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1 Introduction

Let G be a finitely generated torsion-free metabelian group with finite commutator
quotient. Then G is a Bieberbach group, that is, G is a torsion-free group containing
a normal, maximal abelian subgroup V of finite rank and index. The subgroup V'
and the quotient G/V are known as the translation subgroup and the point-group
(or holonomy group) of G, respectively. It is well known that the finiteness of the
commutator quotient of G is equivalent to the triviality of the centre of G [6]. In
Theorem A. of [3], we showed that every Bieberbach group with finite commutator
quotient and point-group isomorphic to Cpn X Cpm contains a subgroup isomorphic to
a torsion-free quotient of

K", p™) = (a,b| (aP" )L™ ) (pp™)Hrma) [[a,b],a”"] . [[a,b],0""] , metabelian),
where t(s,2) = .7 2’ and the presentation is written relative to the variety of
metabelian groups. Furthermore, we showed that K(p™,p™) is itself a Bieberbach
group of dimension p"*™ — 1, with point-group Cpn x Cpm and commutator quotient
Cpn+m X Cpn+m.

In [5], Gupta and Sidki study the existence of torsion-free metabelian groups with a
finite elementary abelian p-group as commutator quotient. In particular, they showed
that K (p,p) has no proper torsion-free quotients and proved the following theorem.

Theorem 2 of [5] Let G be a metabelian group such that G/G' is a finite p-group for
some prime p. Suppose furthermore that H is a subgroup of G such that G = G'H.
Then H = G'N H.

They applied the Theorem above and the fact that K (p, p) has no proper torsion-
free quotients to show that a finitely generated torsion-free metabelian group can not
have commutator quotient isomorphic to C, x C,, p prime [5]. On working with the
torsion-free quotients of K (p",p™), we are able to investigate the possibilities for a
2-generated abelian p-group to be the commutator quotient of a finitely generated



torsion-free metabelian group. In Section 2 we introduce the tools in order to study
such quotients. In Section 3, considering the quotients of K (p,p™), we prove

Theorem A. There exists a finitely generated torsion-free metabelian group G with
commutator quotient isomorphic to Cyn X Cpm if and only if n,m > 2.

In Section 4 we describe the calculations to obtain the torsion-free quotients of
K (p,p?). Furthermore, we present the results obtained in [4] for the groups K(2,8)
and K (4,4). Using the list of torsion-free quotients of K(4,4) we obtain

Theorem B. Let G be a finitely generated, torsion-free metabelian group, with com-
mutator quotient isomorphic to Cy x Cy. Then G is isomorphic to

K(2,2) = (a,b]| (a®)", (6)"", [[a,b],a?] , [[a, ], b%] , metabelian)

the fundamental group of the Hantzsche- Wendt manifold.

2 The group K(p", p™)
We recall the notation introduced in [3]. Let
F, = (x1,...,x,|metabelian)

denote the free group of rank n in the variety of metabelian groups. A finitely gener-
ated metabelian group G is presented as

G = (xy,...,2,|R1, Ry, ..., Ry, metabelian) = F,,/(Ry, Ry, ..., Rs)™.
We define the following polynomials, for s € N:

ts,2)=1+z+...+z°*

dlz)=2—-1
(s, ) = (t(s,x) — s)/d(x) = S0 t(i,x) = S22 (s — i — 1)a.
If g,24,...,x, are elements of a group G, and s4,...,s, € Z, then we write

s1x1+s2x2+...+Snxn

9

for the element (g*)* (g®2)*2 ... (g**)*".

Whenever it is convenient, we will write additively in abelian subgroups of G.
When the commutator subgroup G’ of G is abelian, using the module notation, we
write

[z, 23] = |21, 22].1(s, 22).

Counsider then

K", p") = <a,b | (apn)t(pm’b), (bpm)t(pn’“), [[a,b],a”n] , [[a, b, bpm} , metabelz'an>.



We recall that the group G = K (p", p™) is a Bieberbach group of dimension p™*™ —1,
with point-group isomorphic to Cpn x Cpm and commutator quotient Cyntm X Cyntm.
The commutator subgroup G’ of G is free abelian of rank p"*™ — 1, and if we denote
the commutator [a, b] by ¢ and the action of a and b on G’ by A and B, respectively,
it follows that G’ is freely generated by the set

Furthermore V = (a?", """ G') is the translation subgroup of G.

)
Lemma 2.1 Let M be the Q[$]-module defined as M = Q®V. Then M decomposes
as a direct sum of
pt—1
p—1

(m—n)p" +(p+1)
wrreducible, non-isomorphic submodules.

