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Abstract

In the framework of prediction with expert advice, we consider a re-
cently introduced kind of regret bounds: the bounds that depend on the
effective instead of nominal number of experts. In contrast to the Normal-
Hedge bound, which mainly depends on the effective number of experts
and also weakly depends on the nominal one, we obtain a bound that does
not contain the nominal number of experts at all. We use the defensive
forecasting method and introduce an application of defensive forecasting
to multivalued supermartingales.

1 Introduction

We consider the problem of prediction with expert advice (PEA) and its variant,
decision-theoretic online learning (DTOL). In the PEA framework (see [3] for
details, references and historical notes), at each step Learner gets decisions (also
called predictions) of several Experts and must make his own decision. Then the
environment generates an outcome and a (real-valued) loss is calculated for each
decision as a known function of decision and outcome. The difference between
cumulative losses of Learner and one of Experts is the regret to this Expert.
Learner aims at minimizing his regret to Experts, for any sequence of Expert
decisions and outcomes.

In DTOL, introduced in [8], Learner’s decision is a probability distribution
on a finite set of actions. Then each action incurs a loss (the vector of the
losses can be regarded as the outcome), and Learner suffers the loss equal to the
expected loss over all actions (according to the probabilities from his decision).
The regret is the difference between the cumulative losses of Learner and one of
the actions. One can interpret each action as a rigid Expert that always suggests
this action. A precise connection between the DTOL and PEA frameworks will
be described in Section

Usually Learner is required to have small regret to all Experts. In other
words, a strategy for Learner must have a guaranteed upper bound on Learner’s
regret to the best Expert (one with the minimal loss). In this paper we deal
with another kind of bound, recently introduced in [4]. It captures the following
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intuition. Generally speaking, the more Experts (or actions, in the DTOL
terminology) Learner must take into account, the worse his performance will
be. However, assume that each Expert has several different names, so Learner
is given a lot of identical advice. It seems natural that the loss of Learner is big if
there is a real controversy between Experts (or a real difference between actions),
and small if most of the Experts agree with each other. So a competent regret
bound should depend on the real number of Experts instead of the nominal
one. Another example: assume that all the actions are different, but many of
them are good — there are many ways to achieve some goal. Then Learner has
less space to make a mistake and to select a bad action. Again it seems that
a competent regret bound should depend on the fraction of the good actions
rather than the nominal number of actions.

If the effective number of actions (Experts) is significantly less than the
nominal one, one can loosely say that the number of actions is unknown in
this setting. The following regret bound obtained in [4] for their NormalHedge
algorithm holds for this case:

LTgLfT+O<,/T1n1+1n2N> , (1)
€

where N is the nominal number of actions, Ly is the cumulative loss of Learner
after step T" and L% is the value such that at least e-fraction of actions have
smaller or equal cumulative loss after step 7' (or L% can be interpreted as the
loss of e N-th best action). It is important that the bound holds uniformly for
all € and T and the algorithm does not need to know them in advance. The
number % plays the role of the effective number of actions. The bound shows,
in a sense, that the NormalHedge algorithm can work even if the number of
actions is not known.
Our main result (Theorem [)) is the following bound for a new algorithm:

1
Ly <Ls+2(/Thn-+7VT.
€

This bound is also uniform in 7" and e. In contrast to (), our bound does
not depend on the nominal number of actions, whereas (Il) contains a term
O(In® N). So it is the first (as far as we know) bound strictly in terms of
the effective number of actions. Our bound has a simpler structure, but it is
generally incomparable to the (precise) bound for Normal Hedge from [4] (see
Subsection for discussion of different known bounds). Also our bound can
be easily adapted to internal regret (see [I2] for definition). We describe the
application to internal regret in Subsection

Our bound is obtained with the help of the defensive forecasting method
(DF). The DF is based on bounding the growth of some supermartingale (a
kind of potential function). In [5], the DF was used to obtain bounds of the
form Ly < cL + a, where c and a are some constants. For our form of bounds,
we need a new variation of the DF and a new sort of supermartingales. So we
introduce the notion of multivalued supermartingale and prove a boundedness
result for them (LemmasPland[]). (This result is of certain independent interest:
for example, it helps to get rid of additional Assumption 3 in Theorem 3 in [5].)

The paper is organized as follows. In Section 2] we describe the setup of
prediction with expert advice and of decision-theoretic framework online learn-



ing, and define the e-quantile regret. In Section [3] we describe the Defensive
Forecasting Algorithm, define multivalued supermartingales and discuss their
properties, and introduce supermartingales of a specific form that are based
on Hoeffding inequality. In Subsection [£]] we prove two loss bounds on the e-
quantile regret, and in Subsection 2] we compare them with the bound for the
NormalHedge algorithm and with other known bounds. In Subsection we
show how these bounds can be transformed into bounds on the internal regret.
In the last subsection we describe a toy example of an algorithm that guarantees
bounds for two very different loss functions simultaneously.

2 Notation and Setup

Vectors with coordinates pi,...,pny are denoted by an arrow over the letter:
P = (p1,...,pn). For any natural N, by Ay we denote the standard simplex in

RYN: Ay = {pe[0,1]V| Zivzl pn = 1}. By p'- ¢ we denote the scalar product:
Lo N
P q=20—1 Pnln-

Protocol 1 Decision-theoretic framework for learning
LQ = 0.
Lt:=0,n=1,...,N.
fort=1,2,... do
Learner announces 5; € Ay.
Reality announces ; € [0, 1]V.
Li =Ly 1+ - &y
Ly =L} | +wipn,n=1,...,N.
end for

The decision-theoretic framework for online learning (DTOL) was introduced
in [§]. DTOL protocol is given as Protocol [ The Learner has N available
actions, and at each step ¢ he must assign probability weights v 1,...,v,n~ to
these actions. Then each action suffers a loss w;,, and Learner’s loss is the
expected loss over all actions according to the weights he assigned. Learner’s
goal is to keep small his regret R}' = L; — L} to any action n, independent of
the losses.

