 with respect to 𝝋. We then 

solve 𝛿𝝋 by combining eq. 6.14 and 6.16: 

𝛿𝝋 = −
∆𝑽𝐒
𝜕𝐹/𝜕𝝋

 (6.17) 

In this equation, 𝜕𝐹/𝜕𝝋 can be calculated from the forward model. The new solution 

can then be used as a basis for another transformation. Iterative transformation can 

therefore derive all the additional solutions to the inverse problem. 

 

6.5.3 Calculating multiple solutions 

Using the forward model and symmetric transformation, we then examine the 

entire parameter space and calculate alternative solutions. The parameter space can 

be considered as a 3-D space with basis vectors potential temperature (𝑇0), basalt 

fraction (𝐶) and dihedral angle (𝜃). We define the ranges of the parameters as 1400 to 
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1800 K in potential temperature, 10 to 40% in basalt fraction and 10° to 40° in dihedral 

angle. We also set the increments at 10 K in potential temperature, 1% in basalt 

fraction and 1° in dihedral angle, sampling the parameter space in small intervals. Each 

position in the parameter space can be described using the coordinates in the 3-D 

space. If a solution exists in position (𝑇0, 𝐶, 𝜃), then the corresponding melt volume 

fraction vector can be written as 𝝋(𝑇0, 𝐶, 𝜃). Once a solution is found, the solutions in 

neighbouring positions can also be determined. Because the transformation can be 

applied both forward and backward, six neighbouring solutions should be examined, 

including 𝝋(𝑇0 + 𝛿𝑇0, 𝐶, 𝜃), 𝝋(𝑇0 − 𝛿𝑇0, 𝐶, 𝜃), 𝝋(𝑇0, 𝐶 + 𝛿𝐶, 𝜃), 𝝋(𝑇0, 𝐶 − 𝛿𝐶, 𝜃), 

𝝋(𝑇0, 𝐶, 𝜃 + 𝛿𝜃) and 𝝋(𝑇0, 𝐶, 𝜃 − 𝛿𝜃). We calculate the additional solutions through 

the following procedure: 

(1) Create an empty list. Add the coordinate of the initial solution into the list. 

(2) For each solution in the list, calculate the solutions in the neighbouring 

positions that are inside of the parameter space but not existing in the list. 

(3) Add the solutions found in step (2) into the list. 

(4) Return to step (2) and repeat the workflow until no new solution can be 

added into the list. 

Note that this is different from a brute-force search which involves a root-searching 

approach for calculating the melt volume fraction beneath every location given 

different combinations of 𝑇0, 𝐶 and 𝜃. In contrast, the symmetric transformation is 

straightforward as it can simultaneously derive the melt volume fraction beneath the 

whole area. Since this method works directly on the behaviour of the solution with 
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respect to perturbations, it also allows us to predict regions where melting does not 

exist and to predict the solution containing the lowest possible average melt fractions, 

which was intractable with the method described by Hier-Majumder et al. (2014). 

 

6.5.4 Complete solutions to the inverse problem 

Using the above computational procedure, we derive all the solutions in the 

parameter space. All the possible solutions can reproduce the same synthetic shear 

wave velocities from the forward model. Significant spatial variations in the inverted 

melt volume are found in every solution. Because the melt volume fraction should 

always be non-negative, the calculated vectors of 𝝋 where one or more negative 

values exist should be excluded. Given this requirement, limits can be placed to bound 

the symmetric transformation, i.e. not every combination of potential temperatures, 

basalt fractions and dihedral angles in the parameter space requires the presence of 

melting to explain the seismic anomaly. Example of the variations in calculated melt 

volume fractions and the transformation limits in the multiple controlling factors are 

demonstrated in fig. 6.6. 
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Figure 6.6 Estimated melt volume fractions beneath all locations with median indicated by the 

horizontal line within each box, upper/lower quartiles indicated by the upper/lower edges of the 

box and maximum/minimum indicated by whiskers of the boxes. (a) & (b) Inferred melt vol.% as a 

function of reference potential temperature with fixed basalt fraction and dihedral angles. (c) & (d) 

Inferred melt vol.% as a function of basalt fractions with fixed reference potential temperature and 

dihedral angle. (e) & (f) Inferred melt vol.% as a function of dihedral angle with fixed reference 

potential temperature and basalt fractions. Note that no solution can be found given 𝑻𝟎 ≥ 1500 in 

(a), 𝑻𝟎 ≥ 1550 K in (b) and 𝑪 ≤ 30% in (d). 

 



113 

The model output illustrated in fig. 6.7 is an end-member solution showing that 

the lowest possible averaged melt volume fraction is 0.51%, associated with 𝑇0 = 

1550 K, 𝐶 = 40% and 𝜃 = 10°. In this solution, melting is not predicted beneath some 

regions, for instance at the triple border between Idaho, Montana and Wyoming. 

Considering the sharp boundary atop the LVL, this may just be an artefact because the 

variations in solid bulk are unlikely to produce rapid velocity reductions. However, this 

solution is still meaningful since it places a lower-bound below the regional-averaged 

melt volume fraction within the observed LVL. In contrast, the highest possible 

averaged melt volume fraction that exists in the parameter space yields 1.47%, 

associated with 𝑇0 = 1400 K, basalt fraction 𝐶 = 10% and dihedral angel 𝜃 = 10°, as 

shown in fig. 6.8. Examples of the trade-offs between the estimated melt volume 

fraction below a given location and the multiple controls are displayed in fig. 6.9 by 

cross-plotting the estimates and the corresponding controlling factors. Whilst the 

forward model used here is non-linear, application of the proposed method has 

indicated the trajectories that link together the multiple solutions in the parameter 

space. 
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Figure 6.7 An end-member solution with the minimum melt vol. % within the LVL beneath the 

western US. The regional averaged melt vol. % is 0.51% given 𝑻𝟎 = 1550 K, 𝑪 = 40% and 𝜽 = 10°. 

