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KERNELS AND QUASI-KERNELS

DEFINITION

A kernel is an independent set K C V(D) such that any vertex
ve V(D) \K has an arc from v to a vertex u € K.

DEFINITION

A quasi-kernel is an independent set @ C V(D) such that any vertex
ve V(D) \Q, there exists a directed path with at most two arcs from v to
a vertex u € Q.
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EVERY DIGRAPH HAS A QUASI-KERNEL

Not every digraph has a kernel.
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PROOF.

© Take any vertex v and remove its closed in-neighbourhood N~ [v].

YaconG ZHou (RHUL) RESULTS ON THE SMALL QUASI-KERNEL BCC 2022 4/22



EVERY DIGRAPH HAS A QUASI-KERNEL

Not every digraph has a kernel. But Chvatal and Lovasz proved that every
digraph has a quasi-kernel.

THEOREM ([V. CHVATAL AND L. LoVAsz, 1974))
Every digraph has a quasi-kernel.

PROOF.

© Take any vertex v and remove its closed in-neighbourhood N~ [v].
© Form inductively a quasi-kernel Q in the remaining digraph D— N—[].

YACONG ZHOU (RHUL) RESULTS ON THE SMALL QUASI-KERNEL BCC 2022 4/22



EVERY DIGRAPH HAS A QUASI-KERNEL

Not every digraph has a kernel. But Chvatal and Lovasz proved that every
digraph has a quasi-kernel.

THEOREM ([V. CHVATAL AND L. LoVAsz, 1974))
Every digraph has a quasi-kernel.

PROOF.
© Take any vertex v and remove its closed in-neighbourhood N~ [v].
© Form inductively a quasi-kernel Q in the remaining digraph D— N—[].

@ If v has no out-neighbour in @, then we add v to Q. Otherwise, Qs a
quasi-kernel of D.

Ol
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CONJECTURE AND A EQUALVALENT CONJECTURE

CONJECTURE 1([P. L. ERDOs AND L. A. SZEKELY, 1976])

Every sink-free digraph D=(V(D),A(D)) has a quasi-kernel of size at most
V(D)[/2.

@ A sink is a vertex which has no out-neighour in D.
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CONJECTURE AND A EQUALVALENT CONJECTURE

CONJECTURE 1([P. L. ERDOs AND L. A. SZEKELY, 1976])

Every sink-free digraph D=(V(D),A(D)) has a quasi-kernel of size at most
V(D)[/2.

@ A sink is a vertex which has no out-neighour in D. Why sink-free?

@ Sinks are necessarily contained in any quasi-kernel of D.

CONJECTURE
2([A. KosToCHKA, R. Luo, AND S. SHAN, 2020])

Let S be the set of sinks of D. Then D has a quasi-kernel Q such that
Q| < IV(D)|+|52\—|N_(5)\'
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Our RESULT I (ANTI-CLAW-FREE DIGRAPHS)

THEOREM

Every sink-free digraph with no induced anti-claw has a quasi-kernel of size
at most |V(D)|/2.

/

FIGURE: Anti-CIaw(FQ’l)
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Our RESULT I (ANTI-CLAW-FREE DIGRAPHS)

THEOREM

Every sink-free digraph with no induced F(471 and no induced RL has a
quasi-kernel of size at most |V(D)|/2.

FIGURE: Ky FIGURE: Kj,

YACONG ZHOU (RHUL) RESULTS ON THE SMALL QUASI-KERNEL BCC 2022 7/22



QUASI-KERNEL  AND ITS SECOND NEIGHBOURHOOD

N=(Q) N~ (Q) Q
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THE MAXIMAL MATCHING FrOM N (Q) TO Q
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THE MAXIMAL MATCHING FrOM N (Q) TO Q

A= Q\M,
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THE MAXIMAL MATCHING FrOM N (Q) TO Q

M,

A= Q\M
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THE MAXIMAL MATCHING FrOM N (Q) TO Q

M,
A= Q\M
OBERVATION 1
M is a quasi-kernel of D[V(D) \ A].
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THE MAXIMAL MATCHING FrOM N (Q) TO Q

FOR A MINIMAL QUASI-KERNEL Q IN D

My

A=Q\M

OBSERVATION 2

If Qis minimal quasi-kernel then there is no arc from A to N~ (Q).
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THE MAXIMAL MATCHING FrOM N (Q) TO Q

FOR A MINIMAL QUASI-KERNEL Q IN D

N~(Q)
My
A=Q\M;
OBSERVATION 3
If Q is minimal quasi-kernel then for all ve A, [INT(v) N N-—(Q)| > 1. J
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SKETCH OF THE PROOF

N=(Q)
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SKETCH OF THE PROOF

N=(Q)

@ Let's assume that Q is not small or equalvalently

IN"7(Q)I + IN(Q)] < |Q)
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SKETCH OF THE PROOF

N=(Q)

@ Let's assume that Q is not small or equalvalently
IN"T(QI+ IN(Q)] < [Q] = M| +[A].
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@ Let's assume that Q is not small or equalvalently
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SKETCH OF THE PROOF

N=(Q)

@ Let's assume that Q is not small or equalvalently
IN-=(Q)| + IN~(Q)| < |Q] = |Mi| + |Al]. In particular, [N~ (Q)| < |A].
© By Observation 3, there must exist a vertex v € N~ (Q) that has (at least)
two in-neighbours in A.
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SKETCH OF THE PROOF

N=(Q)

@ Let's assume that Q is not small or equalvalently
IN-=(Q)| + IN~(Q)| < |Q] = |Mi| + |Al]. In particular, [N~ (Q)| < |A].

