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A few definitions

Definition (Type Universe)
A type U is a universe if its objects are types or can be interpreted as
types.

- U is impredicative if it contains itself, i.e. U : U, and predicative
otherwise.

- U is a Russell-style universe if the objects of U are types, i.e.
A : U ⊢A type.

- U is a Tarski-style universe if it is instead equipped with an operator T
that interprets the objects of U as types, i.e. a : U ⊢T(a) type
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Type universes

Examples
- Coq uses predicative Tarski-style universes Type0,Type1,Type2 ...

and an impredicative universe of propositions Prop [ST14]

- Agda uses predicative Russell-style universes for sets
Set0 : Set1 : Set2 : ... : Set𝜔 and propositions
Prop0 : Prop1 : Prop2 : ... [Nor+05]

- Book HoTT uses predicative Russell-style universes U0 : U1 : U2 : ...
[Uni13]
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A few definitions

What is a subtype? For types A and B, what does it mean for A to be a
subtype of B?

Definition (Subsumptive Subtyping)
If A is a subtype of B, then any object of type A is also an object of type B.

Γ ⊢ a : A Γ ⊢A ≤ B

Γ ⊢ a : B
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Subsumptive subtyping

Advantages:

- Extremely simple

- Closely linked to set-theoretic intuition

- Good for programming languages

Disadvantages:

- Canonicity of objects fails [Luo12]

- Unclear if extending the type theory with new subtyping rules is
conservative

- Questions of decidable subtyping, type checking, minimal types
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A few definitions

Definition (Coercive Subtyping)
Intuition: If A is a subtype of B, then whenever we require an object of
type B, it is sufficient to provide an object of type A .

Γ ⊢ a : A Γ ⊢ f : Π(x : B).C Γ ⊢A ≤c B

Γ ⊢ f (a) : C [c (a)/x]

Γ ⊢ a : A Γ ⊢ f : Π(x : B).C Γ ⊢A ≤c B

Γ ⊢ f (a) = f (c (a)) : C [c (a)/x]
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Coercive subtyping

Advantages:

Well-behaved metatheory; adding any coherent subtyping rule is a
conservative extension [LSX13]

Canonicity of objects is preserved

Ideal for logical type theories and proof assistants

Disadvantages:

Need two-step reduction - first insert coercions, then perform
standard reduction

Checking the coherency of subtyping rules is non-trivial
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Bounded quantification

Definition (Bounded Quantification)
A form of (universal or existential) quantifier which quantifies over
subtypes of a given type.

𝜆(X ≤ B).M

Bounded quantification is a desirable concept in the design of type
theories and programming languages.

- Structural subtyping: Σ(x : A ).P (x) ≤ A

- Record types: {name : String, age : Nat} ≤ {name : String}
- Type Conversions:

f : Float → Float, x : Int16, Int16 ≤c Float ⊢ f (x) = f (c (x)) : Float

But certain choices of subtyping rules can cause problems.

- Benjamin Pierce showed that F≤ had undecidable subtyping and
undecidable type checking [Pie92; CP94]
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What is a power type?

Cardelli introduced the notion of power types for subsumptive subtyping -
the universe of subtypes of a given type [Car88].

A ≤ B as shorthand for A : Power(B)

𝜆(X ≤ A ).M def
= 𝜆(X : Power(A )).M

- Cardelli was interested in programming language design

- His proposed type theory included an impredicative universe of all
types

- Great for programming, problematic for nice metatheory
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Metatheory of bounded quantification

- Aspinall reformulated Cardelli’s ideas on power types into a
predicative typed lambda calculus 𝜆Power [Asp00].

- Aspinall developed a ‘rough type’-checking algorithm, and proved the
system was strongly normalising...

- ...but was unable to prove a inversion lemma/generation principle.

- The metatheory of subtyping has an inherent difficulty: transitivity
[AC96; Com04; Hut09].

Γ ⊢A ≤ B Γ ⊢B ≤ C

Γ ⊢A ≤ C
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Unifying Theory of dependent Types

- Zhaohui Luo’s UTT is a well-studied type theory with nice
metatheoretical properties [Luo94; Gog94]

- UTT’s extension with coercive subtyping (UTT[C]) has been proven
to be conservative [Luo97; LSX13].

Harry Maclean and Zhaohui Luo introduced subtype universes -
predicative universes of subtypes for coercive subtyping - formulated as an
extension of UTT[C] [ML21].

A ≤c B ⊢ a : U(B) where T(a) = A

This extended type theory UTT[C]U embeds back into UTT[C].
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Monotonic Subtyping

However, they only proved that UTT[C]U were strongly normalising when
the set of subtyping relations were ‘nice’.

1) Subtyping relations can’t use subtype universes.

2) Subtyping relations can’t use propositions.

3) A type cannot inhabit a universe smaller than the universes its
subtypes inhabit.

Definition (Monotonicity of Subtyping)
A subtyping judgement A ≤ B is monotonic if the smallest type universe B
inhabits is larger than the smallest type universe A inhabits.