Note that this solution is directly derived from the initial solution, rather than from a brute-force 

search. 

 

Figure 6.8 An end-member solution with the maximum melt vol. % within the LVL beneath the 

region. The regional averaged melt vol. % is 1.47% given 𝑻𝟎 = 1400 K, 𝑪 = 10% and 𝜽 = 40°. 
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Note that this solution is directly derived from the initial solution, rather than from a brute-force 

search. 

 

 

Figure 6.9 Inferred melt volume fractions beneath 106°W, 35°N (label A in fig. 6.1a) versus (a) the 

reference potential temperature for different dihedral angles ranging from 10° to 40° with constant 

intervals of 5° given a fixed basalt composition and (b) the basalt fraction in the bulk composition 

for a range of different dihedral angles given a fixed potential temperature. 

 

6.6 Discussion 

Using a numerical inversion approach, we have examined the LVL at 350 km 

underneath the western US. The shear-velocity anomalies and impedance contrasts in 

this zone are thought to indicate a small fraction of volatile-rich melt (Hier-Majumder 

and Tauzin, 2017) released either by decarbonation during the Farallon slab 

subduction (Thomson et al., 2016) or by dehydration from the upwelling of the 

Yellowstone mantle plume or small-scale convection within the MTZ (Bercovici and 

Karato, 2003; Richard and Bercovici, 2009; Zhang et al., 2018). Despite the presence of 

petrological and geochemical evidences of melting near the MTZ, determination of the 

quantity of melting from seismic signatures remains challenging owing to the trade-
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offs that exist between various controlling factors. Due to the lack of geophysical and 

geochemical constraints, it is difficult, if not impossible, to distinguish the individual 

effects of temperature, composition and partial melting. A recent study has further 

suggested that these multiple controls are strongly correlated, leading to a 

disagreement between experimental measurements and theoretical estimates (Freitas 

et al., 2019). 

Our numerical scheme based on a symmetry is able to cover all solutions. Using a 

forward model, we firstly generate an arbitrary solution assuming 𝑇0 = 1500 K, 𝐶 = 

18% and 𝜃 = 25°. This is a successful solution as the shear wave velocities it predicts 

are consistent with the observations. The inverse problem is then linearized to find 

neighbouring solutions to the initial solution. As the controlling parameters have only a 

limited range of plausible values (in this work 1400 ≤ 𝑇0 ≤ 1800 K, 10% ≤ C ≤ 40% and 

10° ≤ 𝜃  ≤ 40°), the symmetry gives a quasi-complete set of solutions subject to the 

necessary constraint that the melt volume fraction in the upper mantle must always be 

non-negative. This constraint can be justified as the effects of temperature and 

composition are already taken into account. Given the above treatment, it is then a 

simple matter to find the combinations of parameters that reveals the end-member 

possibilities (e.g. maximum and minimum degrees of partial melting). 

The modelling results show that a regional-averaged melt volume fraction of at 

least 0.51% is necessary to explain the sharp shear-velocity reductions at 350 km 

beneath the western US. This is the minimum extent of melting required to produce 

the observed LVL, whatever the solid mantle conditions and the geometry of the melt 
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are. As no solution has been found to be associated with a reference potential 

temperature higher than 1550 K, this is an upper-bound on the variations in the 

reference potential temperature. The modelling output also shows that the range of 

variations in basalt fraction depends on the assumed reference potential temperature. 

At a low reference potential temperature (e.g. 1400 K), the basalt fraction may vary 

from 10% to 40%. In contrast, at a higher reference potential temperature, solutions 

can only be in the basaltic-rich zone (e.g. fig. 6.6d). For instance, Hier-Majumder and 

Tauzin (2017) estimated the reference potential temperature as approximately 1550 K. 

If this is the case, then we can make a statement that the basalt fraction in the LVL 

beneath the western US is no less than 40%. Hence, whilst the thermal and 

compositional conditions are still under-constrained, our model work offers more 

reliable information about mantle physical properties. 

In addition, our inverse method unravels trade-offs between parameters. As the 

forward model is nonlinear, there is no simple analytical tool for determining these 

competing effects. The numerical approach proposed here estimates the rates of 

change in the inferred melt volume fraction caused by changes in other parameters. 

The trade-offs between inferred melt volume fractions and other parameters can be 

summarized as: 

(1) For a given dihedral angle and a given basalt fraction, the inferred melt 

volume fractions show a negative correlation with the assumed reference 

potential temperatures (fig. 6.6a & b).  

(2) For a given reference potential temperature and a given dihedral angle, the 
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inferred melt volume fractions are insensitive to the assumed basalt fractions 

(fig. 6.6c & d). 

(3) For a given reference potential temperature and a given basalt fraction, the 

inferred melt volume fractions show a modest positive correlation with the 

assumed dihedral angles (fig. 6.6e & f). 