Proof. 1t is clear that as @[g] module, M is cyclic and it is generated by c¢. And since
for s > 1, we have gcd(d(x),t(p®,x)) = 1, we are able to write

M = M, & M ® Mz @© My,

where
M, = M.d(A)d(B), M2 M.t(p”, A)d(B)
Mz = M.d(A)t(p™, B), My= M.t(p", A)t(p™, B).
Furthermore we have M.t(p", A)d(A) = t( ,B)d(B) = 0. Thus the submodule

M, is central G and is theref_ore trivial. When s > 2, the polynomial ¢(p®, z) can be
factored as t(p*~%, z)t(p’, 2P" '), for 1 < i < s — 1. Thus we can write

)7

where all the terms are irreducible over Q. Let U; be the companion matrix of the

polynomial ¢(p, ') and Id be the identity matrix. Since M is generated by ¢, we
are able to find a basis for My such that [A] = Id and

t(p®, x) = t(p, x)t(p, 2°)t(p, xp2) A(p,a?

Ui
Us

Un
Similarly, there exists a basis of M; such that [B] = Id and

Ui
Us



Therefore M, and M3z decompose as

M2 = @MZJ and M3 = @ng,
j=1

Jj=1

where the submodules M; and Mj; have dimension p’~*(p —1). The actions of a and
b on these submodules are given by the matrices above.

On M, we have that A and B have t(p", z) and ¢(p™, x) as minimal polynomials,
respectively. If we extend the field of rationals Q by B, we obtain the algebra

=)
S
=

I’
=)
S
=

I’

D D).

Now we can verify in a straightforward manner that these submodules decompose
as direct sum of irredutible submodules. Furthermore, it should be clear that they
are all non-isomorphic. And it follows from Proposition 2.6 de [7], that describes the
structure of the algebra Q[<], that the number of irreducible submodules of M is
equal to the number of non-trivial cyclic subgroups of Cp» x Cpm. By induction on
(m +n), we can show that Cpn x Cpm has

n pn —1
— 1
(m —n)p" + (p+ )p_1
non-trivial cyclic subgroups, and the result follows. [ ]
Notice that we have (b?")*® = [B*" b] = ¢ = [a"",a] = (a?")¥?. Now, since

ker(d(B)) = Mj and ker(d(A)) = Ms, we have
¥ e My and o € M,.

Lemma 2.2 Let G be a Bieberbach group with translation subgroup V. Furthermore
let N1, Ny < G, such that G/Ny and G /Ny are both torsion-free. If Q @ (N;N'V) C
Q X (NQ N V), then N1 S NQ.

Proof. We denote Q ® (N;NV') by R;. Since G/N; and G /N, are torsion-free, NyNV
and Ny NV are both pure submodules of V' and

NNV =R NVCRNV=NnNV.

Let [G: V] =n. If x; € Ny, then 27 € NNV C NNV, Since G/N, is torsion-free
and =] € N, , we must have z; € Ny and Ny < Ns. [



We describe now the method we use to compute the torsion-free quotients of
K(p™, p™). Let N be a non-trivial normal subgroup of K(p",p™). Then the module
R=Q® (NNYV)is a non-trivial submodule of M. Since M is direct sum of

pr—1

p—1 =k

(m—n)p" + (p+1)

irreducible, non-isomorphic submodules, it follows from the Krull-Schmidt Theorem
that R is equal to the sum of some of them. Thus we have 2¥ — 1 cases for R to study
(we exclude the trivial one).

Suppose that for a certain possibility for R, we find N < K(p",p™) and = €
K(p™,p™), such that R = Q® (NNV) and =z ¢ N, but with z° € N, s > 2.
Then K (p",p™)/N is not torsion-free but we can define N as the normal closure on
K(p™,p™) of the subgroup (N,z) and repeat the analysis with the subgroup N. It
is clear that we might have R = Q ® (N N V) different of R. Also, if x is one of
the generators of K (p",p™), then the group K(p",p™)/N is cyclic and finite. For
instance, we have seen that a?" € M, and V" € Ms. Therefore, neither M, nor Ms
can be contained in R, in order to obtain a torsion-free quotient. We should look
for powers of the generators to eliminate some possibilities for R. Furthermore, it
follows from Lemma 2.2 that for any possibility for R being analised, there will be at
most one possible N < K(p™,p™), such that Q ® (N NV) = R and K(p",p™)/N is
torsion-free.

If we denote by A, ,, ., the set of representatives of isomorphism types of torsion-
free quotients of K (p",p™), we can turn A, ,, ,, into a partially ordered set if we define

for any Q1,Q2 € Apnim,

Q1> Q<IN IQ; st %gQ}

Using this method, we compute in Section 4 the list of torsion-free quotients for the
groups K(p,p?), K(2,8) and K (4,4), presenting the lattice of A, for the last two
cases. In Section 3 we use the torsion-free quotients of K (p, p™) in order to obtain some
general properties of torsion-free metabelian groups with finite commutator quotient.
The problem of extending this method to the general case is due to the exponential

growth of the possibilities of the K (p",p™)-module R =Q & (NNV).

3 Quotients of K(p,p™)

As in the previous Section, let V' be the translation subgroup of K (p,p™) and U
be the companion matrix of the polynomial ¢(p, xpjfl). We have seen in Lemma 2.1
that M = Q ® V decomposes as a direct sum of mp + 1 irreducible, non-isomorphic

submodules
p—1 m

M:@@Mlji M2j®M3u
=1

i=1 j=1



where Mj;, has dimension p/~!(p — 1), with [A] = U;pj_l and [B] = U;. M,; has
dimension p’~!(p — 1), with [A] = Id and [B] = U;, and M3 has dimension p — 1,
where [A] = U, and [B] = Id.

