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We clarify the mathematical structure underlyimgjtary ¢-designs These are sets of unitary matrices, evenly
distributed in the sense that the average of atty order polynomial over the design equals the average over
the entire unitary group. We present a simple necessaryudfidient criterion for deciding if a set of matrices
constitutes a design. Lower bounds for the number of elesnef2-designs are derived. We show how to
turn mutually unbiased bases into approximate 2-desigms&/bardinality is optimal in leading order. Designs
of higher order are discussed and an example of a unitansigitlés presented. We comment on the relation
between unitary and spherical designs and outline methmd8niding designs numerically or by searching
character tables of finite groups. Further, we sketch cdiorecto problems in linear optics and questions
regarding typical entanglement.

I. INTRODUCTION tures concerning the unitary group: their even distributio
here means that they “cover many complementary aspects”

Before introducing the notion of a unitary design it is Of U(d). Also, spherical designs naturally appear in optimal
worthwhile to look at the analogue structure on spheres i§0lutions to several physical problems, ranging from quant
R". Imagine one is interested in the average value of a regitate tomography and optimal estimation using finite ensem-
function f defined on am-dimensional real sphe®”. That ~ Ples to quantum key distribution/[S,16,.7, 11] — it is senstble
value might be hard to compute in general so it could be sensSSume that similar applications for their unitary coupeer
ble to estimate it by averaging over a finite set of unit vestor ¢n be found. More concretely, unitary designs have been ap-
D = {|¢1),...,[x)}. Of course, for any such finite set, plied to quantum process estimation and fidelity estimation
there are functions whose true average value deviatesarbit channels using random states [1, 2]; quantum cryptography
ily much from the one approximated by summing ofetut [12] and da_ta hiding protocols [13]._Naturally, designs ban
the more points the test set includes and the more “evenéthed/Sed to estimate Haar averages using classical compueers. F
vectors are distributed, the more “exotic” such functioaseh ~ the case of averages of polynomial functions, the resuéis ar
to be. The following notion aims to quantitatively captunet 9guaranteed to be correct (there are, however, other methods
quality of a set of points for these purposes: a finite subsdfr tackling this specific problem; see Appendix VIIIA and
D of ™ is called asphericalt-designif the average of ev- Ref. [14]). For non—poly_nom|al functllo_ns one obt_ams aslea
ery t-th order polynomiap overS™ equals’s average taken a0 educated guess. Going beyond f|n|te—d_|men3|onal guantum
overD. A large body of literature has been devoted to theSyStems, Haar averages ové(d) appear in the context of
construction and exploration of designs. Many of the releva €N€rgy-preserving transformationsabosonic modes. Such
references can be found in the accessible article Ref. [3].  transformations are notably relevant as passive lineacaipt

One can adapt the definition of spherical designs to com{fansformations of states of light modes|[L5, 16]. Lastlg, w
plex vector spaces (simply by substituting the real sphgre pPelieve the problem to be of inherent geometrical interest.
the set of complex unit vectors) with obvious applications As most of the present work is concerned with unitary
in quantum mechanics. In the context of quantum informadesigns, we now state the precise definition for this special
tion theory, 2-designs appeared in Refs] [4,5,[6,[ 7,8, 9],case (see, however, Section V A):
to name a few. Two prominent examples of complex spher-
ical 2-designs are here known by the nameshafually unbi-  Definition 1 (Unitary designi[1l, 2]) AsetD = {Uj }r=1.... x
ased basef3, |8,/ 10] andsymmetric informationally complete of unitary matrices ori{ = C? is a unitary 2-desigrif it

POVMs[3,15,.8] respectively. fulfills the equivalent conditions:

Quite recently, Dankert et al. introduced the notion aha
tary t-designby replacing the real sphe&' by the set of uni- 1. (Averages)_etp be a polynomial ir2d? variables. We
tary matriced/(d) in the definition of spherical designs [1, 2]. can conceive as a function ot/ (d) by evaluating it on

Averages are here to be taken with respect to the Haar mea-  the matrix elements and their complex conjugates of a

sure. In the sense made precise above, the theory of unitary  given matrix:p(U) := p(U*;,Ut;). One now demands

deSignS thus aims to |dent|fy finite nets of Unitaries, which that for anyp which is homogeneous of degree two in
cover the entire group as tightly as possible. each variable, the relation

Such nets are interesting for various reasons. Abstractly,
unitary designs can serve as testbeds for examining conjec-

& X pv= [ pwiav 1)
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FIG. 1: Visualization of the 12-element Clifford 2-desigesdribed
(4) inSectiorIVQ. As up to phasesl (2) ~ SO(3), every qubit uni-
tary corresponds to a three-dimensional rotation. Thefm(3),
inturn, can be pictured as a ball with raditiswvhere antipodes on the
boundary are identified. This is done by associating to ex@gtion
by an anglep ¢ [0, 7] about the unit-vectof, the point¢ 7 € R3.
Figure (a) shows the four Pauli matricéso, oy, 0. in this rep-
The problem has a long history, which is formulated mostlyresentation. The non-trivial Pauli operations lie on tharistary of
in the second of the three equivalent guises listed above. THhe ball and hence appear twice:, e.g., at+(m,0,0)". Adding
“twirling” operation originates from invariant theory (\ehe eight further Clifford :(F)perations, Which.correspond to.tthi.ces
it is sometimes called “transfer homomorphism”) and has, t@"/V27(£1, £1,+1)" of a cube, we arrive at the 2-design pictured
our knowledge, first been introduced to quantum informatior] F9ure ().
theory in Ref. |[1/7], giving rise to the concept of a “Werner
state”. Later, it was noted thatih= 2 (i.e., for single qubits),
it suffices to average over a finite set of unitaried [18]. A
construction for general dimensions — employing non-gvenl
weighted unitaries — appeared in Ref.[[19]. DiVincenzo et al
[13] realized that th€lifford group[2Q,/23] for qubit systems
exhibits the property given in Ed.](2); a fact which was later
generalized to systems of prime-power dimensions by Chau
[12]. Similar ideas appeared in Ref. [21]. A first concise
treatment was given in a master thesis by Dankert [1] (where
the term of aunitary t-designhas been coined) and in a later
paper by Dankert et al.|[2]. In these publications, the eatuiv
lence of the criteria in Definition] 1 has been made explicit an
the question of how to efficiently implement the unitaries of
certain designs was addressed.
Despite the large amount of interest paid to the problem,
the following natural questions have been left open and will
partly be answered in this paper:

3. (Twirling of channels¥or any quantum channél
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unitary designs. The frame potential is a simple poly-
nomial expression in the matrix elements, which is min-
imized exactly for designs. This criterion even allows
for numerical searches in spaces of small dimensions.

4. Can one find designs among matrix groufgettiori ]
treats this special case. It turns out that the theory is
especially clear when one restricts attention to groups.
The frame potential will be re-interpreted in terms of
basic character theory.

5. Is it possible to explicitly construct approximate unitary
designs?In Sectio TV B we give an explicit construc-
tion for turning mutually unbiased bases (MUBS) into
unitary matrices which asymptotically approximate 2-
designs. More precisely, the prescription yields a set
of unitaries for every prime-power dimensidnThese
sets approximate 2-designs@és— oo. Also, the car-
dinality of suchasymptotic desigris of the same order
as the lower bound derived earlier.