Another issue that needs to be addressed while deducing the physical properties 

of the LVL arises from the estimation of spatial variations in temperatures. This study 

calculates the temperature variations from the thickness of the MTZ using the 

empirical correlation proposed by Tauzin and Ricard (2014). The empirical model relies 

on several assumptions, for example that only temperature controls MTZ thickness 

and that no vertical variation occurs in temperature from the MTZ to the LVL. As 

observed from tomographic models (with low vertical resolution), the MTZ has 

consistent structures over the whole range of depth, in particular the stalled Juan de 

Fuca/Farallon slab (Burdick et al., 2008; Schmandt et al., 2011; Hier-Majumder and 

Tauzin, 2017). Although an entirely consistent MTZ should not be expected, dealing 

with the absolute topography of discontinuities to infer the temperatures would likely 

introduce more uncertainties, and would require a precise correction of the effect of 

shallow velocity heterogeneities from 3-D tomographic models, which have their own 

limitations. Another assumption involved here is that one can extract reliable MTZ 

thickness from receiver functions, while interference effects on the base of MTZ can be 

neglected. In fact, the move-out of interfering phases at the base of the MTZ is rather 

different from the one from direct conversions (Guan and Niu, 2017). Stacking along 
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move-out curves for direct conversions is efficient in removing the effect of these 

interfering phases. Besides, slant-stack diagrams and slowness weighted stacking (e.g. 

Guan and Niu, 2017; Hier-Majumder and Tauzin, 2017) show no evidence for any 

potential interference effects in several locations of the western US. As a consequence, 

the assumptions applied in the empirical model are tenable for calculating the 

temperature variations in the LVL. 

Apart from the primary controls on the seismic velocities we have investigated, 

there are other factors that can influence the seismic wave speeds. In this work, the 

Clapeyron slopes 𝛾 are set to values from a compilation of experimentally obtained 

values (Tauzin and Ricard, 2014). The values of matrix density 𝜌𝑠 and melt density 𝜌𝑚 

are set to constants as suggested in previous studies. The thickness of MTZ applied 

here are also from supplementary dataset whereas alternative empirical models (e.g. 

Keifer and Dueker, 2019) would produce different scenarios. These additional 

complications can lead to substantial uncertainties in estimated melt volume fractions. 

However, the inversion technique presented here is independent from the forward 

model and can easily be adapted to include these factors. While in this paper the 

application of the inversion has been demonstrated using 1-D column simulation, the 

technique could be applied to more sophisticated models that are spatially 2-D or 3-D. 

For future work, we intend to apply our modelling approach to investigating the LVL 

identified in other regions that differ in tectonic settings, for example, the Hawaii 

Islands (Huckfeldt et al., 2013) which are dominated by mantle plumes. 
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6.7 Conclusions 

The interpretation of the observed seismic structures in the upper mantle, like 

many other geophysical inverse problems, is hampered by the fundamental challenge 

of non-uniqueness. In this work, we investigate the influence of thermal, 

compositional and melting effects on the pervasive LVL at 350 km beneath the western 

US. We develop an inversion scheme, based on the principle of symmetry, for 

generating the full range of solutions in the parameter space. Although a unique 

solution is not present, the calculation of an ensemble of solutions allows extraction of 

the properties that are common to all solutions. A key result of our inversion is that a 

minimum fraction of ~0.5% melt by volume is necessary to explain the seismically 

anomalous layer in the region. The scheme also encapsulates the ranges of variations 

in the thermal and compositional factors. Consequently, application of the proposed 

inversion technique can provide more robust interpretation of seismic velocity 

reductions within the mantle. 
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7 Discussion 

 

The examples displayed in Chapter 4 to 6 have demonstrated inverse problems 

from different aspects of geology and their implicit symmetries. As it is shown that, the 

principle of symmetry generally exists in geology and, once revealed by the proposed 

method, can bring four principle benefits: 

1. It provides a generation rule. Using the underlying symmetry, a solution can 

be altered into another solution. Additional solutions to an inverse problem 

can be calculated given an existing solution. 

2. It simplifies the inversion. Using simplifying assumptions, an initial solution 

can be generated first, which allows more realistic solutions to be found by 

applying the generation rule. 

3. It reveals universal properties. Inspection of multiple solutions allows 

features that are common to all possible solutions (and hence the unknown, 

real solution) to be discovered. 

4. It bounds the parameters. Some parameters are physically unreasonable. 

Excluding these from the ensemble of solutions leads to hard limits on the 

other controls of a geologic system. 

This chapter revisits the applications presented earlier with further thoughts in 

terms of their symmetries and in terms of the advantages described above. Instead of 

concentrating on narrow issues relating to the specific geological problems tackled in 
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the individual cases, this chapter aims to demonstrate the commonalities that emerge 

when applying symmetry concepts to the disparate inverse problems. 

 

7.1 The Stratigraphic Modelling Example 

The example illustrated in Chapter 4 investigated non-unique interpretations of 

sequence architectures formed on continental margins. This initiated with a simple 

stratigraphic forward model of clastic delta controlled only by the interplay between 

(relative) sea-level and (cumulative) sediment supply, whereas complications such as 

multiple grain-sizes, subaerial erosion, compaction of sediment and transport out of 

the plane were ignored. As demonstrated in fig. 4.1, exactly the same sequence 

architectures can be modelled from more than one set of sea-level curve and sediment 

supply curve. The key to producing these identical architectures is that the sea-level vs. 

sediment supply curves are the same (Waltham et al., 2003). Hence, the symmetry is 

that the cross-section is unaltered by changes in sea-level and sediment supply 

provided these are changed in ways that conserve the sea level versus sediment supply 

curve. 