Lemma 3.1 Following the terminology above, we have that
(ab")"" € My,
for1<i<p—1andk+i=p", and
(@b V" € My @ ... ® My 1) ® My,
for1<i<p—1,2<j<mandk+i=pn i+l

Proof. We will show that ((ab*)?")@*") = ¢ if k +r = p™. Since both (ab*)?" and
WP are contained in V, they must commute. Thus (ab®)?" commutes with

W (b))t =" e = e
and we have
(™) = e
We can conjugate the above expression by a, and we obtain
(@)™ = e

it k+r=pm
Now let r = ip?~!, where 1 < i < p— 1. By the decomposition we obtained for M,
we have

ker(A — Bipjil) = M21 EB Ce @ Mg(jfl) ED Mlji

when 2 < 57 < m, and
ker(A - Bl) = Mlli

when 7 = 1. In fact, A acts as B® ™" on M,;, and as Id on My, 1 < s < m.
Furthermore, B acts as the companion matrix of ¢(p, xpsfl) on Ms,. Therefore, for
1<s<j—1, B~ also acts as Id.
Thus we have
(ab*)P" € ker(A — BY) = My,

for1l1<i<p-—1andk+17=p™, and
(@b )" € ker(A— BP ) = My @ ... ® Myg;_1y ® My,

for1<i<p—1,2<j<mandk+i=pmIt. -

Remark : Notice that from the factorization of the polynomial ¢(p®, x) as

t<ps7 l’) = t(ps_i7 x)t<pi7 xp5*1)7

we can conclude that the group K (p™,p™) has a torsion-free quotient isomorphic to
K", p™), forany 1 <n' <nand 1 <m' <m.



Proposition 3.2 For any 2 < i,7 < m+ 1, the group K(p,p™) has a torsion-free
quotient with commutator quotient isomorphic to Cpi x Cp.

Proof. We use induction on m. If m = 1, then ¢ = j = 2 and the Proposition is true,
since K (p,p) itself has commutator quotient isomorphic to Cp2 x Cipe.

Let m > 2. Since K (p, p™) has a torsion-free quotient isomorphic to K (p, p™ 1), by
induction we have that K (p, p™) has a torsion-free quotient with commutator quotient
isomorphic to C)i x €, for all 2 < 4,5 < m. Because the commutator quotient of
K (p,p™) is isomorphic to Cpym+1 X Cpym+1, we have only to find N, < K (p, p™), such that
K(p,p™)/Nj is torsion-free with commutator quotient Cpr x Cymi1, for 2 < k < m.

For 2 < k < m, let Ny be the normal closure on K (p, p™) of the subgroup generated
by

m+1—k

(ap)t(p’“’Hb” ).

It is clear that N is contained in the translation subgroup V' of K(p,p™), and
K(p,p™)/Ny, has commutator quotient Cpe X Cpm+1. Then it remains to show that
K(p,p™)/Ny is torsion-free.

We have seen that a? € M, and that B acts as the companion matrix of t(p, 27" )
on Ms;. Since t(p*~1, b”mﬂ_k) can be factored as

P =, ) L, 0 ), ),

we have .
m—+1—
ker(t(p"™', B”"" ")) = Magmia—) ® - .. ® Mo,

m+1—k

and the element (ap)t(l”k*l’bp ) is contained in My, @ Moy @ ... D Mo(mi1-k), with
non-trivial components in all these submodules. Therefore

Q@ Np =M @ My ® ... D Mopnp1-p)

and N, has rank ZZ'Z)’“ pip—1) = pmti=k 1,
Then consider

m+1—k m+1—k m+1—k)pk—171

(aP) @) = gp(a)¥ - (a?)"
= prla? + ct(p, A)t(p™ ok, Bt BT
=P fe (4. ..+ A D1+ ..+ BT (R = 1)+
+o (BT,

It is clear that the set

m+1—k .

{(ap>t(pk71,bp )bz7 0 S Z S pm-i-l—k: . 2}

is a basis of Ny. Therefore the elements of NV, can be expresssed as

TR £ )

)

(ap)t(p’“‘l,bp



where f(b) € Z[b], of degree at most p™*'=% — 2. If we compute the Smith Normal
Form for the matrix of generators of V/Nj, we can verify in a straightforward manner
that V/Nj is torsion-free. We illustrate these calculations with the group K(2,8) and
with ]\Cg being the normal closure on K (2, 8) of the subgroup generated by (a2)t(2’b4) =
(a2)1+t"

The subgroup Ns is abelian of rank 3, with free generators

(a2)1+b4’ (a2)b+b5’ (a2)b2+b6‘

If we write the elements above in terms of the basis of V', and construct the matrix
of generators of V/Ny, we get