Protocol 2 Prediction with Expert Advice
LQ = 0.
Ly:=0,n=1,...,N.
fort=1,2,... do
Expert n announces 7 € I', n =1,..., N.
Learner announces v € I
Reality announces w; € Q.
Lt = Lt—l + )\(’}/t,wt).
L} =LY+ (f,we),n=1,...,N.
end for

DTOL can be regarded as a special case of prediction with expert advice
(PEA), as explained below. The PEA protocol is given as Protocol The



game is specified by the set of outcomes €2, the set of decisions I' and the loss
function A : I' x 2 — R. The game is played repeatedly by Learner having
access to decisions made by a pool of Experts. At each step, Learner is given N
Experts’ decisions and is required to come out with his own decision. The loss
A(7,w) measures the discrepancy between the decision v and the outcome w. L;
is Learner’s cumulative loss over the first ¢ steps, and L} is the n-th Expert’s
cumulative loss over the first ¢ steps. The goal of Learner is the same: to keep
small his regret R}’ = L; — L} to any Expert n, independent of Experts’ moves
and the outcomes.

As defined in [] (for DTOL), the regret to the top e-quantile (at step T') is
the value RS such that there are at least e N actions (the fraction at least € of
all Experts) with R} > R%. Or, equivalently, R = Ly — L where LS is a
value such that at least eN actions (the fraction at least e of all Experts) has
the loss L7 less than L.

A uniform bound on RS (in other words, a bound on Learner’s loss Ly in
terms of L) that holds for all € is more general than the standard best Expert
bounds. The latter can be obtained as a special case for ¢ = 1/N. For this
reason, it is natural to call the value 1/¢ the effective number of actions: a
bound on R% can be considered as the best Expert bound in an imaginary
game against 1/e Experts.

Let us say what games (2,T',A) we consider in this paper. For any game
(Q,T,)), wecall A = {g € R? | 3y € T'Vw € Qg(w) = A\(v,w)} the prediction
set. The prediction set captures most of the information about the game. The
prediction set is assumed to be non-empty. In this paper, we consider bounded
convexr compact games only. This means that we assume that the set A is
bounded and compact, and the superprediction set A + [0, 0] is convex, that
is, for any g1,...,9x € A and for any py,...,px € [0,1]%, Eiilpk =1, there
exists g € A such that g(w) < Zszlpkgk(w) for all w € Q. For such games, we
assume without loss of generality that A C [0, 1] (we always can scale the loss
function).

For DTOL as a special case of PEA, the outcome space is 2 = [0, 1]V, the
decision space is I' = Ay, and the loss function is A\(¥,d) = 7 - . Experts play
fixed strategies always choosing ;" such that ~f’, = 1 and 13, = 0 for k # n
(sce e.g. [I3, Example 7] for more details about this game).

In an important sense the general PEA protocol for the bounded convex
games is equivalent to DTOL. Obviously, if some upper bound on regret is
achievable in any PEA game then it is achievable in the special case of the
DTOL game. To see how to transfer an upper bound from DTOL to a PEA
game, let us interpret the decisions v;* of Experts and the outcome w; in the
PEA game as the outcome &; in DTOL: w;,, = A(74', w;). If Learner’s decision

v¢ satisfies A(yg, wi) < 22;1 YAV we), where 7 is Learner’s decision in
DTOL, then the regret (at step t) in the PEA game will be not greater than
the regret in DTOL. It remains to note that, since the game is convex, for any
¥, there exists v, such that \(y,w) < 25:1 Vi A, w), for any w € Q.

However, the equivalence between DTOL and PEA is limited. In particular,
we can obtain PEA bounds that hold for specific loss functions or classes of loss
functions (such as mixable loss functions [I3]), and these bounds may be much
stronger than the general bounds induced by DTOL.

In this paper, we consider PEA and DTOL in parallel for another reason.



It is sometimes useful to consider a more general variant of Protocol 2] where
the number of Experts is infinite (and maybe uncountably infinite): then PEA
can be applied to large families of functions as Experts. With the help of our
method, we can cope either with DTOL, where the number of actions is finite,
or with PEA when (2 is finite and the number of Experts is arbitrary. So we
cannot infer a bound for infinitely many Experts from a DTOL result, but we
can obtain a PEA result directly. In the sequel, we will write about IV experts,
but always allow N to be infinite in the PEA case.

Most of the presentation below is in the terms of PEA but applicable to
DTOL as well. We normally hide the difference between PEA and DTOL behind
the common notation (DTOL is considered as the game described above). When
the difference is important, we give two parallel fragments of a statement or
proof.

3 Defensive Forecasting and Supermartingales

This section contains the technical results we need to construct our prediction
algorithm. They are used in the proofs but not in the theorem statements and
discussions in the next section.

3.1 Defensive Forecasting

The general structure of the Defensive Forecasting Algorithm (DFA) is quite
simple. At step ¢, we define a function f; : ' xQ — R (with special properties —
see below) and look for v € T such that

Vw e Q fily,w) < fioi1(—1,wi-1), (2)

where f;_1 is the function defined at the previous step, v;_1 is Learner’s decision
at the previous step, and w;_1 is the outcome at the previous step. Then ~ with
this property is announced as the next decision of Learner ;.

The choice of f; may depend on all the previous decisions, outcomes, and on
this step Experts’ decisions (for PEA), so f; = F({¥2 1,71, w1, -+, (9P 1Y),
Having specified F, we call this strategy of Learner an application of the DFA
to F.

The algorithm guarantees that the values of f; do not increase, in particular,
after each step the value fi(y+,w;) is not greater than some initial value fo. We
will choose F so that the inequality F({v2}N_1, v1, w1, ., {72 ) (9, wi) <
fo implies a loss bound we need.

Also we need to guarantee that the algorithm always can find ~ satisfying (2I).
To this end we will choose F so that the sequence f; will be a (multivalued)
supermartingale as defined in the next subsection.

3.2 Multivalued Supermartingales

Let © be a compact metric space. Any finite set € is considered as a metric
space with the discrete metric. Let P(€2) be the space of all measures on {2
supplied with the weak topology.



For any measurable function g € R® and any 7 € P(Q), denote

Bug = [ gw)n(d).
Q
For finite €2, this definition reduces to the scalar product:

Erg = Z g(w)ﬂ(w) :

we

Let S be an operator that to any sequence ey, 71, w1, ...,er—1, Tr—1,Wr—1, €7,
where w; € Q, m € P(Q),t=1,...,T—1,and e;, t = 1,...,T are some arbi-
trary values, assigns a function St : P(Q) — R®. To simplify notation, we will
hide the dependence of St on all the long argument sequence in the index 7.
We call S a (game-theoretic) supermartingale if for any sequence of arguments,
for any m € P(Q), for gr—1 = Sr—1(mr—1) and for g = Sp(m) it holds

Erg < gr-1(wr—1). (3)

This definition of supermartingale is equivalent to the one given in [5]. We
say that supermartingale S is forecast-continuous if every St is a continuous
function.