Additional complications, for example multiple grain-sizes and subaerial erosion, 

were then introduced into the deltaic model and the simple symmetry given by the 

sea-level vs. sediment supply curve broke down. Nevertheless, for this more 

sophisticated model a symmetry still exists but is less straightforward than that in the 

previous model. This idea has been illustrated in fig. 4.5, showing identical results of 

model runs for two different sets of parameters. The first run was produced using an 
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arbitrary set of sediment supply curve, sea-level curve and coarse-to-fine ratio curve, 

assuming no erosion. The second model output has an identical cross-section but a 

non-zero subaerial erosion rate with altered sediment supply curve, sea-level curve 

and coarse-to-fine ratio curves. 

The second run achieved by adding incremental change to the subaerial erosion 

rate and then adjusting the time-varying sediment supply, sea-level and coarse-to-fine 

ratio so that the model output matched the original output. Using a small increment of 

erosion ensures that the problem is linearized so that the new time-varying factors can 

be obtained from the old ones in a single step. The erosion rate was then increased 

again and the procedure repeated. The mathematical tool, developed for calculating 

the required changes in other factors to compensate the change in erosion rate, 

displayed an example of symmetric transformation. With this symmetry defined, the 

benefits of utilizing the symmetry, as outlined in the beginning of this chapter, can be 

described as follows. 

 

Generation Rule 

Given any solution (i.e. a sea-level vs. time curve sl(t) and a sediment supply vs. 

time curve ss(t) with single grain-size that successfully reproduce the desired 

architecture from a non-erosive model), the corresponding sea-level vs. sediment 

supply curve sl(ss) is first constructed. Then, one may invent a new ss(t), subject to the 

constraints that it begins at zero, ends at the same final amount and is non-negative in 

its gradient at all times. This new ss(t) is then combined with the sl(ss) to produce a 
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new sl(t). These ideas are illustrated in fig. 5.2. Then, using the iterative procedure 

outlined in fig. 4.4, each of these non-erosive models can be used to generate an 

associated series of erosive models. Note that the iterative procedure can be extended 

to more complicated models, as discussed in Chapter 4. 

 

Inversion Simplification 

An initial model can be built by assuming a simple sediment supply curve (e.g. 

sediment supply rate is constant with time) with no subaerial erosion. The generation 

rules described above can then be used to discover solutions that involve more 

realistic sediment supply history, sea-level oscillations, multiple grain-sizes and 

subaerial erosion. As presented in fig. 4.9, this method was adopted in the real-data 

example by generating a model match to deltaic architecture and well-constraints in 

the Neogene stratigraphy of Baltimore Canyon Trough, New Jersey, US. 

 

Universal Properties 

For a single grain-size, non-erosive model, the symmetry provided by the 

apparent sl(ss) guarantees that all resulting sl(t) are simply horizontally deformed 

versions compared to one-another, where the extents of stretch and compression vary 

in all solutions. As shown in fig. 4.2, all possible sea-level histories possess the same 

sequences of highstands and lowstands with the same amplitudes at each peak and 

trough; they just vary in the durations of these events. When subaerial erosion is 
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included, the sea-level peaks have to be higher, as can be seen in fig. 4.5 to 4.7. These 

patterns will not be discussed further here. 

 

Transferable Limits 

If age estimates (with errors) are available for at least some stratal surfaces in the 

deltaic cross-section, these limit the possible sediment supply curves and, hence, 

produce limits on possible sea-level curves (fig. 4.9). Another useful limiting factor is 

that it is not possible to supply a negative amount of sediment. As erosion increased, 

the sediment supply responds by having a sharp step-up, near to times of sea-level 

peaks, followed by a compensating reduction in the gradient of the sediment supply 

curve. Since the sediment supply rate must be non-negative, the upper limit can be 

found on the subaerial erosion rate beyond which the sediment supply curve has one, 

or more, negative-slope portions. Hence, there is also a maximum possible 

modification to sea-level. The points are demonstrated in fig. 4.9. 

 

7.2 The Thermal History Modelling Example 

The principle of symmetry, as discovered from the stratigraphic model, provides a 

general method for tackling inverse problems. Another application of the method is 

given in Chapter 5, where the symmetry of a downhole vitrinite maturation model was 

used to determine the heat flow history in a sedimentary basin. This work began with 

an inspection of the conventional thermal backstripping approach that had been 

previously invented for inferring thermal history from thermal indicator data. As 
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illustrated in fig. 5.1, the heat flow history can be unequivocally determined by the 

approach when tectonic evolution of the basin consists of only subsidence but no 

erosion or uplift. However, the approach produces non-unique solutions when erosion 

and uplift are involved in the burial paths of sedimentary layers, as shown in fig. 5.2. In 

this work, the symmetry of the model lies in that an existing heat flow curve can be 

properly altered with small changes to leave the vitrinite reflectance predicted from 

the model unchanged. Given this insight, the benefits of the symmetry method can be 

realized as follows: 

 

Generation Rule 

An iterative procedure, similar to that applied to the deltaic models, is proposed. 

Considering small changes in the vitrinite reflectance model allows the initial heat flow 

curve to be transformed into a smoother neighbouring solution (i.e. a heat flow curve 

with less complications) that gives the same model. In other words, some of the heat 

flow variations that are inessential to explain the observed data (this does not mean 

they did not happen) are removed from the initial heat flow curve. The new heat flow 

curve then gives a basis for further smoothing and the procedure repeats. 

 

Inversion Simplification 

Recognition of the fundamental of non-uniqueness in thermal history 

reconstruction leads to the symmetry-based inversion strategy as presented in fig. 5.7. 