201111111100¢0¢O0F®0
202211111111000
202222111111 110

Notice that the last non-zero entry in the last row is equal to 1, and is contained in a
column that has all other entries equal to zero. Therefore we can perform elementary
column operations and obtain a new matrix, whose last row has only one non-zero
entry, which is equal to 1, with all the other rows remaining unchanged. Then we can
repeat this procedure with the other rows, until we reach a matrix, equivalent to the
above, of the form

10000O0O0O0OO0OO0OOO0OOO0O0
01 0000O0OO0OO0OO0OO0OOGO0OO0O0
0010O00O0OO0OO0OO0OO0OO®O0OO0®O0

Thus V/N, is torsion-free. The general case is similar to the above, with the rows
of the matrix of generators of V/Ny presenting the same characteristics as of the one
above, which allows us in the same manner to conclude that V/Ny is torsion-free.
Therefore, to show that K (p,p™)/Ny is torsion-free, it remains to show that there
exists no g € K(p,p™)\V, such that ¢g*" € Nj.

We should recall that the elements p™a? and pb?" are contained in the commutator
subgroup of K (p,p™), and therefore these can be expressed in terms of the basis of
K(p,p™). Indeed, we have p™aP = —c.t(p, A)l(p™, B) and pb*" = c.t(p™, B)l(p, A),
and we can write

CAPTIBPT T2 — P — e (t(p, A)l(p™, B) — APTIBP"2)

and
c APT2BPT T — " — e (t(p™, B)l(p, A) — APTZBPT Y,

Every g € K(p,p™) can be written as g = a'b’v, where 0 < i <p—1,0<j<p™—1
and v € V. Then

" = (a'biv)P"
p"—1

=il U = ct(G, Bt A) 3tk AVBE v (pr, ABY)
=1
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and we should verify if the equation

a0 — (i, B, A) Y 1k, ANB 4 v.t(p", AUB) =
k=1
= pF1(a?)!® + c.t(p, A)t(p™ 7k, B)I(p" Y, B f(B)

m+1—Fk

has non-trivial solutions. Since f(b) has degree at most p — 2, the term in

_ m+1—k m
(aP)te b )/(®) with the highest sum of exponents would be c.AP~!BP" =3 and
therefore the term b”" will not appear in the expression

P (@) O+ ct(p, Atpm R B, BT £(B).

Then p must divide j, since if the term b”" appears in the expression
p"—1
—ct(j, B)t(i, A) Y t(k, A)B* +vt(p™, A'BY),

k=1

its coefficient would be a multiple of p. Therefore g = a’t’Pv and

pmfl_l
gpm—l _ ipmfzap—l—j/bpm —c.t(j/p, B)t(l,A) Z t(k’Ai)Bj/kp_i_U_t(pmfl?AiBj/p> c V.
k=1

We can repeat the argument above m times and conclude that p™ divides j. Then
g = a"', with v € V, and ¢? € V. Thus the equation can be written for ¢? as

g" = id? + ' t(p, AV) = p* (@) + et (p, At(pmE B)GEY, BT F(B),

and using the same argument, now with a”, we finally conclude that p divides ¢ and
thus arrive at g € V. Thus K (p, p™)/Ny is torsion-free, of dimension

T’k(V) _ Tk(Nk) — perl — 1= (perlfk _ 1) — pm+1 _pm+1flc _ pm+1fk(pk . 1)'

The quotient K (p,p™)/Ny has also point-group isomorphic to C, x Cym, since it is
not isomorphic to a quotient of K (p,p™1). [

Remark : We have seen that the group K (p", p™) has a torsion-free quotient isomor-
phic to K (p™,p™), for any 1 <n’ <n and 1 <m’ < m. In particular, when working
with the group K (p, p™), we have that if N, is the normal closure on K (p, p™) of the
subgroup

<<ap)t(pm/,b)7 (bpm/)t(]?,a)’ [c, bpm/]%
then K (p,p™) /Ny = K(p,p™). In this case, for 1 <m’ < m — 1, we have

p—1 m m

Ry =Q@(NwnV)= P M, § My

i=1 j=m/+1 j=m/+1
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Proposition 3.3 The group K(p,p™) has no torsion-free quotient with commutator
quotient isomorphic to C, X Cym.

Proof. Let V' be the translation subgroup of K (p,p™), M be the module Q®V and N
be a non-trivial normal subgroup of K(p,p™). Then R = Q® (N NV) is a non-trivial
submodule of M, and it should be the sum of some of the mp+ 1 submodules obtained
in the decomposition of M. Suppose that K(p,p™)/N is torsion-free. It follows from
Lemma 3.1 that M3, My, € R. We divide the possibilities for R in 2 cases.

First suppose that Ms; € R. Then it follows from Lemma 2.2 and the previous
remark that K(p,p™)/N has a torsion-free quotient isomorphic to K(p,p). Since
K (p,p) has commutator quotient isomophic to Cp2 x Cpe, it is clear that K(p,p™)/N
can not have commutator quotient isomorphic to C), x Cpym.