1. In which dimensions do unitarg-designs exist and
when can they be explicitly constructetizhile we do
not have a general answer to this question, a host of
examples is provided in Sectiohs] Il ahd TV C. [Note

added in revised version: After this article had been
submitted, A. Scott made us aware of Ref.| [45]. This
extremely general paper proves — among other things
— the existence of unitary designs for evergndd (it
does not provide an explicitly way for constructing the
designs). Thus, the question posed above can partly be
answered affirmatively.]

. What is the minimal number of elements needed for a
2-design? See Section ITTC for a lower bound, which
we conjecture to be tight in leading order.

. Is there an easy criterion to decide whether a given set
of matrices constitutes a desigrirhis question is an-
swered affirmatively in Sectiop IlIB. We transfer the
concept of @rame potential3, [31] from spherical to

. The set of operator3(C?) on C¢ form a d2-

dimensional Hilbert spacéVhat is the connection be-
tween the unitary designs li(d) and spherical designs

in C¢°? The relation can be made rather explicit in
terms of the Jamiotkowski isomorphism and the frame
potential. Both spherical and unitary designs corre-
spond to minima of the potential — yet under different
constraints. This statement is made precise in Section
MBI

. What about more general concepts such-dgsigns for

t > 2 or substitutingU (d) by other groups?We will
discuss this general scenario in SecfionlV A and present
an example of a qubit 5-design.



Il. GENERAL THEORY
A. Preliminaries

In this section we are going to derive a simple criterion for
identifying 2-designs as well as lower bounds for the numbe

B. The frame potential

The variousv-quantifiers in Definitiod 1 make it hard to
identify a given set of matrices as a design. Any exploration
of this structure would thus greatly benefit from a simple cri
terion for the property of “being a design”. Indeed, for the

of elementsk they need to contain. Before stating these re-case of spherical designs such a tool is well-known (see Ref.

sults, let us shortly recall some general facts aliaiding
channelsandcompletely positive mapghich will be needed
in the sequel.

Let {U,},cc be a unitary representation of some grazip
on a Hilbert spacé{. Thetwirling channelinduced byG and
the representatiobi, is

T(A) = / U, AU} dg, (5)

wheredg stands for the Haar measure of the grakip De-
note the projection operators onto the irreducible sulespac
of {U,}4 by {P,;};. For simplicity we assume that the repre-
sentation is a direct sum afequivalentrreducible ones (see
Appendix[VIITAl for the general case). By Schur's Lemma
T(A) = Aifand only if A is a linear combination of th&;’s.
Indeed, setting®/ := P;/tr P;, one easily checks that

T(A) = tr(P/A)P;. (6)

SettingH = C? ® C?, G = U(d) represented af +—
U ® U, we arrive at tha/U-twirling channelTy; defined
in Eq. (3), which has played a prominent role in quantum
information theory. In order to identify the irreduciblebsu
spaces, define thiéip operator I which acts by permuting
the tensor factorsF|i) ® |j) = |j) ® [i). Its eigenspaces are
the sets oBymmetri@andanti-symmetricvectors respectively.
The projection operators onto these spaces will be denot
by Ps = (L + F)/2andPs4 = (1 — F)/2. We have that
dim Ps = d(d + 1)/2 anddim Py = d(d — 1)/2.

Moving on, we recall the well-known correspondence be-
tween completely positive mapsg map$sending3(C?) —
B(C?) and states oft' @ C¢. Let A be such a map. Choose
a basis{|i)}; in C? and let|¥) := Zf |i) ® |i) be an (un-
normalized) maximally entangled vector @ ® C?¢. The
object

Cri= (L@ MW =D )Gl @A) ()

is called theChoi matrixof A. Itis also known as thprocess

e

[3] and references therein): a set of vectfrg: ), .. ., |[vk)}
is a spherica2-design inC? if and only if

D Wl [*/ K> = 2/(d* + d?).

k.’

9)

The expression on the left-hand side has been linked in Ref.
[5] to a concept which appeared in the contexXraie theory
in an equally insightful and enjoyable paper by Benedettb an
Fickus [31]. The authors considered a physical model to in-
troduce a notion of “evenly distributed” vectors: if we assu
that K particles on the unit-sphere with respective coordinates
|1, ) are subject to a repulsive force proportionaltq |vx )2,
then the left-hand-side of Ed.](9) gives thetential of the
configuration. Consequently, the quantity is referred tthas
(sphericalframe potentiaJ4€]. It turns outtha/(d*+d?) is
the lowest value the frame potential can possibly attainsand
there is a one-one correspondence between global minisnizer
of the frame energy and spherical 2-designs.

Our first result transfers this nice concept to the setting of
unitary designs.

Theorem 2 (Frame potential) Let D = {Uj}x=1... x be a
set of unitaries. Define thfieame potentiabf D to be
PMD)= > |wUU|*/K>. (10)

Uy, U, €D

'I('jhe setD is a unitary 2-design if and only (D) = 2, which
iS a lower bound to the global minimum of the potential.

Theorem 2 allows us to discuss the connection between
unitary and spherical designs quite explicitly. Recallttha
the Hilbert-Schmidt inner producbn B(C?) is defined as
(A|B)gs = tr(ATB)/d. In the spirit of the Jamiotkowski
map, we can establish an isomorphism betwB¢@?) as a

vector space an@? @ C?. Explicitly, we mapU to |vy)
where

v = U /Vd. (12)
Here, we have used the notatiol = ((i| ® (j|) |v) and

U*; = (i|U]j) for the respective matrix elements [47]. One

matrix and the correspondence in Eg. (7) goes by the name @thecks thatvy) is a normalized maximally entangled vector

Jamiotkowski isomorphisnThe name is justified ak — C
is invertible:

A(l2) (1) = (i1 Cali)- (8)

In what follows, we will writeTp for the channel induced by

if and only if U is unitary. Hence, we can re-phrase Theorem

@ as:D is a unitary 2-design if and only if

>

Uy, U, €D

|<ka|UUk/>|4/K2 = 2/d4v (12)

a set of unitarie® via Eq. [2) and denote the correspond-which is the global minimum of the spherical frame potential
ing Choi matrix byCp. Likewise,Cypy designates the Choi for K maximally entanglegtectors. Note the close similarity

matrix of Tyr¢7.

to Eq. [9).



The relation between unitary designsiif{d) and spheri- Lastly:
cal designs inC? ® €4 now becomes apparent: both corre-
spond to minima of the frame potential, yet under different tr(CZT)CD)

constraints. For spherical designs the minimum is takehean t 9 @21 A\ 1172 @21 /177 @2
set of all normalized vectors; whereas in the unitary cage on — %€ ZZ“ (Uk )0 U0 Gl Ug) )

demands that the vectors are also maximally entangled. AL
Theorenf also facilitates numerical searches for designs=F 2 Z \tr U U |* = P(D).
on low dimensional spaces. Indeed, the authors have watten Y
program for the MatLab computer system, which numerically o _ _
minimizes the frame potential of a set of operatorsitn If ~ The claim is now immediate. O

the set had{ > 12 elements, a multitude of unitary 2-designs
is found, while there seem to be no solutions for< 12.
These findings support Conjectiiie 4.

Proof. (of Theorerfll2Ysing the notation introduced in Sec- Corollary 3. LetD be a set of unitary matrice€;y andC'p
tion[TA] let A := Cp — Cpyyr. Obviously,D is a 2-design if @S defined in SectianTlA. Then
and only if[|A[|2 := tr|A]? = 0. We compute

YHlIAN = il P ICuu — Cpll3 = P(D) —2.