With the influence of erosion or uplift on paleo-heat flow temporally ignored, an 
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apparent heat flow (vs. time) curve was first generated by thermal backstripping. Heat 

flow variations resulted from the erosion or uplift were then introduced into the 

model. Iterative application of the symmetry transformation allowed the end-member 

solutions that present the least variations (i.e. the smoothest possible heat flow curve 

to explain the vitrinite reflectance data) to be generated. 

 

Universal Properties 

In this specific application, benefits of inspecting universal properties of all 

solutions comes from an interesting way. That is, some paleo-heat flow variations that 

were suggested are shown not necessarily to be the case as they are absent in the end-

member solutions. The real-case study in Chapter 5 examined a suspected heat flow 

spike during Mid to Late Permian in the Sichuan Basin, SW China. Application of the 

symmetry method showed that the vitrinite reflectance measured from a borehole in 

the basin can be well explained either by a short-live heat flow spike (fig. 5.9) or a long-

term event (fig. 5.10 and fig. 5.11). As a consequence, the vitrinite reflectance data at 

present are insufficient to support a Permian heat flow anomaly in the region. In other 

words, a short-lived heat-flow flux is NOT a universal property of all solutions. 

 

Transferable Limits 

As presented in fig. 5.7, the iterations of symmetry transformation terminate 

when the approach fails to produce significant enough changes to the current solution. 

By definition, an end-member solution with the smoothest structure contains no 
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unwarranted information. Hence, the current heat flow curve can be thought of as the 

smoothest heat flow history ever possible. Note that this is different from the more 

conventional approach of generating the smoothest solution to avoid over-interpreting 

the data (e.g. Constable et al., 1987). All heat flow curves produced by the symmetry 

method can replicate the identical results and just vary in their appearance. 

 

7.3 The Geophysical Example 

This chapter now concludes with the geophysical example shown in Chapter 6. 

The key element to explore in this case was a widespread, but poorly continuous, 

seismically anomalous layer with lateral thickness ranged from tens to over a hundred 

kilometres atop the mantle transition zone below the western US. The sharp seismic 

velocity reductions observed at the upper-boundary of this layer were ascribed to the 

compositional heterogeneity caused by partial melting of the upper mantle. However, 

quantifying the partial melting effect is hampered by non-uniqueness. Specifically, the 

estimated degree of melting depends upon the assumed temperature in the mantle, 

basalt fraction of the bulk solid composition and geometry of melt-bearing aggregates. 

Hier-Majumder and Tauzin (2017) produced an estimate of the partial melting extent 

by making their best guess at the parameter values but Chapter 6 took this further by 

using the symmetry concepts to produce the full range of possible solutions. The 

results of this study can be described using the same set of benefits as used above for 

the other applications: 
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Generation Rule 

A numerical approach, in a similar manner to the iterative procedures applied in 

the preceding examples, was developed for the geophysical problem. Then, using 

estimate from Hier-Majumder and Tauzin (2017) in fig. 6.5 as an initial solution, 

solutions for other values of mantle potential temperature (𝑇0), basalt fraction (𝐶), 

dihedral angle of grain-melt contact (𝜃) and volume fraction of melt (𝜑) can be 

derived. 

 

Inversion Simplification 

In this specific application, this benefit is from an unexpected direction. A range of 

different solutions could, in principle, be generated using a conventional root-search 

approach as applied in Hier-Majumder and Tauzin (2017) which did not make explicit 

reference to symmetry ideas. However, such an approach is computationally 

prohibitive for more than a small number of parameter-sets. In contrast, the numerical 

procedure presented here for tracking the symmetry trajectories through the 

parameters space shows greater efficiency and many outputs can be rapidly 

calculated. 

 

Universal Properties 

Though the whole set of solutions differ with each other in the regional-averaged 

degrees of melt, all the inferred maps of melts show very similar spatial distribution of 

the relative variations of melt volume fractions. Unsurprisingly, all maps of melts (fig. 
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6.5c, 6.7c & 6.8c) are closely related to the map of shear-velocities observed (fig. 6.1d) 

as the greatest degrees of melting always occur in the location where shear-velocity is 

lowest. This discovery confirms a dominant control on the low-velocity layer by 

melting rather than by thermal anomaly. Inspection of the trade-off between multiple 

parameters in fig. 6.6 shows that, the melt volume fraction has a strong negative 

correlation with the mantle temperature and a modest positive correlation with the 

grain-melt dihedral angle. In comparison, the melt volume fraction appears to be 

insensitive to the basalt fraction. 

 

Transferable Limits 

The controlling potential parameters 𝑇0, 𝐶 and 𝜃 have only a limited range of 

plausible values (i.e. 1400 ≤ 𝑇0 ≤ 1800 K, 10% ≤ 𝐶 ≤ 40% and 10° ≤ 𝜃 ≤ 40°). Hence, 

symmetry can give a quasi-complete set of solutions (i.e. solutions on a closely spaced 

grid in the parameter space). In addition, because it is impossible to produce a 

negative degree of melting beneath any location, any solution that involves negative 

melt volume fractions should be excluded. Given these constraints, it is then a simple 

matter to find the combinations of parameters that give the minimum (fig. 6.7) and 

maximum (fig. 6.8) degrees of partial melting. An extent of at least ~0.5 vol.% melt is 

found to be essential to the low-velocity layer beneath the western US. The symmetry 

method also encapsulates the variations in the solid mantle properties. In particular, 

an upper-bound of 1550 K is placed upon the potential temperature in the region. 
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8 Conclusions 

 

Inverse problems in geology are to deduce paleohistory from observations at 

present or, alternatively, to deduce structure at depth from data collected at the 

surface. A fundamental challenge, both for real-world geology and for computer 

models, is the non-uniqueness as there could be more than one interpretation for 

same data. The principle of symmetry provides a powerful tool for tackling non-

uniqueness but was previously used only in simple inverse problems where analytical 

expressions are available. This thesis invented a numerical algorithm which enables the 

symmetry concepts to be easily adapted to non-linear, more complicated problems. 