∀j s.t. B : Typej , ∃i s.t. A : Typei and i ≤ j

Are any of these conditions necessary?
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Generalising Subtype Universes

We consider a base type theory 𝜏 with an impredicative universe of
propositions, inductive type constructors, Π types and Σ types, and
coercive subtyping given by a collection of coherent subtyping rules C.

Key idea: Objects of a subtype universe should also hold information
about the coercion.

Γ ⊢B type

Γ ⊢U(B) type
Γ ⊢A ≤c B

Γ ⊢⟨A , c⟩ : U(B)

Γ ⊢B type Γ ⊢ t : U(B)
Γ ⊢𝜎1(t) type

Γ ⊢B type Γ ⊢⟨A , c⟩ : U(B)
Γ ⊢𝜎1(⟨A , c⟩) = A

Γ ⊢B type Γ ⊢ t : U(B)
Γ ⊢𝜎2(t) : 𝜎1(t) → B

Γ ⊢B type Γ ⊢⟨A , c⟩ : U(B)
Γ ⊢𝜎2(⟨A , c⟩) = c : A → B
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Generalising Subtype Universes

Example
For a given type B, consider the type of pointed subtypes of B given by

Σ(x : U(B)).𝜎1(x)

Intuitively, this should be a subtype of B. Define

f def
= 𝜆(p : Σ(x : U(B)).𝜎1(x)).𝜎2(𝜋1(p)) (𝜋2(p))

Then
Σ(x : U(B)).𝜎1(x) ≤f B

is a coherent subtyping relation (in the sense of [LSX13]).

However, this subtyping relation is nonmonotonic, as the LHS of the
subtyping relation contains a larger universe than the RHS
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Metatheory for monotonic subtyping

We start by analysing the case where the collection of subtyping rules C is
entirely monotonic.

We construct an embedding 𝛿 : 𝜏 → UTT[C] defined inductively over
terms of 𝜏.

𝛿(U(B)) def
= Σ(X : TypeLΓ (B ) ).(X → 𝛿(B))

𝛿(⟨A , c⟩) def
= (n(𝛿(A )), 𝛿(c))
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Metatheory for monotonic subtyping

Lemma
If Γ ⊢A type, then there exists some term n in UTT[𝛿(C)] such that the
following hold:

- 𝛿(Γ) ⊢ 𝛿(A ) : Type

- 𝛿(Γ) ⊢ n : TypeLΓ (A )
- TLΓ (A ) (n) = 𝛿(A )

Lemma
The rules of 𝜏 under translation via 𝛿 are admissible in UTT[𝛿(C)].

Proof.
Arduous. □
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Metatheory for monotonic subtyping

Theorem (Logical Consistency for Monotonic Subtyping)
𝜏 is logically consistent, i.e. there is no Γ such that Γ ⊢ p : ∀(P : Prop).P

Theorem (Strong Normalisation for Monotonic Subtyping)
𝜏 is strongly normalising, i.e. if Γ ⊢M : A then every possible sequence of
reductions of M is finite.

Remark (Decidability of Typing and Subtyping)
As 𝛿 is injective, we can type-check any given term M in 𝜏 by
type-checking 𝛿(M) in UTT[𝛿(C)].
Likewise, we can decide if Γ ⊢A ≤ B by looking at a term t which is typed
if and only if A ≤ B is derivable, e.g. 𝜆(f : B → N).𝜆(a : A ).f (a)
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Metatheory for nonmonotonic subtyping

Key idea:

We should be able to insert coercions to ‘reduce’ a system with
a nonmonotonic subtyping relation to one without that relation.

Definition
Let T be a type system, and T ′ be an extension of T . T ′ is a weakly
conservative extension of T if the following hold:

- For every A in T ′, every derivation of the form ⊢T ′ A type is also
derivable in T

- For every a in T ′ and every derivation of the form ⊢ a : A in T ′, there
exists some term b in T such that ⊢ b : A

In other words, T ′ is a weakly conservative extension of T if it does not
add any new types, and only adds terms to already inhabited types.

Corollary
Weakly conservative extensions preserve strong normalisation and logical
consistency.
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Metatheory for nonmonotonic subtyping

By adding new subtyping relations to 𝜏, the conditions under which terms
using subtype universes exists become stricter.

- No new functions.

- Possibly some new pairs?

Σ(x : U(B)).𝜎1(x)

(⟨A , c⟩, a) : Σ(x : U(B)).F (x)

(⟨B , id⟩, c (a)) : Σ(x : U(B)).F (x)
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Conclusion

Summary:

- Generalised subtype universes to be able to express new subtyping
relations

- Strong normalisation and logical consistency for monotonic and
non-monotonic subtyping

- Decidability of type-checking, minimal types, and the subtype relation

Open questions/future work:

- What does subtyping mean between propositions?

- Formalisation of subtype universes in a proof assistant

- A pure subtype system for proofs [Hut09]

Thank you for listening!
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