For the construction of approximate unitary designs in Sec-
tion[[VBI we record the following corollary.

tr(ATA) = tr(Cf,, Cov — Cf, Cp — CLCuu + CLCp)

and treat the terms in turn. To that end introduce a b@&is C. Alower bound
in C? @ ©4 such that the firstl, := dim Ps = d(d + 1)/2
vectors are symmetric and the lakt := dim P4 = d(d — Intuitively it is clear that constructing unitary designs-b

1)/2 ones anti-symmetric with respectia In the formulas comes more challenging the fewer elemefitsne allows for
below, we will sometimes writéis) or |i4) to indicate the (c.f. Theoreni5)6). This section is devoted to finding a lower
subset a given vector belongs to. Note that the vegior  bound forK as a function of the dimensiah

introduced in Section ITA can be written 88) = > |ig) ® What is the situation to date? Before the present paper,
lis) +>;, lia) @ia). One then finds ’ all known families of 2-designs were subgroups of the Clif-
ford groupC, in prime-power dimensiong. In the context
Cou = Z lis)(s| @ tr(lis)(js|Ps)Ph + S «— A of quantum information, the Clifford group is the set of uni-

taries mapping the set of Weyl operators (also known as: gen-
eralized Pauli operators) to itself under conjugation [28%
introduction into this theory will be given in Sectign TV C,

We have used the abbreviatiéh - A to denote the term Where all claims made in this paragraph will be elaborated

which follows from the preceding one by a straight-forward©"- References[L] 2,13,121] use the fact that the full Gliffo

substitution of symmetric by anti-symmetric expressiamsj ~ 9"0UPCa constitutes a 2-design. However, as the cardinal-
as beforeP,, = P/ tr Ps, P, = P4/ tr P4. Further: ity of C4 grows exponentially i (c.f. Eq. [50)), one might
hope for the existence of more optimal designs. Fortunately

in Ref. [12] it has been realized that a particular subgrdup o
Cp = Y _li)(jl® (Z U,§2|i><j|(U,I)®2/K> . the Clifford group already possesses the 2-design praperty
k The group’s order scales &d®). What is more, the exis-
tence of Clifford 2-designs with* (d*> — 1) = O(d*) elements
Hence, has been established for several dimensions [12]. As will be
9 9 B explained in Sectioh IVICd?(d? — 1) is in fact the smallest
tr(ClyCuv) = d5”tr(Ps @ Ps) + 3" tx(Pa @ Pa) = 2 value a design based on thé Cliffor)d group can possibly have
and and that value will subsequently be referred to asGhiord
bound For various reasons to be explained later, we believe
tr(C’[TJUCD) this to be a general lower bound for the cardinality of any
2-design, even for constructions which are not based on the

= K71 w(Psli)(j]) tr (Pé > U <J'|(U;I)®2> Clifford group.
7 F Conjecture 4. The Clifford bound

i5,]8

= Py® P, + Ps ® P§.

5]

+S < A
d*t —d? 13
= K'Y tr <Z U§2P5|is><is|<vz>®2> +8 e A -
is k is a lower bound for the cardinality of any unitary 2-design.
_ /|- .
= Z tr(Pslis)(is]) +5 < A While we were not able to prove this conjecture, an estimate
= which equals the Clifford bound in leading order is estdigib

= 2= tr(CLCup). below.



Theorem 5 (Lower bound onK). A unitary 2-design in di- Ill. GROUP DESIGNS
mensiond has no fewer than
dt — 242 12 (14) When searching for unitary designs, it might prove helpful
to assume some additional structure in order to narrow down
elements. the search space and simplify the proofs. Indeed, sets of uni

tary matrices appear most naturally as representationsitaf fi
groups and (except for our numerical findings), all known de-
§igns are matrix groups. It will turn out that the concept of
unitary designs has a very natural interpretation in terfins o
representation theory.

Note that a spherical 2-design @? @ C¢ has at least/*
elements — so the slightly higher frame potential charatier
for unitary 2-designs might allow one to save a few element
as compared to spherical 2-designs.

Proof. We follow an idea from Refl[5]. Lefvy) = U ®
1 |vg) for some maximally entangled vectr,). Define a
homogeneous polynomialof degree2, 2 in U by A. Irreducible constituents

p(U) := (vu|Alvy) tr(|lvv) (vu | B). (15)

) ) We will be concerned with set® of unitaries which form
Certainly, Eq.[(1l) holds and hence, asand B are arbitrary, 3 finite matrix group oriC?. It will prove convenient to con-
the relation ceive D as the image of a representatibh: g +— U, of

Z (v |Alve) lvo) o |/ K (16) Some finite grougs. Recalling the notions of Sectign Tl A, it
is clear that the channélp is nothing but the twirling chan-
nel associated with the representationBy Eq. [8),7p will
= /(vU|A|vU) lvp) (v | dU =: A(A) project onto the irreducible subspaces of this representat
As any operator of the forrt/, ® U, commutes with the flip
must hold and defines a channél— A(A). We want to  operatorlF, we know that the symmetric and anti-symmetric
compute the kernel of. subspaces af? @ C¢ will be among the invariant subspaces
The channel is clearlyU ® 1-covariant: of {U, ® U, | g € G}. In general, these spaces are not going
to be irreducible. We now see what makes representations

AMU@NAU L)) =Ue)AA) UL (A7)  whichinduce a 2-design speciall’s = Ty (and henceD

UeD

But because for any maximally entangled statez V)[v) = IS @design) if and only if the representatign- U, @ U, has
(V' ® 1)Jv) for someV’, A is alsol ® V and hence even ©xactly two irreducible components.
U ® V-covariant, for all unitaried’, V. Invoking Schur’s Simple as this observation may be, it must not be underes-

Lemma one concludes that must be a mixture of projec- ftimated: it allows us to understand designs from a group the-
these spaces? Let us first identify the irreducible comptsnen©n this approach.

of U - UT. The multiples of the identityX/, for short) clearly

form an irreducible component by themselves. Its comple-

ment is the space of trace-less operatdds), Now, U - Uf B. Characters
must act irreducibly od/,, because there exists bases of mu-
tually conjugate trace-less operators [48]. Let us devote one paragraph to recall some very basic no-

Surely then,M; ® M, (multiples of the identity) M1 ©  {ions and results from representation thedry [29]. To every
My, M@ M, (the local observables of the fortm.X, X®1) - nitary representatio’ : g — U, of a finite group, one

andM @ M, are invariantundel @V - UT@ V. Amoment  agqqciates itsharacter¢(g) = tr U,. One says that the rep-

of thought reveals that they are irreducible (think of oycli regentatioraffordsc. Denote the irreducible representations
vectors). Clearly,M; ® M; has no non-trivial intersection (irreps) of & by{V(i)}i and their associatdédteducible char-

with ker(A), while My @ My, Mz @ My C ker(A). What  aetershy {y, 1. One introduces a scalar product between char-
aboutM, ® M>? Because ol’s structure, either any element 4.tars by setting

of My ® M, is in the kernel or else, none is. SettiBg= Af

and evaluating Eq[_(15) we see that (€)= |G Z E(9)x(9). (19)
p(U) = |(vu]Alvy)|* > 0, (18) g
so A(A) = 0 if and only if (v|Alv) = 0 for all maxi- |t js a well-known and fundamental relation that the irre-

mally entangled vectorig). To conclude thafi/; ® M> has  ducible characters are ortho-normal;, x;) = 6 ;. The

no intersection withker A, we only need to assure the exis- fact that any representation reduces to a direct sum ofsirrep
tence of a single traceless observalileand a single maxi- means that any character can be expanded in terms of the ir-
mally entangled stat) such that(v| X @ X|v) # 0, which  reducible ones and further th&{, y;) gives the number of

is trivially possible. Henceank A = d* — dimkerA = timesn, the i-th irrep occurs in the decomposition of the
d* — dim(My ® Mp) — dim(Mz ® M) = d' —2(d> —1).  representation affording. Finally, if ¢ = 3, n;x;, then

But the rank ofA cannot be larger thaly, by Eq. [16). O  ||¢||2 = (¢,¢) = >, n?.