Suppose now that My C R. If m = 1, then K(p,p™)/N is not torsion-free, since
a? € Ms;. Consider then m > 2. We ask which of the submodules Mo, , My, are
contained in R. It follows from Lemma 3.1 that M;s, can not be contained in R, since
(ab*P)P" € My @ M, for 1 <i < p—1and k+i=p™ L If My C R, we repeat
this analisys, this time with the submodules M;s,, M3, and so on. Since a? € M,
there exists 2 < s < m, such that My, @ ... ® My,_1) € R, and M, My, € R, for
1<:<p—1.

Now we apply Proposition 3.2 to the group K (p, p®). If Ny is the normal closure on
K (p, p®) of the subgroup generated by (ap)t(p7bps 1), then H = K (p, p®)/N, is torsion-
free and has commutator quotient isomorphic to Cp2 x Cps+1. However it follows again
from Lemma 2.2 and the previous remark that K (p, p™)/N has a torsion-free quotient
isomorphic to H, and therefore can not have commutator quotient C, x Cpym. [ ]

We are now able to prove Theorem A.

Theorem A. There exists a finitely generated torsion-free metabelian group G with
commutator quotient isomorphic to Cyn X Cym if and only if n,m > 2.

Proof. By the result of Proposition 3.2, it remains to show that there is no finitely
generated, torsion-free metabelian group with commutator quotient isomorphic to
Cp x Cpm, for m > 1. Suppose that there exists a metabelian group of this type. If
x,y € G are the generators of G modulo G’ and H = (x,y), then it follows from
Theorem 2 of [5] that H is a 2-generated, metabelian Bieberbach group, with

H Y G ~Y

E p— a — CP X Cp'm.
Furthermore, if we denote by V} the translation subgroup of H, we have that H' < Vy,
and Theorem A. of [3] tells us that H is isomorphic to a torsion-free quotient of
K(p,p™). However, it follows from the previous Proposition that K (p, p™) does not
have a torsion-free quotient of this type, and we reach a contradiction. [ ]
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We now compute the torsion-free quotients for some other groups K (p", p™), using
the method described in Section 2. We illustrate this method with the calculations
for K(p,p*). In [4], one can find the calculations for K(2,8) and K (4,4).

4 Torsion-free quotients of K(p,p?)

Let

2

K(p,p?) = <a, b (ap)t(zo"’,b)7 7)1 P [[a,b], "], [[a, b], bPQ} , metabelian> :

The group K(p,p?) is a Bieberbach group of dimension p® — 1, with point-group
isomorphic to €}, x €,z and commutator quotient isomorphic to Cps x Cps. Let V
denote once more the translation subgroup of G = K(p,p?) and ¢ = [a,b]. It follows
from Section 2 that the module M = Q®V decomposes as a sum of 2p+ 1 irreducible,
non-isomorphic submodules

p—1 2 2
M = @@Mlji@MQjeaM&
i=1 j=1 j=1

where Myy,, My, M;3 have dimension p — 1 and Mis,, My have dimension p(p — 1).
The actions of a and b on these submodules were described in the previous Section.

We have that b € M and a? € M,. Furthermore, (a?)'®") € My, and (a?)'®?) e
My, and both are non trivial. It follows from Lemma 3.1 that

(ab* )" € My,
for1<i<p—1and k+1i=p? and
(abkp)pQ € My @ Mo,
for 1 <i<p-—1andk+1¢=p. For the last case, we have
(@Yo = (@) 4 kgt — c(kp, B) S 16, AY(B)t(p, B)
= (a?)!®P") 4 fepb?’ -

p—1 }
—c.(14+ B + ...+ B** " D)t(p, B)t(p, BY) 3 t(i, A)(B™)’
=1

= (a?)!®¥) 4 kpb?” — ket(p?, B)l(p, A)
= (aP)!P¥) € My,

and 0 # ((ab?)P)!Pb) ¢ My, .
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Lemma 4.1 For1 <i<p—1, we have (bp)t(wi) € My ® My, , where ik = 1mod p.

Proof. On writing additively, we have

—_

() ®) = 0" — ct(p, B)i(i, A) Y t(j, A)Br#~).
1

<.
Il

If we show that (bf”)t(p’“i)(“’l)(“’bkp) = 0, then (W¥)'®9) € My & My & M, would
follow. First we calculate

(b)) = (") = ct(p, B)(A' — 1) 3oy (j, A B

= —ct(p?, B) — ct(p, B) Y1 1(A” 1)Brlr=1-9)

= —ct(p?, B) + c.t(p, B)t(p, B?) — c.t(p, B) Y1~y AU Br(r=1-9)
= —¢. t(p ) Z?:é AUBP(P_l_]‘).