The main property of forecast-continuous supermartingales that makes them
useful in our context is given by Lemma[ll Originally, a variant of the lemma
was obtained by Leonid Levin in 1976. The proof is based on fixed-point con-
siderations, see [L0, Theorem 16.1] or [6l Lemma 8] for details.

Lemma 1. Let Q be a compact metric space. Let a function ¢ : P() x Q@ = R
be continuous as function from P(S) to RE. If for all m € P(Q) it holds that

Eﬂ'q(ﬂ-a ) S Ca
where C' € R is some constant, then
Ire PQ)Vw e Q q(m,w) <C.

The lemma guarantees that for any forecast-continuous supermartingale S
we can always choose g € S; such that g:(w) < g¢—1(wi—1) for all w. This is
exactly the kind of condition we need for the DFA.

Unfortunately, for the loss bounds we want to obtain, we did not find a suit-
able forecast-continuous supermartingale. So we define a more general notion
of multivalued supermartingale, and prove an appropriate variant of Levin’s
lemma.

To get the definition of a multivalued supermartingale, we make just three
changes in the definition of supermartingale above: operator S depends ad-
ditionally on g; € Si(m); St is function from P(2) to non-empty subsets of
R®: the condition (B) holds for any g € Sr(mw). Namely, let S be an oper-
ator that to any sequence ey, 71,91,w1,...,€1r—1,T7—1,97—1,Wr—1, €T, Where
we € EPI), g €eRY t=1,...,T —1,and e;, t = 1,...,T are some
arbitrary values, assigns a function St : P(Q) — 28 such that St(m) is a non-
empty subset of R for all 7 € P(Q). S is called a multivalued supermartingale



if for any sequence of arguments where g; € S;(m;), for any 7 € P(Q), Sp(mw) # 0
and for all g € Sp(m) it holds

Erg < gr-1(wr-1). (4)

A multivalued supermartingale is called forecast-continuous if for every Sp,
the set {(m,g) | # € P(Q),g € Sr(m)} is closed and additionally for every
7 € P(Q) the set S7(m)+[0,00]? = {g € R® | 3¢’ € Sp(7)Vw € g’ (w) < g(w)}
is convex.

Note that if S is a forecast-continuous multivalued supermartingale and
Si(m) always consists of exactly one element, S is (equivalent to) a forecast-
continuous supermartingale in the former sense: closedness of the graph of Sy
means that Sy (7) is a continuous function of 7 and the convexity requirement
becomes trivial.

3.3 Levin’s Lemma for Multivalued Supermartingales

Here we prove two version of Levin’s lemma suitable for multivalued super-
martingales. The first variant (it is simpler) will be used for PEA with finite
outcome set 2. The second variant will be used for DTOL.

Lemma 2. Let Q be a finite set. Let X be a compact subset of R®. Let
g € P(Q) x X be a relation. Denote q(m) = {g | (7,9) € q} and rang =
Urep)q(m) € X. Suppose that q is closed, for every m € P(Q) the set q(m) is
non-empty and the set q(r) + [0, 00]? is convex. If for some real constant C it

holds that for every m € P(Q)

Vg€ q(m) Erg<C,
then there exists g € ranq such that

Ywe ) gw)<C.

We derive the lemma from Lemma[]similarly to the derivation of Kakutani’s
fixed point theorem for multi-valued mappings (see, e. g. [I, Theorem 11.9]) from
Brouwer’s fixed point theorem. Unfortunately, we did not find a way just to
refer to Kakutani’s theorem and have to repeat the whole construction with
appropriate changes.

Proof. Note first that P () is compact for finite €2, hence ¢ is compact as a
closed subset of a compact set. Let My = maXgeran gwen |g(w)|.

For every natural m > 0, let us take any (1/m)-net {7}*} on P(Q2) such that
for every m € P(12) there is at least one net element 7} at the distance less than
1/m from 7 and for every m € P(f) there are at most 4|Q|? elements of the
net at the distances less than 1/m from 7. (One can use here any reasonable
distance on P(£2), for example, the maximum absolute value of the coordinates
of the difference.) For every =} in the net, fix any g7* € ¢(n}") (recall that
q(mj") is non-empty).

Now let us define a function ¢": P(2)x€2 — R as a linear interpolation of the
points (7", g;*). Namely, let {u}'} be a partition of unity of P(£2) subordinate
to Uy /m (7)), the (1/m)-neighborhoods of 7" (that is, u}' () are non-negative,



ul'(m) = 0 if the distance between 7 and 7} is 1/m or more, and the sum over
Eof all uj*(m) is 1 at any 7). Let ¢™(m,w) = >, up*(m)gp* (w).

The function ¢™ is forecast-continuous. Let us find an upper bound on
Erq™(m,-):

Zuk Exgi'
= U (m)Enp gl +Zuk ) D (w(w) =T (@)gh' (@) < C + M| /m
k

weN

(the bound on the first term holds since g;* € ¢(77") and hence Exm g < C).
By Lemma Il we can find a point 7™ € P(2) such that

Ywe Q ¢"(n" w) < C+ My|Q/m.

Recalling that ¢™ (7™, w) = >, u(7™)gi"(w) and that there are at most 4|2|?
non-zero values among uj'(7™), we get the following statement. There exist
some of' >0, k=1,...,4[Q%, >, af* =1, and some g € ¢(7}]") with 7] at
the distance at most 1/m from 7™ such that

4|02
VweQ > aflgit(w) < C+ My|Q/m. (5)
k=1

Since P(£2) is compact, we can find a limit point 7* of 7™. It will be a
limit point of 7} as well. Since ¢ is compact, we can find g} € g(7*) such that
(7*, g}) are limit points of (7}, g*) for each k. Finally, since P({1,...,4/Q*})
is compact, we can find limit points o (corresponding to the points g; ).

Taking the limits as m — oo over the convergent subsequences in (), we get

4|02

Yw € Q2 Z aggr(w

Since g(7*) 4 [0, 00]*? is convex, the convex combination Zil gk belongs to
q(7*)+[0, 00]. In other words, the combination is minorized by some g* € q(7*)

and
4lQ)?

Z aggr(w

for all w € Q. O

Now let us prove a variant of the lemma suitable for the DTOL framework,
where the set of outcomes is infinite. Here we make a strong assumption: the
supermartingale values S (m) depend on 7 in a very limited way: just on the
mean of .