© By Observation 3, there must exist a vertex v € N~ (Q) that has (at least)
two in-neighbours in A.

@ v also must have an in-nerghbour in M; which togather with two
in-neighbours in A forms an induced anti-claw, a contradiction.
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THE ONE-WAY SPLIT DIGRAPHS

DEFINITION

A digraph D is called a one-way split digraph, if its vertex set can be
partitioned into X and Y, such that X induces an independent set and Y
induces a semicomplete digraph (a digraph in which there is at least one

arc between every pair of vertices) and any arcs between X and Y go from
XtoY.

X (Independent) Y (Semicomplete)
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Our REesuLT II (ONE-WAY SPLIT DIGRAPHS)

THEOREM

Let D be a one-way split digraph of order n with no sinks. Then D has a
quasi-kernel of size at most %3 — «/n. Furthermore, for infinitely many
values of n there exists a one-way split digraph of order n, with no sink,

such that the minimum size of quasi-kernels of D is "J2r3 —/n.
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SKETCH OF THE PROOF (FOR THE CONJECTURE)

@ For any vertex in v € V(X), we choose an arbitary vertex in N*(v)
and denote it by R(v). Construct an auxiliary digraph H whose vertex
set V(H) = (X), and vw € A(H) if and only if R(v)R(w) € A(Y) or
R(v) = R(w).
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SKETCH OF THE PROOF (FOR THE CONJECTURE)
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|X[ =1
5
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SKETCH OF THE PROOF (FOR THE CONJECTURE)

@ For any vertex in v € V(X), we choose an arbitary vertex in N*(v)
and denote it by R(v). Construct a auxiliary digraph H whose vertex
set V(H) = V(X), and vw € A(H) if and only if R(v)R(w) € A(Y) or
R(v) = R(w).

© Observe that there is at least one arc between any pair of vertices in
H.

@ Thus, there must be one vertex v whose in-neighbours are at least
|X|-1
5

© How to choose the quasi-kernel?
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@ For any vertex in v € V(X), we choose an arbitary vertex in N*(v)
and denote it by R(v). Construct a auxiliary digraph H whose vertex
set V(H) = V(X), and vw € A(H) if and only if R(v)R(w) € A(Y) or
R(v) = R(w).

© Observe that there is at least one arc between any pair of vertices in
H.

@ Thus, there must be one vertex v whose in-neighbours are at least
|X|-1
5

© How to choose the quasi-kernel? We choose all vertex in X but the
cIosed in-neighbourhood of v and an vertex in Y. The size of this set
\XI 1
+1
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SKETCH OF THE PROOF (FOR THE CONJECTURE)

@ For any vertex in v € V(X), we choose an arbitary vertex in N*(v)
and denote it by R(v). Construct a auxiliary digraph H whose vertex
set V(H) = V(X), and vw € A(H) if and only if R(v)R(w) € A(Y) or
R(v) = R(w).

© Observe that there is at least one arc between any pair of vertices in
H.

@ Thus, there must be one vertex v whose in-neighbours are at least
|X|-1
-
© How to choose the quasi-kernel? We choose all vertex in X but the
closed in-neighbourhood of v and an vertex in Y. The size of this set

is WT_I +1 < |V]/2 (if we assume V(YY) is not an empty set).
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How 1O CHOOSE THE VERTEX AND WHY IT IS A
QUASI-KERNEL?

DEMONSTRATION
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How 1O CHOOSE THE VERTEX AND WHY IT IS A
QUASI-KERNEL?

DEMONSTRATION

X\ (Ng() UG e

Ny (v)

WE SHOULD CHOOSE THIS VERTEX!
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A EXTREMAL EXAMPLE

EXAMPLE

We let k> 1 be any integer and construct the digraph Dy of order

(2k 4 1)? as follows. Let T be a k-regular tournament of order 2k + 1 and
for each vertex, v, of T add 2k new vertices, V., with arcs into v. The
resulting digraph, Dy, has order (2k + 1)? and is a one-way split digraph
with partition V(T) (the tournament) and V(Dx) \ V(T) (the independent
set).
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A EXTREMAL EXAMPLE

EXAMPLE

We let k> 1 be any integer and construct the digraph Dy of order

(2k 4 1)? as follows. Let T be a k-regular tournament of order 2k + 1 and
for each vertex, v, of T add 2k new vertices, V., with arcs into v. The
resulting digraph, Dy, has order (2k + 1)? and is a one-way split digraph
with partition V(T) (the tournament) and V(Dx) \ V(T) (the independent
set).

The size of quasi-kernels in |Q):

4k2+4k+1_4k+2 3 n

3
> > ta7 2 VNt;

Q> 2K +1=
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Thank you for your attention!
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