Now we write s =p —1 — j. Then

(bP)HPa)(a=D)@=b"")  — _ ¢ ¢(p B)(A — B*P) S L pii gp(p—1-3)
:—ct(pB)Zp 1Azpls+prs_|_
+c.t(p, )ZQA@P 1=9) pp(s+k),

and after reordering the terms of c.t(p, B) Y_P_) AMP=1%) Br(+h) e have

c.t(p, B) S P—) Ailp—1=9) ppls+h) —ct( B) Y7} Aip—1-9) gristh)
ct(p, B) Y P~ 1Az(p 1-s+k) gps
( ) Zp 1 A'L p—1— s)+1Bps

since ik = 1mod p. Thus (bP)HPa)e=D(@=b") — ( and
(bp)t(p’ai) € My © Moz © My,

To prove that (b)/P9) € My, @ My, , it is enough to show that (b?)/@e)t®t") — (.
Then

()N =l — c.(p, B, BN, A) S 1(, A B

= pb” — c.t(p?, B)t(i, A) Y07, (J,A’)
= pb?” — c.t(p?, B)t(i, A)l (p, AZ)

Now we have
cl(p, AN(A" = 1) = c.(t(p, A") — p) = c.(t(p, A) — p) = c.d(A)l(p, A)

and therefore '
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and c.l(p, A)t(i, A) — c.l(p, A) € M,. Thus
cl(p, ANt(i, A) = cl(p, A) +mo,
where my € M,. However, since my.t(p?, B) = 0, we have

(bp)t(pvai)t(nbp) = pb?’ — c.t(p?, B)t(i, A)l(p, A"
— b — ety B)i(p, A) = 0,

and therefore, for 1 <i < p—1, we have (b”)t(p’“i) € My @ My, , where ik = 1mod p.
Furthermore, we can easily verify that the components of it in both submodules are
non-trivial. [ ]

2P—2

Proposition 4.2 The group K (p, p*) has T+2 proper, non-isomorphic torsion-free

quotients.

Proof. Let N < G = K(p,p?). Then R =Q ® (N NV) is sum of some of the 2p + 1
submodules obtained in the decomposition of M. Therefore we have 227! —1 cases to
study (we exclude the trivial case). It follows from Lemma 2.2 that for any possibility
for R being studied, there will be at most one possible N < K(p,p?), such that
Q® (NNV)=Rand K(p,p*)/N is torsion-free.

Since b € M3 and (abk)p2 € Mj,,, where k + i = p?, we have that Ms, My,, € R.
Thus we have 2P — 1 cases to study. If My, C R, it follows from Lemma 3.1 that no
other submodule of M can be contained in R.

Let N = ((a?)"®¥"))C Tt is clear that Q ® N = My,. Now, in Proposition 3.2 in
showed that

G
2= (b | (@), )0, [[a,b), 0], |[a,6) 6| metabelian )
is a Bieberbach group of dimension p* —1 —p+1 = p3 — p, point-group isomorphic to
C, x Cp2 and commutator quotient Cp2 X C,s. Notice that this group has no proper
torsion-free quotients. We denote it by T},.

Now R can be equal to the sum of any of the submodules M;s; and M. Thus
we have 2P — 1 cases to study. Once we find N <V, such that Q ® N = R and %
is torsion-free, that must be enough, since it follows from Lemma 2.2 and the remark
before Proposition 3.3 that the group % will have a quotient isomorphic to K (p, p),
with the kernel of the epimorphism contained in JKV

Let R be equal to one of these submodules, for instance Myy. If N = ((aP)!P))&
then Q ® N = My, and if we compute the Smith Normal Form for the matrix of
generators of %, we can show in a similar manner to the proof of Proposition 3.2, that
% is torsion-free. Thus

% o <a, b| (aP)! @D (PP [[q.8],a”], [[a, b] ,b”Z} , metabelian>
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is a Bieberbach group of dimension p*> —1—p?+p = (p>+1)(p—1). It also has point-
group isomorphic to C, x C,2 and commutator quotient isomorphic to Cp2 x Cps.
All the remaining cases for R being equal to one of the submodules Mia,, Mao is
isomophic to the group above, by the isomorphism induced by the automorphism of
K (p,p?) given by a +— ab?, b+ b; see [3]. We denote this group by Tj.

Now suppose R is sum of two of the submodules My, M. If p = 2, then
% >~ K(2,2). If p is odd, then we have (g) possibilities in this case, but using once
more the isomorphism defined above, we can suppose that My, C R and we have
i(é’) = ;%1 cases to study. We have seen that

(bp)t(p’ai) € My © Mo, ,

where ik = 1mod p. Let Nj, = ((a?)1®) (pP)1aG for 1 < k < E=L We can show
again that is torsion-free, since Ny is a pure submodule of V. And because = has
a quotient 1somorphlc to K(p,p), with the kernel contained in }]/ , we have that

G o = (a,b | (@)@, (7)1, ()0, [[a,8] o], [[a.8] 07| , metabetian)
Ny

is a Bieberbach group of dimension p* — 1 — 2(p? — p), point group isomorphic to
Cp X Cp2 and commutator quotient C2 X Cp2. There are P~ L groups and applying the
Theorem 2.2, Chapter III of [2], we can show that they are all non-isomorphic, since
there is not a semi-linear homomorphism (f, o) between their translation subgroups,
such that f(m A'B?) = f(m).c(A"B?). We denote these groups by Ta1, Tha, - - ., Thi,,
where 79 = ]’T.