Lemma 3. Let Q be [0,1]V. Let X be a compact subset of R, Let ¢ C P(Q)x X
be a relation. Denote q(m) = {g | (7,9) € q} and ranq = Urcp)q(m) C X.
Assume that if [wmi(dw) = [wra(dw) then q(m) = q(m2). Suppose that q is



closed, for every m € P(Q) the set q(r) is non-empty and the set q(m) + [0, 0]

is convex. If for some real constant C it holds that for every m € P()
Vg € q(r) Epg<C,

then there exists g € ranq such that
YVweQ gw)<C.

Proof. Since [0, 1]V is a compact metric space, the space P([0,1]") with weak
topology is compact too (see, e.g. [10, Prop. B.28]). Hence ¢ is compact as a
closed subset of a compact set. Let M, = maXgeran gwen |g(w)|-

We consider P(2) as a metric space with Wasserstein distance W (r, ') =
sups |Exf — Ex f|, where the supremum is taken over 1-Lipschitz functions
(see [10, Def. B.20]). For every natural m > 0, let us construct a (1/m)-net
{m*} on P(§2) with the following property. Let w™ be a (1/(2m))-net on 2
such that at most 4N? its elements are at the distance less than 1/(2m) from
any w € Q. For any 7} there exists w!" such that [wn}"(dw) = w!™. (A net
with this property exists: note that for any = there is a 7’ at the distance
at most 1/(2m) such that [wn’(dw) = w!™; it remains to consider a cover of
1/(2m)-neighborhoods centered in all = with the given expected values.) For
every " in the net, let us take any g;* € g(m}").

Now let us define a function ¢"™: P(2)x2 — R as a linear interpolation of the
points (7%, g;*). Namely, let {u}"} be a partition of unity of P(£2) subordinate
to Uy /m (7)), the (1/m)-neighborhoods of 7}* (that is, u}' () are non-negative,
up*(m) = 0 if the distance between 7 and 7} is 1/m or more, and the sum over
k of all u}*(m) is 1 at any 7). Let ¢™(m,w) = >, up*(m) gy (w).

The function ¢™ is forecast-continuous. Let us find an upper bound on
Erq¢™(m,-):

Eﬂ'qm(ﬂ.a ) = Z u;cn(ﬂ)Efrg;cn
k

= ZU?(W)EW,T!}ZL + ;U?(ﬂ') (/Q gt (w)m(dw) — /Qg}cn(w)w;j(dw))

k
<C + My/m

(the bound on the first term holds since gi* € ¢(m}") and hence E;m g < C).
By Lemma/[Il we can find a point 7™ € P(2) such that

YweQ ¢"(n" w) < C+M,/m.

Among 7" such that u}*(7™) is non-zero, there are at most 4N? different ex-
pected values. Let us group all g;”* corresponding to 7" with a certain expected
value. They belong to the same set ¢(m}"), thus their convex combination is
minorized by another element g/ of the same set. Thus we arrive at the follow-
ing statement: there are some o™ >0, i =1,...,4N?, >, =1, and some
g7 € g(m]") with 7" at the distance at most 1/m from 7™ such that

4N?
VweQ Y afghw) < C+ My/m. (6)
i=1
The rest of the proof is the same as in Lemma 2 [l



3.4 Hoeffding Supermartingale

Here we introduce a specific multivalued supermartingale, or rather a family of
supermartingales, that will be used for our main results.

For technical convenience, our definition of supermartingale S; consists of
two parts: a function G : P(Q2) — 2%, which assigns a set of decisions G(7) C T’
to every m € P(2), and a function f; : I' x Q — R. The values of S; are defined
by the formula:

Si(m) ={g € R? | Iy € G(m)Vw € Qg(w) = fi(y,w)}. (7)

The part G(7) depends on the game (€, T, \) only and does not change from
step to step:

G(m) = argmin ExA(y,-) = {y € I'| V7 € ExA(y,) S EzA(Y, )} (8)
Yy

Lemma 4. Let (Q,T,)\) be a game such that its prediction set A = {g € R? |
Iy € T'Vw € Qg(w) = Mv,w)} is a non-empty compact subset of R and
A +[0,00] is convex. Then the set

Ga={(mg) € P() x A [ 3y € G(m)vw € Qg(w) = A(7,w)}

is closed and for every m € P(Q) the sets G(m) and Ga(m) = {g | (7,9) € Ga}
are non-empty and the sets G () + [0, 00] are conver.

Proof. Since A is non-empty and compact, the minimum of E,g is attained for
every m, and hence G(m) and also G (7) is non-empty.

Assume that g1, g2 € Go(r) € Aand « € [0,1]. Then agi+(1—a)gs > g € A
since A + [0, 0] is convex, and E,g < Ex(agi + (1 — a)g2) = Exg1 = Ergo.
Hence g € Ga(7) and thus G (7) + [0, 00]* is convex.

It remains to show that G, is closed. Let g; € Ga(m;) and (m;, g;) converges
to (m, g); we need to show that g € Ga(w). Indeed, g € A since A is compact
and g; — g. Hence g = A(7,-) for some v € T'. To show that v € G(r), let us
take any 7/ € T and check that E g < E.g’, where ¢’ = \(7/,-). Clearly, E,¢’
converges to Erg’ since m; — 7. Also Er,¢; converges to E;g. Then for any
e > 0 we can find sufficiently large i so that Erg < E,g;+eand E,, ¢’ < E.¢' +e.
We have E;,g; < Er ¢’ since g; € L(m;). These three inequalities imply that
Erg < Erg’ + 2e. Since € is arbitrary, we have E,g < E.¢'. O

Note that for convex bounded compact games the conditions of the lemma
are satisfied by definition. For DTOL, the set A = {g € RIOU"™ | 35 € ApVi €
[0,1] g(w) = p- &} is obviously non-empty and it is compact and convex as a
linear image of simplex Ay.

Now consider a function H : I' x  — R of the form

H(y,w) = e"0@) =2 w)=n*/2 (9)

where parameter 4’ € T" and n > 0.