This algorithm has shown to be applicable in various quantitative models from a wide 

spectrum of geology. The symmetry of an inverse problem indicates trajectories in the 

parameter space that connect possible solutions, i.e. they describe transformations 

that do not alter the predictions of a model. Exploring symmetries of computer models 

provides useful insights into inverse problems in that it allows easy generation of an 

initial starting model, rapid calculation of multiple solutions, clear understanding of the 

common features of all solutions and firm statements to be made concerning the 

whole range of possible solutions. Applications of the proposed method in real-world 

geology and resulting benefits in specific cases can be summarized as follows: 

1. An application in sedimentology. This work interpreted the Neogene 

stratigraphy of Baltimore Canyon Trough in New Jersey, US. The symmetry 
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method was applied to a stratigraphic model that incorporates relative sea-

level, sediment supply, coarse-to-fine ratio, subaerial erosion and tectonic 

rotation. As it was shown that, whilst the sequence architecture observed 

corresponds to an infinite number of interpretations, these are very similar 

to each other. In particular, the relative sea-level history in every possible 

solution indicates the same sequence of oscillations. Calculation of multiple 

solutions also allows variations in the multiple stratal controls, in particular 

the amplitudes of relative sea-level, the magnitudes of sediment supply and 

the rates of subaerial erosion, to be encapsulated. Hence, application of the 

method can offer more robust interpretations of the stratal controls and 

hence better understanding of depositional sequences. Application of the 

method can also provide more reliable information of the sedimentary 

record and hence more precise evidence of paleoclimate. 

2. An application in thermochronology. This work looked at the thermal history, 

in particular the paleo-heat flow in the Sichuan Basin, Southwestern China. 

The symmetry method was applied to a vitrinite reflectance model, where 

the thermal maturities of organic matters are simulated from prescribed 

tectonic and thermal events. The model work showed that thermal histories 

reconstructed for the basin are poorly constrained especially for the periods 

prior to the Permian. However, all scenarios inferred suggest that the basin 

underwent abnormally high temperature during Mid to Late Permian, 

though it remains unclear whether this was caused by a short-lived event or 
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by permanent variations in the heat flow. This suggests that the previously 

suspected ancient mantle plumes near the Sichuan Basin during Permian 

might not necessarily be true. However, the complete set of solutions can 

allow more accurate assessment of hydrocarbon generation beneath the 

basin to reduce exploration risk. 

3. An example in geophysics. This work explored the thermal anomalies and 

compositional heterogeneity of a seismically low-velocity layer atop the 

mantle transition zone. The symmetry method is applied to a petrologic 

model that predicts velocities reductions the as seismic waves transport into 

a partially molten rock. The model work showed that the seismic velocity 

reductions are a consequence of the interplay between mantle temperature, 

bulk solid composition and partial melting. A unique inversion of the seismic 

properties is unavailable because the control factors can trade off with each 

other. However, modelling results indicate that a minimum of 0.5 vol.% 

volatile-induced melt is essential to reproduce the LVL below the western 

US. The calculation also bounds limits on the thermal and compositional 

conditions of the solid mantle beneath the region. These discoveries can 

enable more reliable estimate of volatile amount within the low-velocity 

layer, which advances understanding of volatile transport from the mantle 

transition zone. 

There do not appear to be any limits to the inverse problems that could benefit 

from exploration of the problem’s symmetries. Any inverse problem can be linearized 
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by considering small enough increments of change and, once this has been done, the 

numerical procedure proposed here for finding a neighboring solution, given an initial 

solution, can be applied. The calculation will find families of solutions whenever they 

are connected by a smooth trajectory through the problem’s parameter space. One 

can anticipate that applying the symmetry method will offer all of the benefits 

demonstrated by the examples illustrated in this thesis. Given all these benefits, the 

symmetry method should take its place amongst the battery of techniques used to 

address inverse problems.  
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Appendix 1 Pseudocode for Determining Symmetries in 

Numerical Models 

 

A Python-like computer program is presented here to display implementation of 

the numerical algorithm, as proposed in Chapter 3, for determining symmetries in 

forward models. The program involves three scripts: 1. ‘Main.py’ that offers an entry 

to the program; 2. ‘Model.py’ that builds a general framework to allow development 

of specific forward models and 3. ‘Tansform.py’ that calculates multiple solutions for a 

forward model. 

 

####################################################################### 

Main.py: 

from Model import * 

from Transform import * 

if __name__ == '__main__': 

# Enter length of input and output vectors 

global para_len, model_len = User_Input() 

# Input time and time-varying variables x and y 

t, x, y = User_Input() 

# Check the length of input vectors 

if not(len(t) == para_len and len(x) == para_len and len(y) == para_len): 
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System_exit(“Parameter length are not aligned.”) 