If R is equal to sum of n submodules, 3 < n < p—1, then using the automorphism
defined above, we can suppose that Ms; C R and there are %(2 ) = i, non-isomorphic
torsion-free quotients (using again Theorem 2.2, Chapter III of [2]), defined as follow-
ing :

For each n, we obtain Ry, 1 < k <1,, and define N, = VN Ry. Then N; is a pure
submodule of V' and le is torsion-free, Since N% has quotient isomophic to K (p,p),

with kernel contained in we have that N% is a Bieberbach group, of dimension

v
N
p? — 1 —n(p* —p). l—*‘urthkelrmore7 G/ K}, has point-group isomorphic to C, x Cp
(otherwise it would be isomorphic to K(p,p)) and commutator quotient isomorphic
to Cp2 X C)2. Indeed, they are all quotients of some of the 7T5; defined above and have
K (p,p) as quotient. And of course these groups have commutator quotient isomophic

to Cp2 x C2. For each n, we have i,, = %(2) quotients, that we denote by 15,1, ..., Ty, .

And finally, if R is sum of p submodules Moy, M;s;, we have % isomorphic to
K(p,p). Thus we have a total of % +2 proper, non-isomorphic quotients of K (p, p?).
Notice that Ty, and K (p,p) are the only ones that have no proper torsion-free quo-

tient. [ ]
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In particular, when p = 2, the group K(2,4) has 3 proper, non-isomorphic torsion-
free quotients, given by:

Hy = {(a,b | (a®)™¥ (bY'2 [[a, 0], 0], [[a, D], a®], metabelian)
Hy = {a,b| (a®)*°, (bY)1+2, [[a, b], b*], [[a, b], a?], metabelian)
K(2,2) = {a,b| (a®)1*°, (b*)*2, [[a, b], b%], [[a, b], a?], metabelian),

where H; and H, have dimension 6 and 5, respectively. Both have point-group iso-
morphic to Cy x Cy and commutator quotient Cy x Ck.

We should notice that eventhough for p odd, we found torsion-free quotients with
point-group C,, x C)2 and commutator quotient Cy2 x C)2, this did not happen when

p=2.

5 Torsion-free quotients of K(2,8) and K (4,4)

Using the method of the previous Section, we are able to produce the following com-
plete list of torsion-free quotients of K(2,8) and K (4, 4); the proof can be found in [4].

Proposition 4.4 of [4] The group K(2,8) has 12 proper, non-isomorphic torsion-free
quotients.

Q1= {(a,b | (CLQ)(1+b2)(1+j4 (b%)42D [[a,b],b%], [[a, ], a®], metabelian)

Qs = (a,b | (a?)OFOA+Y (p8)42a) [[q b] 0%, [[a, b], a®], metabelian)

Q= (a,b | (@), (152, (ab?)")+*,[fa,b], 5", [a, ], a2}, metabelian)

Q4 = {a,b | (a®)'*Y (b¥)"2D [[a,b],b%], [[a,b], a?], metabelzcm>

Qs = (a,b | (a2)1+b; (b)) [[a,b],b%], [a, ], a?], metabelian)

Qs = {(a,b | (a2)1+b4, (b)) [[a, b], %], [a, b], a®], metabelian)

Q7 = (a,b ] (a®)"*"", ()", [a, b], %], [[a b], 0%, mem{?l@lmm

Qs = {a, b | (a®)!™0 (%)), ((ab®)*)1*?, b%[a, 0]+ [[a, b], 5°], [[a, b], a*], metab.)
Qo = K(2,4)

QlO = Hl = <0J7 b ‘ <a2)1+b27 (b4)t(2,a)’ Hav b]a bﬂv [[CL7 b]> a2]7 metabelian)
Qll = H2 = <a’7 b ‘ <a2)1+b7 (b4)t(2,a)’ H(I, b]7 64]7 Ha’v b]7 0’2]7 metabelian>
Q12 = K(2,2).

The groups @1, @2, 3 and ()4 have point-group isomorphic to Cy x Cg and
commutator quotient Cg x (g, with dimensions 14, 13, 13 and 11, respectively.

The groups @5, Q¢ and ()7 have point-group isomorphic to Cy x Cg and commutator
quotient Cy x Cig, with dimensions 9, 10 and 12, respectively.

The group (s has point-group isomorphic to Cy x Cs, commutator quotient Cg x Cy
and dimension 9.

The groups (g, Q10, Q11 and Q12 are quotients of K(2,4) and have already been
described.
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It follows from the lattice of Agy3 (Figure 1) that 7, H; and K(2,2) have no
proper torsion-free quotients.

Proposition 4.5 of [4] The group K(4,4) has 19 proper, non-isomorphic torsion-free

quotients.