Lemma 5. Let (2,T,\) be a game, the range of X is included in [0, 1] and G(r)
is defined by @). Then for all v € T, for all n <0, for all m € P(Q), and for
all v € G(m) it holds

E, et =20 0)=n*/2 < 1 |

10



Proof. Since A(v,w) — A(7/,w) € [—1,1] for any 7, 7 and w, the Hoeffding
inequality (see e.g. [3, Lemma A.1]) implies that

E, o020 ) < onBr (A1) =20 ) +n°/2

It remains to note that E;(A(v,-) — A(7/,-)) < 0 by definition of G(r). O

Now we can explain what f; will be used in (@):

K
fe(v,w) = prsHin(v,w), (10)
k=1

where py, > 0 are some weights and H;j, are functions of the form (@) with
some parameters 1. and v, cf. (), @), F), 1), @), and @23). The
sum may be infinite or it can be even an integral over some measure p;(k). As
in the definition of supermartingale, the index ¢t may hide the dependence on a
long sequence of arguments.

Lemma 6. S; defined by ([0), @), and Q) satisfies the conditions of Lemma[Z
if (2, T, ) is a bounded convex compact game with finite Q or the conditions of

Lemmal3d if (Q,T,N) is DTOL, where Si() is taken for q(7) and Zlepm is
taken for C.

Proof. If g € Si(m) then g = fi(v,) for some v € G(w). Thus we have E, g =
iy PekEr Hik (3, ) < 34y P by Lemmall

Clearly, Si(m) C A and A is compact, as remarked after Lemma [l The set
S¢(m) is non-empty since G(7) is non-empty by Lemma [

Let ¢:(g) = Zszl pt7kEwe"f”‘(9_’\(%%"))_77?,’“/2. Note that g € Ga(m) if
and only if ¢(g) € Si(7). Note also that ¢, is a convex (and hence continuous)
function of g. Thus, the graph of S; is closed since G closed and S;(7)+[0, 00
is convex since G (7) + [0, 00]®? is convex.

The condition Sy(m1) = Si(m2) when [wm(dw) = [wms(dw) for DTOL

follows from the equality E;A(¥,d) = E (Y- &) =7 - Exd. O

4 Loss Bounds

In this section, we consider applications of the supermartingale technique to
obtaining the loss bounds in several different settings. Let us begin with a
simple theorem that shows a clean application of the DFA.

Theorem 7. If T is known in advance then the DFA achieves the bound
Ly <min L} + V2T In N
(for DTOL with N actions as well as for PEA with N experts).

Proof. Let n = +/2(In N)/T and

N
fe(y,w) = Z %en(Lt—l—Lll)—fﬂ % eNA(rw)=A(y"w) =0 /2 (11)

n=1

11



At each step ¢, the DFA finds 7; such that fi(v,w) < fi—1(v—1,wi—1) for all
w € . Such a 4 exists due to Lemma [6] combined with Lemma [ for DTOL or
Lemma [2 for PEA. Clearly, fi—1(vi—1,wi—1) = Zivzl +exp(n(Le—1 — LY 4) —
n?/2), and we get that the DFA applied to {f;} guarantees that

N
1 Crny_.2
fi(yr,wr) = Z Nen(LT Lp)-n*/2 < 1,
n=1
Bounding the sum from below by one additive term, we get the bound. O

This bound is twice as large as the best bound obtained in [3] (see their
Theorems 2.2 and 3.7). Our bound is the same as that in Corollary 2.2 in [3].

4.1 Bounds on e-Quantile Regret

The bound in Theorem[flis guaranteed only once, at step T specified in advance.
The next bound is uniform, that is, holds for any 7', and it holds for e-quantile
regret for all € > 0.

Theorem 8. For DTOL with N actions, the DFA achieves the bound

—_

1/e
/ e(Lr=L)n=Tn*/2 dn < -, (12)
0 (1 l) €
7 (g

for any T and any € > 0, where LS. is a value such that at least e-fraction of
actions has the loss after step T not greater than LS.. In particular, (I2) implies
for any § € (0,1/4)

Ly < L%

1 1 1 1
Tln- + iTlng +2Tln1nT+max{4,4001n—} , (13)
€ €

2
.
V2—-9

which can be further reduced to

. 1 1 1
RS < (1+ ﬁ) \/ZTln; +5TInInT + O (mz) . (14)

The bound holds also for PEA; if each of finitely or infinitely many Experts is
assigned some positive weight py,, the sum of all weights being not greater than
1, the DFA achieves (I2)—I4) with LS being a value such that the total weight
of Experts that have the loss after step T' not greater than LS. is at least e.

Proof. We mix all the supermartingales used in (LIl over 5 € [0, 1/¢] according
to the probability measure

dn
2
n (ln %)
We apply the DFA (that is, at each step ¢, find + such that fi(y:,w) <
Ji—1(vi—1,we—1) for all w € Q) to

p(dn) = n€0,1/e].

N 1 1/6 dn n 2 n 2
finw) =3 N/o N e L) 0?2 o @) A ) /2
n=1

n (111 %)2

(15)

12



(for PEA with weighed Experts, the term 1/N is replaced by p,) and achieve
fr(yr,wr) <1 for all T. Bounding the sum from below by the sum of terms
where L < L%, we get

1/e
/ O L NPy (16)
0 o)
n
Let us estimate the integral. Notice that the exponent Rn—Tn?/2 is positive

when 0 < 7 < 2R/T and attains its maximum R?/(2T) at the mid-point of this
interval, n = R/T. Solving the quadratic inequality

Rn—Tn*/2 > (1/2 - 6)R*)T
gives
e [f(1-vm) £ (14 v5)]

(0 < § < 1/2) and so (I6) implies

o(1/2-8)R?/T In(1 4 v26) — In(1 — V26) <1
(In(T/R) — In(1 +v/26))(In(T/R) — In(1 — /26)) ~ €

when (1 + \/%) R/T < 1/e. If the last condition does not hold and hence R is

close to T', one can get from (6] that T" < 4001n(1/¢). Assuming 6 < 1/4, we
can obtain
6(2—6)R2/T < 1 In2 g
evV20 R

For R > 4, we further obtain
9 1 1.1
(2-0)R*/T <In—+ 51115 +2InlnT,
€

which finally leads to (I3]). Substituting 6 = 1/1InT’, we get (I4). O

The bound (I4)) is not optimal asymptotically in T": it grows as O(vT InInT)
as T — oo, instead of O(V/T). The next theorem gives an asymptotically
optimal bound but using a “fake” DFA.

Theorem 9. For DTOL with N actions, there exists a strategy that achieves

the bound
/ 1
Ly < LS +4+24/TIn—-+7vT (17)
€

for any T and any €, where LS is a value such that at least e-fraction of actions
has the loss after step T not greater than L.