Now, letD, G, U be as in Section [ITA. We compute the 4. The characters
frame potential oD:

xs(g9) == (x(9)* + x(g°))/2,

P(D) = Y |twUyryl*/|GP (20) xal9) = (x(9)* = x(9%))/2

9,9

= > |trU,|Y/|q|
zg: I are irreducible.

= Z (tr U, ® U,)(tr U, @ U,) /|G| Further:
)

= {(pe», o) = |ICho |3, 5. The cardinality X' = |Dy| is a multiple ofd and

1/2d(d + 1).

where(y ) (9) = tr(Uy ® Uy) = (u(g)? is the character of
the representatiol® : g — U, ® U,. In other words, the 6. Let H be a finite group represented ofi by V. If
frame potential of a group design is the squared norm of the ~ {Va|h € H} D {U,|g € G} thenF(Dy) < F(Du).
character ot/ (?). _ . S

We can now rederive Theoreh 2. By this section’s first 7. The frame potential of a matrix group is an integer.
paragraph||¢ye ||> = Y, nZ, which equals2 if and only
if U® has exactly two irreducible components. This in turn
is equivalent tdJ inducing a 2-design, as has been shown in

SectiorIITA. Note how much the group structure simplified
the proof. 9. Ford > 2, there are no real-valued group representa-

tions which form a 2-design.

8. A necessary condition fd@p;; to be a 2-design is thdf
is irreducible.

It seems remarkable that the frame potential offers a very
natural interpretation in terms of two completely unretate
structures: from the point of view of frame theory, it is a
purelygeometricallynotivated measure for the “eveness” of a
distribution. In terms of group representation theorye# -
lessly takes on aalgebraicrole.

Statement]5 can be used in conjunction with Sedtiod 11C
to derive bounds or{. For example, ford = 2, it holds
that K > 10 by Theorenib. But we now know th& must
be divisible by2 and3, so thatK > 12. As unitary group
designs of ordet2 in dimension2 do indeed exist, we know
that the bound is tight. Unfortunately, this is the only case
where we can make lower and upper bounds match. Note

C. General results and properties also, thatl2 is the value predicted by the Clifford bound for
d = 2, supporting our conjecture.
Consider a group desigh = {U,|g € G}. Thecen- Thel6-th point says that “supergroups have lower frame po-

ter Z(U) of U are the elements @ which commute with tential than their subgroups”™. Again, it is clear that const-
anyUy. By Schur’'s Lemma, it/ is irreducible, we have that INd designsis easier, the more elements one allows for.rin ge
U, € Z(U) < U, x 1. Now choose one representative of eral, however, just adding further unitaries to an “almast d
each coseD/Z(U) and assemble these unitaries in aBet  SIgn” is not going to improve the potential. For group-desig
(D' is called atransversalof D/Z(U)). Using Eq.[(2), one the situation is different, as we now know. _ _
sees thatD’ is a 2-design of cardinalityD|/| Z(U)|. From Lastly, statemerif]7 says that the frame potential of matrix
now on, we will restrict attention to such reduced sets. Congdroup is “quantized”. In that senstbere are no “approximate
sequently, for any representatiohof G, we will defineD,, ~ 9group designs”

to be a transversal dfU, | g € G}/Z(U) and refer toDy as

thegroup design induced hiy. Proof. The equivalencd. < 2. < 3. has been established
Using this definition, let us collect and extend the results o jn the discussion preceding the theorem. Cldirris equiv-
group designs in the following theorem. alent to2., asx? = yxs + xa. The fifth statement follows

from a well-known theorem in representation theory (see Ref
Theorem 6(Group designs)LetG be afinite group and’ a  [2d]). Point6. holds true as the number of irreducible com-
unitary representation off on C* affording the characte¢.  ponents cannot decrease when passing from a subgroup to a
The following are equivalent: supergroup. Claimg. and8. should be obvious. Lastlg. is
valid because for redl;
1. The seDy is a 2-design.
1= {Cu,Cu) = (v, le) = (v, La),
2. The representatiotv(?) : g +— U, ® U, has no more
than two irreducible components. wherelg : g — 1 is the trivial representation. Hencég
is a one-dimensional irreducible component8®). But for
3. It holds that]|¢; e ||> = 2. d > 2 we have thatl, d, # 1. O



D. Harvesting character tables a systematical reassessment of what is already known.dndee
reading the literature, one gets the impression that some co

The results of SectioR TIIB enable us to identify designstSion has. arisen due to the.fact tisatveral distinct Qliﬁqrd
by just looking at character tables of finite groups. Such tagroups exist The one used in Refs./[1, 2,113,/ 21] is differ-
bles have been the subject to intensive research and are digint from the one in Ref.[12]. Going on, we will review a
tally available. We have employed the freely available GAPCOnstruction by Chau, which meets the Clifford bound in di-
computer system [32] to search the GAP Character Table Liensions,3,5,7,11, and outline a way for circumventing a
brary version 1.1/ [33] for unitary designs. Some findings are’0-go theorem which asserts that for any other dimension the
compiled in Tabldll. For each dimensidnin which a uni- bound cannot be met. In particular, fér= 9, we present a
tary design has been found, one example is included in th@ubgroup of the Clifford group which is a 2-design of smaller
table. To access the listed character tables, pass the mameG@rdinality than Ref. [12] seems to suggest is possible.
CharacterTableFromLibrary() _The column “Irred. Before presenting these resu_lts in detail, t_he rea_der must e
character no.” gives the position of the design within teedf ~ dure the tour-de-force of technical preparations givendo-S
irreducible characters returned by té)  -function. E.g., tion[VAl Itis a peculiarity of the theory to be presentedttha

the dialog it works much more smoothly in odd dimensiogighan in
_ o even ones. While it can be checked that all results in the next
gap> t:=CharacterTableFromLibrary("J4");; section also hold for the qubit case, the proofs are givep onl
gap> chr:=Irr(t)[2];; for the case of odd.
gap> Degree(chr);
1333
gap> Norm(chr =chr); A. Introduction
2
gap> This section contains a very brief outline of the general the
confirms that the last item in TaHle | does indeed belong to &Y. See Ref.[[25, 26] and references therein for a more de-
unitary group design in dimensidr333. tailed exposition.
IV. PHASE SPACE TECHNIQUES 1. Weyl operators, the Jacobi group & the Clifford group

The title phase space techniquwers to any method em- Let us fil’St gather some We”'knOWn facts on finite fields
ploying the realted concepts of Weyl operators (also knosvn al2€]. If p is prime and- a positive integerF',~ denotes the
generalized Pauli operatoysstabilizer states and the Clifford Unique finite field of ordep™. The simplest case occurs for
group. These structures have played a central role in the th& = 1, whenlF,, ~ Z,, i.e., the set of integemmiodulop.
ory of both spherical and group desighs([2, 5,10/ 12, 13]. AdNow setd = p™ and choose an € N. Out of thebase
the following paragraphs require some rather technicgigre field B := 4, one can obtain the fields ;- by means of
rations, we state a summary of the results at this point. a field extension Extension fields contain the base field as