# Iteration for calculating additional solutions of variables x, y 

while user_condition == true: 

# Run default model 

z = Model(t, x, y) 

z.Run() 

# Give small changes to variable y and run the model again 

delta_y = User_Input() 

zp = Model(t, x, y + delta_y) 

zp.Run() 

# Calculate residual caused in the model 

delta_z = zp.value - z.value 

# Calculate partial derivatives of the model with respect to x 

dzdx = Get_dfdx(t, x, y, z) 

# Calculate changes required in y to restore the model 

delta_x = Solve(t, dfdx, x, -1.0 * delta_z) 

# Update variables 

x = x+ delta_x 

y = y + delta_y 

 

####################################################################### 

Model.py: 
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# Class ‘Model’ defines a general function z = f(x, y) 

class Model:  

# Arguments t, x and y indicate input vectors of time, variable x and variable y 

def __init__(self, t, x, y): 

self.time = t 

self.varx = x 

self.vary = y 

self.value = np.zeros(model_len, dtype = float) 

self.Run() 

del Run(self): 

# Run the forward model 

User_Process() 

 

####################################################################### 

Transform.py: 

import numpy as np  

from Model import * 

 

# Calculate partial derivatives 

def Get_dzdx(t, x, y, z): 

# Give small changes to variable x and see changes in the model 

delta_x = x * 1e-3 
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zp = Model(t, x + delta_x, y) 

zp.Run() 

dfdx = (zp.value - z.value) / delta_x 

return dfdx 

 

# Solve delta_x 

def Solve(t, A, x, delta_z): 

N, M = A.shape 

Nt = len(t) 

if M == N: 

delta_x = np.linalg.solve(A, delta_z) 

elseif M < N: 

# Find the least-square solution 

delta_x = np.linalg.solve(np.dot(A.T, A), np.dot(A.T, delta_z)) 

else: 

# Storage for matrix of coefficients given by first derivatives 

D = np.zeros((Nt - 1, Nt - 1), dtype = float) 

# Input user options 

opt = User_Input() 

if opt == 0: """ Find minimum-norm adjustment 

Lambda = -2 * np.linalg.solve((np.dot(A, A.T), delta_z) 

delta_x = -0.5 * np.dot(A.T, Lambda) 
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else: 

# Penalty parameter 

theta = 1e6 

if opt == 1: """ Find first derivative smoothest adjustment 

# Construct matrix of coefficients given by first derivatives 

for i in range(1, Nt - 2): 

D[i][i - 1] = 1 / (t[i - 1] - t[i]) 

D[i][i] = 1 / (t[i] - t[i - 1]) 

elif opt == 2: """ Find second derivative smoothest adjustment 

# Construct matrix of coefficients given by second derivatives 

for i in range(1, Nt - 2): 

D[i][i - 1] = 1 / (t[i] - t[i - 1]) 

D[i][i] = (t[i - 1] - t[i + 1]) / ((t[i + 1] - t[i]) * (t[i] - t[i - 1])) 

D[i][i + 1] = 1 / (t[i + 1] - t[i]) 

else: 

System_exit(“Invalid option.”) 

DTD = np.dot(D.T, D) 

ATA = np.dot(A.T, A) 

delta_x = -1 * np.linalg.solve(theta**2 * ATA + DTD,\ 

theta * np.dot(A.T, delta_z) - np.dot(DTD, x)) 

return delta_x 
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Appendix 2 Using Symmetry to Calculate Multiple Solutions to a 

Simple Stratigraphic Model 

 

A stratigraphic forward model controlled by sediment supply, sea-level and 

subaerial erosion can be formulated as 𝒉 = 𝑭(𝒔𝒔, 𝒔𝒍, 𝒆), where 𝒉 =

(𝒉𝟏𝟏, 𝒉𝟏𝟐, … , 𝒉𝟏𝑵, 𝒉𝟐𝟏, 𝒉𝟐𝟐, … , 𝒉𝟐𝑵, 𝒉𝑴𝟏, 𝒉𝑴𝟐, … , 𝒉𝑴𝑵)
𝐓 is an observed stratal 

geometry described by the heights of the 𝑴 stratal surfaces at 𝑵 horizontal 

positions; 𝒔𝒔 = (𝒔𝒔𝟏, 𝒔𝒔𝟐, … , 𝒔𝒔𝑴)
𝐓 and 𝒔𝒍 = (𝒔𝒍𝟏, 𝒔𝒍𝟐, … , 𝒔𝒍𝑴)

𝐓 are sediment 

supply and sea-level accounting for the stratal surfaces, respectively; 𝒆 is subaerial 

erosion rate. 

When a perturbation (∆𝒆) is given to the subaerial erosion rate, a residual is 

subsequently caused in the model. The residual, however, may be compensated by 

appropriate adjustments in sediment supply (∆𝒔𝒔) and sea-level (∆𝒔𝒍). Using first-order 

Taylor Series, this can be expressed as: 

𝒅 + ∇𝒔𝒔𝑭(𝒔𝒔, 𝒔𝒍, 𝑒) ∙ ∆𝒔𝒔 + ∇𝒔𝒍𝑭(𝒔𝒔, 𝒔𝒍, 𝑒) ∙ ∆𝒔𝒍 = 𝝆 (A.1) 

, where 𝒅 = 𝑭(𝒔𝒔, 𝒔𝒍, 𝑒 + ∆𝑒) − 𝑭(𝒔𝒔, 𝒔𝒍, 𝑒) is the residual caused by ∆𝑒; 

∇𝒔𝒔𝑭(𝒔𝒔, 𝒔𝒍, 𝑒), ∇𝒔𝒍𝑭(𝒔𝒔, 𝒔𝒍, 𝑒) are partial derivatives with respect to 𝒔𝒔 and 𝒔𝒍 and 

can be calculated from the forward model using finite difference method; 𝝆 is the 

term of remainder. If 𝒅 could be well compensated by ∆𝒔𝒔 and ∆𝒔𝒍 then 𝝆 → 𝟎. 