The bound holds also for PEA; if each of finitely or infinitely many Experts is
assigned some positive weight py,, the sum of all weights being not greater than
1, the strategy achieves ([I) with LS. being a value such that the total weight of
Experts that have the loss after step T not greater than LS. is at least e.

13



Proof. The algorithm in this theorem is not the DFA and does not use super-
martingales properly: we use values f;(v:,w;) that may increase at some steps
and fi(ye,wi) < fi—1(—1,wi—1) does not hold. Nevertheless, the increases of
ft stay bounded so that it always holds fi(vt,ws) < 1.

Let 1/c=3"7", 12 At step T', our algorithm finds 7 such that fr(yr,w) <
Cr for all w, where

N o]
1 C /T n i T-1(;
,7, _ E E Z_2 / (LT 1—Lp_q)— (/2\/T)Zt:1 (/\/E)
n:l i=1

(VT) M) =207 = (I/VT)*/2 (1g)

and N
Z Z% (i/VT)(Lr—1=Li_)=(i/2VT) T15 (i/VE)

For PEA with weighed experts, it is sufficient to replace 1/N by p, in the
definitions of fr and Crp.

Note that fr has the form (I0]), hence LemmalBlapplies, and due to Lemmal[3]
or Lemma 2 such a 7 exists.

Let us prove by induction over T" that Cp < 1. It is trivial for T' = 0, since
Lo = L{ =0 and Z?Zl = 0. Assume that Cr < 1 and prove that Cpyq < 1.
By the choice of 7, we know that fr(yr,wr) < Cr < 1. Since the function z*
is concave for 0 < a < 1, we have

T
1> (fr(yr,wr)) TV
VT/VT+1
N o
— (Z 1 Z £ (i/VT)(Lr—L3)~(i/2VT) Z%(z‘/ﬁ))
N i2
n=1 i=1
N [e%s) /
1 C i —rry—(i T i \/T/ T+1
> Z < Z > (e( INT)(Lr—L)—(i/2VT) = ( /ﬁ)) — Crar .
n=1 =1

Now it is easy to get the loss bound. Assume that for an e-fraction of
Experts their losses L. are smaller than or equal to L. Then fr(vyr,wr) can
be bounded from below by

- c sz LS Qf z\/
6272 / r=L7)=(i/2VT) =1, (i/V7) |
=1

Further, bounding the infinite sum by one of the terms, we get

(VT Lr—L5)~(i/2vT) ST, (i/vE) < 17

“ec’
Taking the logarithm, using Zthl (1/Vt) < 2¢/T and rearranging the terms,

we get
T 1
Ly < L% + £ (2‘2 +1In = +21ni+1n(1/c)) :
(3 €

14



Letting i = { 1n(1/e)—‘ + 1 and using the estimates ¢ < /In(1/e) +2, 1/i <1,

(Ini)/i <2, (In(1/e€))/i < y/In(1/e€), and In(1/c) = In(7?/6) < 1, we obtain the
final bound. O

Remark 1. For DTOL and for PEA with the finite number of Experts, the
infinite sum over 7 in the proof can be replaced by the sum up to L /In N)—‘ +1.

However, one should keep decreasing weights ¢/i%: for uniform weights the
bound will have an additional term of the form O((Inln N)/In(1/¢)).

Remark 2. Probably, the first bound for e-quantile regret was stated (implic-
itly) in [9). More precisely, that paper considered even more general regret
notion: Theorem 1 in [9] gives a bound for PEA with weighed experts under
the logarithmic loss of the form

N N
Un,
Ly < un L + Uy In —

for any 4 € An; p1,...,pn are weights of Experts. Here p,, are known to the
algorithm in advance, whereas u,, are not known and the bound holds uniformly
for all u,,. Taking u,, = 0 for Experts not from the e-quantile of the best Experts,
and uniform u,, over Experts from the e-quantile, we get the bound in terms of
L. It can be easily checked that the strategy in Theorem [J] also achieves the
following bound:

N N
Ly <Y Ly +2,|T (Zu,ﬁni—") +7VT
n=1 n=1 n

for any @ € Ayx and any 7'. In Theorem [§ one can replace LS by 25:1 U L
and In(1/€) by 22[:1 Up 10wy /pp) as well.

Remark 3. Theorem [9 can be also adapted to discounted regrets of the form
Ly = ZtT:l(l — )T~ X\(yt,w;) for a known «. Then € in the bound is replaced

by o, and LS by L = S7_ (1 — a)T A (47, wy).

4.2 Discussion of the Bounds

For a game with N Experts, the best bound, uniform in T, is given by [3]
Theorem 2.3]:

N
LTgL%—i—\/QTlnN—H/nT. (19)

The bounds ([ and (7)) with e = 1/N are always worse than ({I3). In the
bound (@) the leading coefficient at /T In N is v/2 times as much. In the
bound (I4) the coefficient at +/T'In N is the same, but the other terms are
larger, and even the asymptotics is worse when NV is fixed and T — oo.
However, it appears that the bound (9] cannot be transferred to e-quantile
regret RS = Lp — L. The proof of Theorem 2.3 in [3] heavily relies on tracking
the loss of only one best Expert, and it is unclear whether the existence of several
good (or identical) Experts can be exploited in this proof. The experiments
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reported in [4] show that algorithms with good best Expert bounds may have
rather bad performance when the nominal number of Experts is much greater
than the effective number of Experts.

The first (and the only, as far as we know) bound specifically formulated for
e-quantile regret is proven for the NormalHedge algorithm in [4, Theorem 1]:

1 1612 N [/10.2
LT§LET+\/<1+1nE> (3(1+505)T+6+<§—2+1n]\7>), (20)

which holds uniformly for all § € (0,1/2]. Note that this bound depends on the
effective number of actions 1/e and at the same time on the nominal number
of actions N. The latter dependence is weak, but probably prevents the use of
NormalHedge with infinitely many Experts.

The main advantage of our bounds in Theorems [§ and [ is that they are
perfectly in terms of the effective number of Experts. In a sense, the DFA does
not need to know in advance the number of Experts.