In Section[IVB asymptoticunitary designs will be con- a_subse_t. The extension field possesses the structureref an
structed. By this, we understand a family of sets of uni-dimensional vector space over the base field. A set of elenent
taries’Dd' such that the matrices md ared-dimensional and of I is abasisif it spans the entire field under addition and
limg_.oo P(Dg) = 2. The intuition behind the construction B-multiplication. The operation
is as follows: in Sectiofi I[B, we discussed the relation be- e
tween the frame potential of operators @1 and vectors in _ d*

s o N Trppf=)f
C* . Hence it is natural to ask whether one can exploit this P
relation to turn spherical designs into unitary ones. Obsip . . o
in order to obtairunitary matrices, we must require the vec- takes on values in the base field andidinear. Therefore,
tors in the spherical design to be maximally entangled. Reca
that a maximal set of MUBs is a 2-design and, moreover, that (f9) = Trr5(f9)

such sets can be chosen to consist of stabilizer states{@0]. defines aB-bilinear form. For any basigb;}, there exists
bi-partite systems, where each party has prime dimendion, § dual basis{b’} fulfilling the relation ’I‘I‘F/B(bibj) = 0
is known that stabilizer states are either maximally enfethg  (we do not use Einstein’s summation convention). Cleafly, i
or not entangled at all [30]. It is thus reasonable to assume < F can be expanded a& = >, fibi, with coefficients
that among the elements of a maximal set of MUBS, there argi ¢ B, then duality implies thaf’ = Te(fb;).
“enough” maximally entangled ones to yield a set of unitarie  we will work in the d := p™-dimensional Hilbert space
with a low frame potential. Fortunately, this intuition sr 77 ~ ¢4 spanned by the vectofda) |a € Fy}. Define a
out to be true and we will find sets 6f(d*) unitaries in di-  characterof I, by xa(a) := exp(i2X Try . g (a)). The
mensiond = p™, which approximate a 2-design ds— oc. relations P e

Secondly, in Section TVIC, we will revisit the technique of
Clifford twirling. Our main contribution to the theory wille Za(g)|z) = |z + q), Za(p)|x) = xalpx)lx)  (21)
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define theshift and boostoperators respectively. The Weyl Proposition 7. Letp® be a power of a prime. Let < n’ and
operators (also known agneralized Pauli operatoysn di-  m,m’ be such thatnn = m’n’ = s. Then

mensiond are given by

(28)

(29)

me,n = Wp7n’7nl7

wa(p,q) = xa(—2""pq) 2a(p)Za(q), (22) 7

p™m,n - jpm/,n"

for p,q € F4. The phase factors in Eq.{22) have been in-
cluded to clean up some later formulas. Tgtease spacd”
is defined ad” := [Fy x IFy. We introduce the standasym-

plectic inner producbn V' by

() ()]

For elements: = (p,q)T of V, we setw,(a) := wa(p,q)-
Denote byW, := {wq(a) | a € V'} the collection of all Weyl
operators. Theommutation relations

wg(a)wa(b) = xa([a, b)) wai(b)wa(a),

can be checked to hold.
Let S be a symplecti@ x 2 matrix with entries iflF';. There
exists a unitary operatqr;(S) defined via

for the dual bases byj;:
pa(S) wa(a) pa(S)" = wa(Sa)

F=Y =Y fib'.
forall a € V. We will call 14(S) themetaplectic representa-
tion of S. Up to phase factors, the set of unitaries of the formThe Weyl operators inV,; 1 act onH = " ~ (Cdyen,
wa(S) wq(a) constitute a group, which will be referred to as where we choose the isomorphism to be implemented by
the Jacobi group7;.

The preceding definition have been made with a single
d-dimensional particle in mind. We now consider the sit-
uation of n particles, each having = p™ levels. The
Hilbert space becomeg?" spanned by{|a) |a € F7}. Let
p=(p1,---,Pn),q=(qu,...,q,). We define the Weyl oper-
ators as

The inclusion in EqL(29) is proper and, s = C,, s.

For the construction in Sectidn 1M B, it will be necessary
to understand Eq[(28) in more detail. Indeed, it has been
realized before [25, 26, 27] that the Wey! operator$\ip- 1
can be written as tensor products of thoséAl ,,. In what
follows, we will refine this picture.

Letd = p™ be a power of a prime, leB = ;. Let
F = IF;» be an extension field aB. In F', choose a basis
{b;}i=1.., over B. Denote the dual basis bj‘};. Having
general relativity conventions in mind, we will adopt thé-fo
lowing notation: for an element € I, we denote its expan-
sion coefficients with respect tg by f? and the coefficients

(23)

(24)

(25) (30)

@) = g'br + -+ ¢"bn) = [¢') @ -~ @ 1¢").  (31)
Lemma 8 (Factoring Weyl operators)Using the notions in-
troduced above, the Weyl operatorsivy- ; factor as

wan (p, q) = wa(p1,q") ® -+ @ Wa(pn,q").  (32)

Wa.n(P,q) = wa(p, 1) @ -+ @ Wapn, gn)- (26)  proof. Denote the commoprime fieldF, of B andF as P.

In this case, the phase space is set td’be F? x F? and  Itis well-known [28] thatTrz,p o Trp/p = Trpp. Hence
Egs. [28.24) continue to make sense if we perceive products

between elements @f ¢ € I'}; as a canonical scalar product:  yp(pq) = XB(ijqi Trr p(bit))) = HXB(piqi).
pg = Y. pig;- In complete analogy to the = 1 case, one 47 i

finds that for any symplectign x 2n matrix S with entries in
IF4, there exists an operatpy, ,,(S) such that

L, (S) Wa,n (@) pan (S)T = wa,n(Sa) (27)

holds for alla € V. Denote the set of Weyl operators ac-
cording to Eq.[(ZB) byV, ,, and the Jacobi group spanned by
{wd,n(a)ﬂd,n(s)}a,s by jd,n-

For a Hilbert space of prime-power dimensiph) we can . i j B
now construct an entire family of different Weyl operatansla Zr Zpib )| Z 2’b;) =
Jacobi groups. Indeed, for amym such thatum = s, the ‘ J
Weyl operatorsu,~ ,, arep® dimensional. Prominent choices =
includen = 1, m = s (used in Ref.[[12]) andh = s,m = 1
(usedin Refs[]2, 13, 21]). It will turn out that all definitie of
the Weyl operatorsoincide, while the variouacobi groups
differ. Propositiori 7 makes these remarks precise. In doder

Similarly,

b (3 a) Y wh) = 13+ b
J Q@nla)l"),
f[xB(pi:vi)l >_ b))
®2B(Pi)|$i>-J

Using Eq. [(2R), the claim follows. O

state it, we need one final definition: tifford groupC, .
is the set of unitaries mapping the 344, ,, onto itself under

Proof. (of Propositiod7)Eq. (28) follows from the previous
lemma. Saying thay, , = C, , is just rephrasing the defini-

conjugation. This definition reflects the general use of wordion of the Clifford group. For EqL(29) the reader is defdrre

Clifford groupin quantum information theory [23].

to Refs. [25] 26]. O
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2. Stabilizer states states. Further s@t“) (M) == G(A) = exp(z‘2—7T Tr(b))).