Note that 𝒅 is a matrix in size of 𝑀 ×𝑁, whilst ∆𝒔𝒔 and ∆𝒔𝒍 are both vectors with 

a length of 𝑀. Every element in ∆𝒔𝒔 and ∆𝒔𝒍 can make a difference in the model 
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and hence ∇𝒔𝒔𝑭(𝒔𝒔, 𝒔𝒍, 𝑒) and ∇𝒔𝒍𝑭(𝒔𝒔, 𝒔𝒍, 𝑒) are both matrices in size of 

𝑀 ×𝑁 ×𝑀. 

Let A = ∇𝒔𝒔𝑭(𝒔𝒔, 𝒔𝒍, 𝑒) and B = ∇𝒔𝒍𝑭(𝒔𝒔, 𝒔𝒍, 𝑒). Writing the equation in full 

gives: 

∑ (𝑑𝑖 +∑𝐴𝑖𝑗

𝑀

𝑗=1

Δ𝑠𝑠𝑗 +∑𝐵𝑖𝑗

𝑀

𝑗=1

Δ𝑠𝑙𝑗)

𝑀×𝑁

𝑖=1

= ∑ 𝜌𝑖

𝑀×𝑁

𝑖=1

 (A.2) 

Thus, there are 𝑀 ×𝑁 equations and 𝑀 × 2 unknowns (i.e. the 𝑀 elements in 

∆𝒔𝒔 and the 𝑀 elements in ∆𝒔𝒍). Provided 𝑁 ≫ 2, the problem of solving ∆𝒔𝒔 and 

∆𝒔𝒍 from eq. A-2 is over-determined. Using least square solution, the square error can 

be calculated as: 

𝝆2 = ∑ 𝜌𝑖
2

𝑀×𝑁

𝑖=1

= ∑ (𝑑𝑖 +∑𝐴𝑖𝑗Δ𝑠𝑠𝑗

𝑀

𝑗=1

+∑𝐵𝑖𝑗Δ𝑠𝑙𝑗

𝑀

𝑗=1

)

2
𝑀×𝑁

𝑖=1

 (A.3) 

To minimize 𝝆, set ∂𝝆2/ ∂Δ𝑠𝑠𝑘 = 0 and ∂𝝆2/ ∂Δ𝑠𝑙𝑙 = 0 (𝑘, 𝑙 = 1, 2, … ,𝑀): 

{
  
 

  
 
2 ∙ ∑ (𝑑𝑖 +∑𝐴𝑖𝑗Δ𝑠𝑠𝑗 +∑𝐵𝑖𝑗Δ𝑠𝑙𝑗

𝑀

𝑗=1

𝑀

𝑗=1

)

𝑀×𝑁

𝑖=1

∙ 𝐴𝑖𝑘 = 0

2 ∙ ∑ (𝑑𝑖 +∑𝐴𝑖𝑗Δ𝑠𝑠𝑗 +∑𝐵𝑖𝑗Δ𝑠𝑙𝑗

𝑀

𝑗=1

𝑀

𝑗=1

)

𝑀×𝑁

𝑖=1

∙ 𝐵𝑖𝑙 = 0

 (A.4) 

, which may be rearranged as: 

{
 
 

 
 ∑ 𝐴𝑖𝑘𝑑𝑖

𝑀×𝑁

𝑖=1

+∑ ∑ 𝐴𝑖𝑘𝐴𝑖𝑗Δ𝑠𝑠𝑗

𝑀×𝑁

𝑖=1

𝑀

𝑗=1

+∑ ∑ 𝐴𝑖𝑘𝐵𝑖𝑗Δ𝑠𝑙𝑗

𝑀×𝑁

𝑖=1

𝑀

𝑗=1

= 0

∑ 𝐵𝑖𝑙𝑑𝑖

𝑀×𝑁

𝑖=1

+∑ ∑ 𝐵𝑖𝑙𝐴𝑖𝑗Δ𝑠𝑠𝑗

𝑀×𝑁

𝑖=1

𝑀

𝑗=1

+∑ ∑ 𝐵𝑖𝑙𝐵𝑖𝑗Δ𝑠𝑙𝑗

𝑀×𝑁

𝑖=1

𝑀

𝑗=1

= 0

 (A.5) 

Equation A-5 may be written in matrix notation: 
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{A
T𝒅 + ATA ∙ Δ𝒔𝒔 + ATB ∙ Δ𝒔𝒍 = 𝟎
BT𝒅 + BTA ∙ Δ𝒔𝒔 + BTB ∙ Δ𝒔𝒍 = 𝟎

 (A.6) 

Therefore, the least square solution to eq. A.1 is: 

{
Δ𝒔𝒔 = [(BTB)−1BTA − (ATB)−1ATA]−1 ∙ [(ATB)−1AT − (BTB)−1BT] ∙ 𝒅

Δ𝒔𝒍 = [(ATA)−1ATB − (BTA)−1BTB]−1 ∙ [(BTA)−1BT − (ATA)−1AT] ∙ 𝒅
 (A.7) 

Given the above Δ𝒔𝒔 and Δ𝒔𝒍, 𝑭(𝒔𝒔 + ∆𝒔𝒔, 𝒔𝒍 + ∆𝒔𝒍, 𝑒 + ∆𝑒) = 𝑭(𝒔𝒔, 𝒔𝒍, 𝑒) 

and hence the model remains unaltered. 
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