Sy = (a,b | (a*) ¥, (b4)t(4“ ,[la, 0], [[a, b], a*], metabelian)

Sy = {(a,b | (a4)1+b,( M) T(a, b], 0%, [[a, b], a*], metabelian)

Sy = (a,b | (a)*?° i L (OY [[a, 0], 0%, [[a, D], a*], metabelian)

Sy = {a,b| (a®)*, (bH)1, [[a, b],bY], [[a, b], a’], metabelian)

Ss = {a,b | (a*)**?, (b4)1+“ [[a, b], b], [[a ], 1, metabelian)

Se = (a,b | (b4)1+“;(( )1+“, (a2)H0-(+8) g b] b, [[a, b], a?], metabelian)

S7 = {a,b | (a4)1+b2, (b4)1+“2, ((ab))t+e? ,[[a,b] 4, [[a, b], at], metabelian)

Sg = (a,b | (a4)1+b2, (M1 ((ab))re, [[a, b], b1, [[a2 b], a*], metabelian)

So = {(a,b | (a®)**® %(b‘l)l*“, ((a?b)H)1+e (a?)3+0)-0+5) g b], b, [[a, b], a*], metabelian)

S1o = {(a,b | (@)1 (")Fe ((ab)?) T, [[a, b], bY], [[a% b], a*], metabelian)

S = (a,b | (a*)P, (b1 ((a?b)h) 1+, (a2)1H0)-0+59) [[a bl, b*, [[a, b], a*], metabelian)

Sig = <(l, b | (a4)1+bv (64)1+a7 ((ab)4)1+a [[a’ ]7 ] H ]v ]7 metabelian>

Si3 = {(a,b | (@)1 (bH)e ((ab®)M)1+, [[a, b], bY], [[a,b], ], me;tabelian) i

Sy = <a, b | (a4)l+b7 ((ab 4)1+b’ (64)1+a’ ((a2b)4)1+a, (a2)(1 (1+b )’ [a, b]1+b+a +ab’
[a, 0], bj], la,b],a'], metabelian)

Sis = (a,b | (a®)'*7, (a)* @0 (b4 [[a, b],bY], [[a, b], a*], metabelian)

Si6 = K(2,4) = {(a,b | (ai)t(‘l’b), vHre [[a, 0], 0], [[a, b], a®], metabelian)

Sz = Hy = (a,b | (a®)*, (61114, [[a, b], b%], [[a, b], a?], metabelian)

Sig = Hy = (a,b | (a®)*0, (1)1 [[a, b], bY], [[a, b], a®], metabelian)

Sio = K(2,2) = (a,b ] (a®>)**°, (b*)+2 [[a, b], b*], [[a, b], a®], metabelian).

The groups S; and S5 have point-group Cy x Cy, commutator quotient Cg x C'g,
and dimensions 14 and 13, respectively.

The groups S3, Sy, S5, Sg, S7, Ss, S9, S10, S11, S12, S13 and Si4 have all point-
group Cy x Cy and commutator quotient Cy x Cy, with dimensions 13, 12, 11, 11, 12,
11, 10, 10, 9, 9, 9 and 7, respectively.

The group 515 has point-group isomorphic to Cy x Cy, commutator quotient Cy x Cy
and dimension 8.

The groups Sig, Si7, Sis and Syg are quotients of K(2,4) and have already been
described.

It follows from the lattice of Ag 2o (Figure 2)that the groups S7, Ss, Hy and K (2,2)
have no proper torsion-free quotients.

From the list of quotients of K(4,4), we can obtain the following characterization
of K(2,2).
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Theorem B. Let G be a finitely generated, torsion-free metabelian group, with com-
mutator quotient isomorphic to Cy X Cy. Then G is isomorphic to

K(2,2) = (a,b| (a®)", (0)"", [[a,b],a?] , [[a, ], b%] , metabelian)
the fundamental group of the Hantzsche- Wendt manifold.

Proof. Let a,b € G be the generators of Gmodulo G’ and H = (a,b). Then G = HG’
and it follows from Theorem 2 of [5] that H is a 2-generated torsion-free metabelian

group, with
;[[/ CCT;I = 04 X 04

Furthermore, both G and H are Bieberbach groups. We denote by Vj the trans-
lation subgroup of H. Since H' < Vg, then it follows from Theorem A of [3] that
H is isomorphic to a torsion-free quotient of K(4,4). Now, by the list of torsion-
free quotients of K(4,4) given above, the only torsion-free quotient of K(4,4) with
commutator quotient isomorphic to Cy x Cy is K(2,2). Thus H = K(2,2).

Furthermore, we can repeat part of the proof of Proposition 2.3 of [3] and show
that G’ = [G', H|H'. Then we define the normal subgroup N = (G’)?H’, and since
G is finitely generated, we have that % is a finite 2-group. Now we can compute the
second and third terms of the lower central series of ]QV

B(g) [G G] GN G

N N’ N N N
and
<€> { ] G'.GIN _[G¢.G'HIN _[G" HIH'(G")? &
N N N N N
Thus T5($) = T'5(%), and because < is nilpotent, G’ = N = (G')2H’. Now we can

show that
dim(H) =rk(H") = rk(G") = dim(G).

Thus G is also a 3-dimensional Bieberbach group, with commutator quotient iso-
morphic to Cy x Cy. By [1], we have that G is isomorphic to the fundamental group
of the Hantzsche-Wendt manifold, that is, G = K(2,2). ]
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Figure 1: Ag13
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