Each(b is easily seen to be a characterMf,. Now define
Using the commutation relations EQ.{24) it is immediatethe stabilizer states

that to Weyl operatorsv(a), w(b) commute if and only if @, .
[a,b] = 0. Now consider the image of an entire subspace By =d~ ZQ: w(Avg). (38)
M of V underw:

We claim that these states constitute a set of MUBs. Indeed
w(M) = {w(m)|m € M}.

tr BWBE) = g2 NGy (V) trw(Avg + A'0))
The latter set consists of commuting operators if for all b %:
mi,me € M, the symplectic inner product vanishes: 1
[m1,ms] = 0. If that condition is fulfilled,w (M) is called = d %;Cb )Gy (A)Onwa xro (39)

astabilizer group Consider the operator
Now if a = o’ then Eq.[(3P) reduces to

par =y, w(m)/|M]. (33) ,
meM BBy = dtY exp (127 Tr(Ab — b))
p
)

One checks that — by (40)
troar = Y trw(m)/|M| (34)  while for a # «’ we use the property of the finite plade?

m that the two linesM, and M, intersect exactly ah = 0 to

= > domo/|M| =d/|M]|. conclude
™ BB = a7 (06, (0) =dt.  (41)

and, using the fact thal/ is a linear space, _ () )
Hence, for a fixed:, the set{, "}, forms a basis and all

prpy = |M|72 Z w(m +m’) (35) d bgses corresponding to.dn‘ferent yalueSaoare mutually
unbiased. The computational basis corresponds to the set

o M. = {\1,0)T |\ € F}. Repeating the reasoning em-
= |M[™! Z w(m) = pu- ployed above, one finds that it is unbiased with respect to all
the other ones; hence, we have constructed a maximal set of
d+ 1 MUBs.

Hence, if|[M| = d, thenpy = |¥a) (¥ is @ rank-one
projector and|yy,) is called thestabilizer stateassociated
with M. The preceding definition can be extended: choose
a character¢ of M (i.e., a functionM — C such that
¢(m1 + ma) = ((m1)¢(m2)) and set

B. Asymptotic designs from MUBs

This section revolves around the following definition.

PMC = ZC(m)w(m)/|M|. (36)  Definition 9 (Asymptotic2-designs) Let/ C N be an index
set. A family of sets of unitari€,;, d € I is anasymptotic

2-designf the matrices inD, are d-dimensional and
The calculations Eqnd. (B4)35) can be repeated and one finds

that alsop,s ¢ projects onto a vector, which will be denoted lim P(Dy) = 2. (42)
by [4nr,¢)- e
A priori, it is not clear that this definition has any physi-
cal relevance. After all, it is conceivable that, even thoug
3. Mutually unbiased bases the frame potential oD, converges, thé,-twirling chan-
nelsTp, do not become close to tiéU-twirling channel in
We will recall a well-known construction for MUBS [110]. any sensible metric. Indeed, the question of whether asymp-
Once again, lef’” = I, be a finite field and’ = F? the totic designs are “almost as good” as strict ones cannot be
associated phase space. Let answered in general, but depends on the application one has
in mind. One particular aspect of this question will be ilium
a nated in Lemm&Z0. We will show that the series of twirling
Va = <1> ; My = {Avq|a € F}. (37) channelsl'’p, does converge t@y;;; in Dyre-norm. The lat-
ter norm has been defined in Ref.|[35], a well-readable ac-
Clearly, M, is a one-dimensional subspacelofind hence of count of the merits and perils of different metrics for quan-
cardinality|M,| = |F| = d. Because the symplectic form is tum channels. Specifically, let and A’ be channels with
anti-symmetrida, b = —I[b, a] it holds for Av,, N'v, € M,  respective Choi matrice€,C’. If A = C — (', then
that [A\ve, N'va] = AN [ve,ve] = 0 and hence the spac@d,  Dpro(A, A') := d~'tr|A|. Some physical interpretations of
fulfill the requirements of the last section and define sizdail  Dy.-convergence are listed in Ref. [35].



Lemma 10. Let D, be an asymptotic 2-design. Then hg-
twirling channelsl’p, converge tdl ¢ in Dyro-norm.

Proof. Let Cp,, Cyy be the usual Choi matrices, l&t =

10

The validity of Theoreri A1 implies the existence of asymp-
totic 2-designs.

Corollary 12 (Existence of asymptotic 2-designd)et I be

Cp, — Cyu. As quantum channels preserve Hermiticity, thene set of prime-power integers. Then there exists an asymp-

Choi matrices and henck are Hermitian. Le{d;} be the set
of eigenvalues ofA. By Corollary(3, we know thatr |A[? —
0. Hence, for alli, |0;| < 1 eventually and therefore, for large

enoughd:
Dpro(Ad7 AUU) dil Z |5z| < d71 Z |§i|2
d=|Al2 — o.

O

The technically non-trivial part of this section is contdh
in the next theorem.

Theorem 11 (Mutually unbiased bases)etd = p™ be a
power of a prime. Then ifit = C¢ ® C? existd? + 1 MUBs
of whichd? —d bases are maximally entangled asi¢ 1 bases
factor.

Proof. (of Theoreri 11let B = Iy, F' = Fz2. Using the
notation of Sectiof IVAIL, we assume that a basisKoover

B has been chosen. Ferb € F, IetBéa) be a projection onto
a stabilizer state ifit, as defined in Sectidn IVA 3. Hence

B =d? > GYpquwrpq
(p,9)EMoq

a2 Y 40 Qwspi,¢") © wa(p2, ¢).
(p.,q)GMa

Defining N, = {(p, q) € M, |p2 = ¢* = 0}, we get

trgBéa) =d! Z Clga)(p,q)wg(pl,ql). 43)
(P,@)ENa

Clearly, N, is a B-vector space, so it has cardinaljty, |

d™ for somen. If n = 0, thentr, Béa) equalsl,, so the state
was maximally entangled. if = 1, Eq. [43) is of the form

of Eq. (36) which makesr, Bé“) a pure state of’?. Further,
n = 2 would imply |N,| = |M,| and henceBlS“) =p1® 1,

for some density operater, which is impossible a§l§“) is
pure. Lastlyn > 2 = |N,| > |M,|, which is absurd. Hence

any vector in the standard set of MUBs is either a product or

else maximally entangled.

Now, (aX,A) € N, if and only if Trp p(ade?) =
Trp/p(Ae2) = 0 & A = Ae! Aal = (aX)'e;. Assume
that

a=b2 (44)
e

for someb € B. Then\ = M\je! = A\a = \;be; and hence

|N,| = d. Conversely, assume thgV,| = d. Then for all

A = Aie! we must have thaha = be; for someb € B.

Solving fora shows that Eq.[{44) must hold. Hence among

the d? bases associated with the sét§, there are exactly

totic 2-desigrDy, for d € I.

Proof. We compute the frame potential of thé(d*> — d) =
d* — d? unitariesD, which can be constructed via Eq.{11)
from the maximally entangled MUB vectors of Theorenh 11:

A>T ) K
a,a’ b,b’
d*(1+(d* —d—-1)d?) /K
24" — (d~' +d7?)
= —
d4 — 43

P(Da)

(d — o).

C. Clifford designs

Let us review the technique employed in Ref.[[1, 2, 13] to
construct a 2-design. The construction proceeds in twastep
First one realizes that twirling an operaipby Weyl matri-
ces reduceg to its “Weyl-diagonal” components (see below).
Secondly, twirling the resulting operator using the metatit
unitariesu(S) “evens out” the coefficients to yield@ ® U-
invariant state.