Remark 4. To obtain a precise statement about the unknown number of Ex-
pert, one can consider the setting where Experts may come at some later steps;
the regret to a late Expert is accumulated over the steps after his coming — it is
a simple time selection function (see Subsection [L3]), which switches from 0 to
1 only once. Our algorithms and bounds can be easily adapted for this setting:
we must consider infinitely many Experts almost all of which are inactive; and
then proceed similarly to Theorem [I1]

Both our bounds are worse than ([20]) asymptotically when € and N are fixed

and T — oco. In this case, the regret term in (20) grows as /37 In(1/¢) + 3T,
whereas in (7)) it grows as /4T In(1/€) 4+ 7v/T and in (), the worst bound,
it grows as /57 InIn 7 + 27 In(1/e).

On the other hand, our bounds are better when 7' is relatively small. The
term InIn 7T is small for any reasonable practical application (e.g., InInT < 4 if
T is the age of the universe expressed in microseconds), and then the main term
in (I4) is \/2T In(1/¢), which even fits the optimal bound (I3). Bound (IT)
improves over @0) for 7 < 101n* N.

Now let us say a few words about known algorithms for which an e-quantile
regret bounds were not formulated explicitly, but can easily be obtained.

The Weighted Average Algorithm, which is used to obtain bound ([I9), can
be analysed in a manner different from [3, Theorem 2.3], see [II]. Then one can
obtain the following bound for e-quantile regret:

1 1
Ly <Ly +—VTlhh=+cVT,
& €

where the constant ¢ > 0 is arbitrary but must be fixed in advance. If € is not
known and hence ¢ cannot be adapted to ¢, the leading term is O(v/T In 1),
which is worse than (I7) for small e (that is, if we consider a large effective
number of actions).

For the Aggregating Algorithm [I3] (which can be considered as a special
case of the DFA for a certain supermartingale, as shown in [5]), the bound can
be trivially adapted to e-quantile regret:

Ly <cL% +a,
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where the possible constants ¢ > 1 and a depend on the loss function. However,
in the case of DTOL or arbitrary convex games, the constant c is strictly greater
that 1 and the bound may be much worse than (I4]) and (I7) (when LS. grows
significantly faster than \/T) At the same time, this bound is much better
when LS. =~ 0 (there is at least e fraction of “perfect” Experts ).

For the standard setting with the known number of Experts, other “small
loss” bounds, of the form Ly < L% + O(/L}), were obtained. The authors
of [4] posed an open question whether similar bounds can be obtained if the
(effective) number of actions is not known. We left the question open.

4.3 Internal Regret and Time Selection Functions

It was shown in [5] and in [7] that the loss bounds obtained by the DFA can
be easily transferred to second-guessing experts and sleeping experts models. A
second-guessing expert is a (known) function of Learner’s decision. Informally,
a second-guessing expert explains how Learner could improve (hopefully) his
performance. Sleeping experts (or specialists) introduced in [9] may be inactive
at some steps, abstaining from announcing their decision (a specialist may decide
that the current problem is outside her expertize area). The regret of Learner
to a sleeping expert is counted over the steps when the expert was active.

The models similar to second-guessing experts and sleeping experts were
studied in DTOL as internal (or wide range) regret and time selection (or activa-
tion) functions respectively (see [12] for a review). The internal regret compares
Learner’s loss not to the loss of a fixed action, but to the loss of a modification
rule of the form “Every time Learner selected action n he should have selected
n’ instead” (more formally, all the weight 7, ,, assigned to action n should have
been appended to ;). The wide range regret deals with more general modi-
fication rules which may replace each action by some other action. Note that a
fixed action n is also a modification rule that suggests to use n instead of any
other action.

A time selection function attached to a modification rule assigns a scaling
factor from [0, 1] to each step. The regret of Learner to this rule is a sum of the
regrets at each step weighed by these factors. This weight can be regarded as
a degree of specialist’s certainty: when the rule is known to be inapplicable for
some reason, the weight is zero; and when the rule is partially relevant, the rule
agrees for some partial responsibility only.

As has been recently shown [12], an algorithm achieving in DTOL with
N action some regret bound with respect to N can be transformed into an
algorithm that achieves the same bound with respect to K for K modification
rules with attached time selection functions. This gives the best regret bound
OWVThK).

We show how to extend the results of Theorems [8 and [ to internal regret
and time selection settings. We do not apply the general method of [12], but
directly modify our supermartingales and proofs. Remarkably, we need very
modest changes.

A modification rule is represented by N x N stochastic matrix M: the matrix
elements are non-negative and the sum of every column is 1. The (one-step)
regret of Learner’s decision ¥ € Ay to the modification rule M on the outcome
&G e[0,1)V is ¥-& — (M7)-@, where M7 is the product of matrix M and vector-
column 4. The total regret after step T on the sequence of outcomes &y, s, . . .

17



of Learner predicting 71,72, ... with respect to a modification rule M (¢) with
attached time selection function I(t) is

Rr =Y 1(t)(Fe - & — (M(t)7:) - &)

(Cf. RH,I,f in M)

Remark 5. The definition above reflects a slightly more general notion of a
modification rule, which allows, for example, the rules that mean “instead of n
select at random n’ or n” equiprobably”. Khot and Ponnuswami [I2] do not
discuss such rules explicitly, but it appears that their method works for them
as well (unless we miss some subtlety in the proof).

First let us obtain an analogue of Theorem[@ We formulate the bound with
respect to the effective number of modification rules. It is very probable that
the method of [I2] also transforms a bound in terms of the effective number of
actions into a bound in terms of the effective number of modification rules, but
we did not check.

Theorem 10. In DTOL with N actions, let us have K modifications rules
My(t), each assigning a stochastic N x N matriz to each step t, with attached
time selection functions I (t) assigning a number from [0,1]. (The modification
rule numbered k may arbitrarily change in time and may depend on the whole
history, and so is the time selection function.) There is a strategy that achieves

the bound
1
RS <24/Thh=+7VT
€

for any T and any €, where R is a value such that for at least e-fraction of the
rules the regret RE. of rule k after step T is not less than R.