Denote byTy theWeyl twirl channe[1,13]:

Tw(p) = 42 3" w(a) & w(a) pu(a)! @ w(a)'.
acV

(45)

Expandingo = 3=, .y po.r w(b) @ w(b'), we compute:

Tw (p)

=d? Z po.p w(a)w(d)w(a)" @ wla)w( )w(a)’
a,b,b’

=d ) prywb) ©wt!) Y x(=[b+V,a])
b,b’ o

= popw(b) ® w(-b). (46)
b

The final transformation follows from the fact that[b, - |) is
a non-trivial character of” for anyb # 0.
TheClifford twirl channel[1,113] is given by

Te(p) (47)
= |Jn |~ Z UeU)pUaU)
UEJ}Fg
=|Tep |7 D (u(S) @ u(9) Tw (p) (1(S) ® u(S))T,
SeSp(p,n)

|B| = d factoring ones. Taking the computational basis intowhereSp(p, n) denotes the group of symplectic matrices on

account, the assertion becomes immediate. O

V = F2". Using the notation and results of EG.46), one
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concludes: V. MISCELLANEOUS TOPICS
To(p) A. Higher orders and general groups
=ISp(. )Y ons D, w(Sh) ® w(—Sb)
bev SeSp(p,n) We saw in Section ITA that the effect of the twirling chan-
—al+p Z w(b) ® w(—b), (48) nel T induced by some grou@ and a corresponding unitary

representatio/, depends only on the the decomposition of

07beV U, into irreducible constituents (see Appenfix VIl A for a
where the constants are given by version of Eq.[(B) valid for general representations).
Based on this observation, the notion of a group design can
a=poos  B= Y po-v (49)  easily be generalized:
0#bEV Definition 13 (General group designs).etl/ be some group

of unitary matrices. Then a finite subgro@pof ¢/ is a -
group design of ordet if the ¢-th tensor power ofD has
the same number of irreducible constituents asttie ten-
sor power o/,

Eq. (48) follows because the symplectic group acts trasedjti
onV*:= {a € V|a # 0} and hence maps every element of
V*# equally often to every other element. It is evident that
projects onto exactly two subspaces and is hence eqiighto
by Sectior 1. The most natural setting for applying the above definition
Now let G be some subgroup dip(p,n) such thatG s given by unitary designd = U(d) of higher ordett > 2.

acts transitively ori’*. From the above argument it is clear How many irreducible constituents do we expect the represen
that 7)) o Tw = Tyy and hence thafw(v)u(S)[v €  tationU — U®* to decompose into? The following lemma
V,S € G} is a unitary 2-design. An obvious choice is to setanswers this question by giving the frame potential for uni-

G = Sp(p", 1) which is the basis of Ref. [12]. The advantage tary t-designs, at least in two special cases.
of going from the multi-particle picture to the single-pele

picture is an exponential reduction of the cardinality o th -€mma 14. The frame potential of a unitaritdesign in di-
design: mensiond is given by

t! ford > t,

n—1
1Sp(p,n)| = p" []@*" " -1) (50) 3] i 1)1
P Y (hgey)” ford=2.

n2 n O, 2 og . .
= O(p*™ ") = O(d*!o8r V" Hogp ), Once again, we can search the GAP library for examples.

Table[Ill gives an example of a matrix grodp in d = 2,
1Sp(p™, 1) = p"(p*" —1) = O(p*) = O(d®)  (51) whose 5th tensor power decomposes into 42 irreps, the re-

quired value for a 5-design. As a matter of fagtis very close
(see Ref.|[36] for a derivation). What possibilities areréne to being a 6-design: its 6th tensor power has 133 irreducible
to further improve the cardinality? Clearly, any group act-components, whereas the full unitary grdui2) decomposes
ing transitively onV* must have ordek |[Vf| = k(d> — 1)  intoonly 132 irreps. Note that the matrices in Tdble |1l aog n
for some integek. The smallest value i5 = 1 and hence unitary in the standard basis. However, as is well-knawh, [24
d*(d®> — 1) gives a lower bound to the number of elementsany representation of a finite group is equivalent to a upitar
a Clifford design arising from such a construction can haveone: one can easily construct a similarity transformatiapm
(c.f. Conjecturd¥). In Refl[12] Chau showed that for ping the given matrices to unitaries.
d = 2,3,5,7,11, such minimal subgroups do exist. He goes
on to rule out the existence of any subgrabipf Sp(p™,1)
which has cardinality a multiple df#. Hence no reduction
belowd?|Sp(d,1)| = d®> — d* seems to be possible in gen-
eral.

However, the argument leaves open the possibility of find
ing subgroupss of Sp(p,n) which act transitively on the .
non-zero elements of the vector space and are smaller thérr{?fp;fft't the restriction “no more thad parts” becomes
|gSeIr)1(epra’I,12N|'e Y(v: (IJIV?I \gf Ocliqc()a nec;tal:]:]glv(\a/ :cl;fichg'gr?nug_)rsa;ﬁ[sﬁ " irrelevant. Uging the res_ults_ of Sectibn 1l B, we find that th
we list the generators of a transitively acting subgréupf frame potential of a-design is
Sp(3,2) of order160 = 2|V*¥|. It yields a Clifford 2-design of Z Az = |8, = 1!,

f

Proof. (of Lemma—14)rhe following facts are well-known
[24]: (i) there is a one-one correspondence between irre-
ducible components of theth tensor power ofU/(d) and
young framesF partitioning the integet into no more tharn
parts; (i) the multiplicity of the irrep belonging to a spigc
frame F is given by the dimensiod of the corresponding

cardinality2(d* — d?) = 12,960, where the design induced
by Sp(9, 1) has58, 230 elements and the one associated with ) _
Sp(3,2) consists of4, 199,040 unitaries. All claims made Where the sum is over all young frames wittboxes. The

about the generators can easily be tested by a computer algg&cond claim follows in a similar fashion, using well-known
bra system. formulas ford = (which can be found, e.g., in Ref. [24]).O
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B. Energy-preserving operations as in linear optics energy-preserving interactions have been applied. Haar av
ages oveSpO(d) would constitute a sensible model for such

We will briefly comment on a specific representation of the@ System (see also Ref. [15]). .
unitary group, which plays a prominent role in linear optics ~ Letus give a concrete example. Take) }; as a basis of the
General references for the introductory paragraphs ars. Refvector complex space in which the complex moment matrices
[16,[37/38/.39]. The most central mathematical object in theiré defined. It is straightforward to see that the mean energy
description of physical systems dfbosonic modes are the Of the first mode is given b = (1/2yQf[1). The quantity

creation and anihilation operatarg, aL. Recall that the set of - ~
unitaries onL?(IR) which keep the vector space spanned by AE = / AU e U)W (U @ U)'1)2dU  (55)
theay, a}; invariant under conjugation form a projective repre- v )
sentation of the real symplectic grodp(2d). The represen- = =
tation is referred to as theetaplectic representatioBosonic B (/U(n) (LU & DU & U)T|1>dU) '
systems are often thought about in terms of théiase space
description where these metaplectic operations appear in agives theexpected energy fluctuatiooéthe first mode and is
especially natural way. directly amenable to evaluation using unitary 2-designs.