Proof. The proof is very similar to the proof of theorem [0l The only change in
n =

the algorithm is that in (I8) we replace (A(¥,&) — A(Y3,&)) = 7 - & — wy, by
Ii(t) (7 - @ — (My(t)7) - &) and thus apply the same algorithm with

K o]
1 C 2 /T Rk . Vsl T—1(.
— _ = oW/ VT)Ry = (i/2VT Et:l 1/\/Z
fT('Y,W) = I;—l I 221 o) e( ) ( ) ( )

~

% o(I/VT) (I (T)(F-&—(M(T)7)-@)—(i/VT)* /2 (21)

We need to check that the conditions of Lemma [3] are satisfied. It is enough to
observe that I(T) < 1 and that exp ((z/ﬁ) (I:(T)(7 - & — (My(T)7) -a))) is
convex in 9, then the proof of the Lemma [6] applies without changes. The loss
bound is obtained as in Theorem Ol O

Theorem [§ can be adapted in a similar way. But we formulate another
analogue of the theorem: The bound includes the total number of modification
rules instead of the the effective number of them, but the regret of each rule k
is bounded in terms of the actual activity time (or awake time) Zthl I (t) of
the rule, not the total time 7. We do not know whether bounds referring to
the awake time were explicitly stated anywhere; however, a bound of this kind
can be obtained from bounds that depend on the loss of the rule (or action), as
in [2, Theorem 16] or [I2] Theorem 5].
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Theorem 11. In DTOL with N actions, let us have K modifications rules
My(t), each assigning a stochastic N x N matriz to each step t, with attached
time selection functions Iy (t) assigning a number from [0,1]. The DFA achieves
the bound

)

1/e
/ eﬁRg—Tk(T)UzﬂdinQ <K
IR

where Ty, (T) = 23:1 I (t), for any T and k = 1,..., K. In particular, the above
bound implies for any 6 € (0,1/4)

2 1 1 1

+ max {4,400In K} |

which can be further reduced to

R;g( T )\/QTk YIn K + 5T (T) Inln T3(T) + O (In K) .
n k

Proof. We change the supermartingale used for Theorem [§ similarly to the
proof of Theorem [0l Namely, we apply the DFA to the supermartingale

K .

E /1/ dineanflka(tfl)nz/Z
2

k=1 0 9 (111 %)

Note that in contrast to the proof of Theorem [I0, Ij(¢) appears also in the

% Mk (T)(F@—(M(T)7)-@)—(nli(t)?/2 (22)

“Hoeffding correction term” e~ /2. The rest of the proof does not change
much. To get the loss bound we observe that ZtT:1(Ik (t))? < Ty(T) since
Ii(t) € [0,1]. O

4.4 A Toy Example of a Multiobjective Bound

In this subsection, we discuss bounds with respect to two loss functions. In [7],
we showed how to cope with several mixable loss functions. Here we combine
a mixable loss function (the square loss) with a non-mixable one (the absolute
loss).

Let us describe an informal prediction setting where such a combination of
loss functions can make sense. We want to predict the probability of rain. We
have two groups of Experts. The first group consists of Metoffices that give the
probability and evaluate the result according to the Brier (square) loss function.
The second group is Simpletons, they give a boolean (‘rain’/‘no rain’) prediction
and count the number of errors (the simple prediction game). We must provide
a pair, a probability and a boolean prediction, and the two components of our
prediction must agree in the following sense: if we give probability of rain more
than one half, we must predict ‘rain’; if we give probability of rain less than
one half, we must predict ‘no rain’; only if we give the probability 1/2, we
may choose the boolean prediction arbitrary (so we can randomize here). In
the theorem below we bound both Learner’s Brier loss and Learner’s expected
(over the internal randomizer) number of errors.
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Theorem 12. Assume that we are given K Experts that give predictions p* €
[0,1] and M FEzperts that give predictions b™ € {0,1}. Learner is allowed to
give predictions (p,p) € [0,1] x [0,1], with the following restriction: if p < 1/2
then p =0 and if p > 1/2 then p = 1. Then there exists a strategy for Learner

guaranteeing for any sequence of outcomes wy,ws, . .. that for any T and for any
k it holds
T T 1
- w —w —In(K+M
;(Pt t) ; t) 2 ( )

and for any T and for any m it holds

T T
S 15— wel < S B # w] + O(VTIa(K + M) + TlnlnT),
= t=1

where [b]" # wy] = 1 if b* # wy and b # wi] = 0 otherwise.

Proof. Let A ={(p,p) €[0,1)*|p=0ifp<1/2andp=1ifp>1/2and } =

{(p,0)[pe[0,1/2)} U{(1/2,p) | p€[0,1]} U{(p,1) [ p € (1/2,1]}. We apply
the DFA to supermatingale St on = {0, 1} defined by (@) with

Fr(p frw) = — 262& (=) = —w1)?) 5, 2((p=)? —(Ph—t)?)
) ) +M

K
/ D S (e =7 ) = 2 o gl ~[bF )= /2

(23)

and G(m) = {(p,p) € A | p = w(1)}. To ensure that Sr is a supermartingale,
we need to check that Ex (|p — w| — [b # w]) < 0 if (7(1),p) € G(r). Then we
can refer to Lemma [0 and [5, Lemma 2].

Indeed, E(|p — w| — [bF #w]) = 7(1)(1 —p— (1 — b)) + «(0)(p — b)

T
(r(0) — 7(1))(p — b). If w(1) > 1/2 then 7(0) < 1/2 and j = 1 > b
m(1) < 1/2 then w(0) > 1/2 and p = 0 < . If (1) = 1/2 then 7(0) = 1/2.
Obviously, in all the cases (7(0) — 7(1))(p — b) <0

The bound follows in the usual way (cf. Theorem [J]). O

Remark 6. Let us discuss how to find the numbers p and p such that fr(p,p,0) <
1 and fr(p,p,1) < 1. Consider x € [0,2] and two functions

x, if x < 1/2,
plx) =4 1/2,if z € [1/2,3/2],
x—1,if x> 3/2,

and
p(z) = min{l, max{xz — 1/2,0}}.

Clearly, p(z) and p(z) are continuous functions of . Let

Q(SC,CU) = fT(p(l'),I;(SC),w) —1.
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It is obvious that if g(xp,0) < 0 and g(xg,1) < 0 then we can take p(z¢) and
p(xo) as p and p we are looking for. The supermartingale property of St and
the definition of S imply that

p(x)g(z,1) + (1 — p(x))g(x,0) <0.

Substituting « = 0, we get ¢(0,0) < 0. Substituting = 2, we get ¢g(2,1) < 0.
If g(0,1) < 0 or ¢g(2,0) < 0, we can take zyp = 0 or xg = 2 respectively.
Otherwise, consider the function ¢(z) = g(z,1) — g(x,0). It is continuous,
#(0) > 0 and ¢(2) < 0, hence there exists xy such that ¢(xg) = 0. Clearly,
9(@0,0) = g(x0,1) < 0.
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