The maximal compact subgroup 6p(2d) is given by the
intersection ofSp(2d) with the set of orthogonal transforma-
tions SpO(2d) ::(Sp)(2d) N O(2d). Physically, the elements eIementQ € U(d) and 'element§.e S_pO(2d) C?n be stated
of SpO(2d) correspond to energy-preservinggassive op- as follows: IfU = X +1Y’, thenS is given by [33] 40]
erations These operations are exactly the ones which are X v
easily accessible in the laboratory using passive lineticalp SU) = ( v X ) .
elements (phase shifts and beam splitters, but no squeezers
which correspond to elements ip(2d) which are not con-  Setting
tained inO(2d)). It is a well-known fact thatSpO(2d) ~
U(d), which might trigger some hope that our theory could be 0— ( 1 41 > V3 (57)
applicable to these systems. However, the metaplectietepr S \1 —il ’
sentation is infinite-dimensional and in this work we did not _ )
develop the means to cope with such representations. one finds easily that

In an indirect approach, we can, however, nevertheless ex- 1 -
ploit the developed formalism: Fortunately, importantgro sy =vel. (58)
_erties of boso_nic quantum states can be described entirelys p is certainly a group-design ifD is, the statement fol-
in terms of objects on thed-dimensional phase space. In- |5s. 0
deed, define theanonical coordinatesr quadrature opera-
torsr = (1'1, ey TdyP1y - ,pd) by

xp = (ag + a2)2_1/2, Pr = i(a;i —ap)27 V2 (52)

A much—studied object in particular in quantum optics ae th Originally posed by Lubkin and later popularized by Page,
various second moments of the quadrature operators with rene following questions has a long history: what is the av-
the second moments can be conveniently assembled in a rqak (41 42] 43]. One motivation for studying such problems
symmetric2d x 2d covariance matrixy, defined as is to justify the ad hoc “rule of minimal prejudice” employed
VR =2 (tr(rem) + () - (53) in statls_tlcal phy5|cs, Wh|ch_ states that among the enml_al
) ) ) ~ compatible with macroscopic observables the one maximizin
An interaction process preserving the energy would thee givthe entropy is realized in nature. The problem was origjnall
rise to a map stated in terms of the entropy of entanglement of subsystem
oy SyST =: A, (54) A S(pa) = —tr(palogpa), but various other measures, for
example the purityr(p%) = ||pal|3 of pa can be used. The

whereS € SpO(2d). The following proposition assures that |atter quantity has the advantage that its expectatiorevalu
unitary designs can be used to tackle problems in this cantex

Proof (of Propositioi I5) The usual isomorphism between

(56)

C. Random entanglement

Proposition 15(Averaging over passive operationtetD C / | trg[UpUT] ||2dU (59)
U (d) be a unitary group design of order The image oD in U(d)
SpO(2d) under the usual isomorphism is thenSaO(2d)-

group design of order is a Haar integral of a second-order polynomial and can thus

be directly evaluated by averaging over a 2-design (abeve,
A setting that can be studied using designs in this way is th@rojects onto an arbitrary 2-system state vepto).

following: consider a system of interacting bosons. Hav- Based on this observation, we obtain a simple answer to a

ing a “microcanonical ensemble” in mind, we might be inter- special case of this problem as a corollary to Thedreim 11 (c.f

ested in the expected value of various quantities afteramnd Ref. [44] for a much more general, but much longer proof).
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Corollary 16 (Average entanglement)._etd be the power of VIl. ACKNOWLEDGMENTS
a prime. The average entanglement of pure stateEn C?,

H 2
as measured by the purity, 2/ (d" + 1). The authors thank O. Dahlsten, M. Muller, and A. Serafini

Proof. We choose = [0)(0| ® |0)(0| and average over the for helpful discussions. Support has been provided by the
Clifford group 7,2 ;. The image of0) © |0) under the action DFG (SPP 1116), the EU (QAP), the EPSRC, the QIP-IRC,
of J;2 ; constitutes of the bases of TheorEn 11. The purityMicrosoft Research, and the EURYI Award Scheme.

of a reduced density matrix of a product state equals 1, for a

maximally entangled state it i~ !. We can thus compute the

average by counting: VIl APPENDIX

(d?> —d)d™ + (d+1) 2d

d?2+1 A2 +1 A. General twirling channels

as claimed. ] o o
Eq. (8) gives an explicit formula for a channel twirling over

Note that, while the question of finding the expected entananirreducible representatiod/,. In this section, we state the
glement of a pure state is stated in terms of analysis, welcoulrelation for the general case. So assume that U, de-
answer this special case by purely combinatorial means. composes into a set of irre&”, which have dimension;

and occur with multiplicityn; respectively. The underlying

Hilbert spaceH then decomposes as
V. SUMMARY

In this work, we presented a first systematic analysis of the H= @ Hi €™, (60)
mathematical structure of unitary designs. We pointed oufyhere?{; = ¢ (see, e.g?, Refl [24]). The representatian
a connection to group representation theory, gave bounds qgelf can be written as
the number of elements of a design, made the relationship to
spherical designs explicit, and used this connection te con U — ZU@ o1
struct approximate unitary designs. Foremost, the pivcatal g — 9 i
cept of a frame potential has been explored. Intriguingig, t !
latter quantity appears very naturally in different, sesgty
unrelated areas.

While much insight into the structure of unitary designs has
been gained, many questions remain unresolved as interest- Ta(p) = Ztrm (Plp)P;, (62)
ing open problems: finding a systematic way for construct- i
ing designs for any choice of parameterg or improving the
bounds for their cardinalities, to name just two. as can be checked without difficulty.

(61)

Now setP; = 14, ® 1,,,. The twirling channel becomes
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TABLE I: Some group designs found by the GAP system. The gmmape and character number refer to the names used by the™ctll
package [33].

d K| K/(d* — d?) GrouplIrred. character no.
2 12 1| 72:(3x2n4) 10
3 72 1 2°3.L3(2) 2
4 1920 8 2.HSM10 29
5 25920 43.2 2°6:U4(2) 2
6 40320 32| 6.L.3(4).2_1 49
8 20160 5 4 1.3(4) 19
9 19440 3(3.37(1+4):2S5 25
10 19008(Q 19.2 2.M12.2 22
11 1368576( 942. 6xU5(2) 3
12 448345497600  2177280( 6.Suz 153
13 4585351680 161501 2.56(3) 2
14 87360 2.29 S2(8).3 4
18 5023296( 480 3.J3 22
21 9196830720 47397 3.U6(2) 47
26 1797120( 39. 2F4(2) 2
28 145926144000 237714 2.Ru 37
41 6578475665448960@3294225607. S8(3) 2
45 1020096( 2.49 M23 3
342 460815505920 34. 3.0N 31
1333/86775571046077562880 27483822 J4 2

TABLE II: Generators of a subgroug of Sp(3, 2) of order2(d® — 1) = 160. The group( acts transitively on the non-zero elements of the
phase spac¥ = IFj and induces a unitary design, as described in Selcfiod IV C.

2220 0210 0200 0110 1000 2000
1220 0002 100 2 0 0200
1202|1002’ "looo1 |’ "lfooz2o0
0011 0200 0010 01 0002

TABLE lll: Generators of a matrix groug’ of order 120. Up to a similarity transformation, the groupegi rise to a unitary 5-design with 60
elements. In fact7 is an irreducible representation 8£.(2, IF'5) affording the charactek.3 as listed in the GAP character libraty [33]. The
repersentation has been constructed using the “RepsnagadB4]. Beloww = exp(%z’).

1 0 DS S R v S R v W —wt — W = 2w — W) WB o W?
) )
0 —1 W10 e — Wt Wi 4 —WP



