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Abstract

We prove the following new results.

(a) Let T be a regular tournament of order 2n + 1 > 11 and S a subset of
V(T). Suppose that [S| < £(n—2) and z, y are distinct vertices in V(T')\ S. If the
subtournament 7'—S contains an (z, y)-path of length 7, where 3 < r < |V(T)\S|-2,
then T'— S also contains an (z,y)-path of length r + 1.

(b) Let T be an m-irregular tournament of order p, i.e., |d*(z) —d~ (z)] < m
for every vertex z of T. If m < %(p — 5) (respectively, m < %(p — 3)), then for
every pair of vertices  and y, T has an (z,y)-path of any length k, 4 <k <p—1
(respectively, 3 < k < p— 1 or T belongs to a family G of tournaments, which is
defined in the paper). In other words, (b) means that if the semidegrees of every
vertex of a tournament T of order p are between %(p—k 1) and %(p —2) (respectively,
between #(2p — 1) and £(3p — 4)), then the claims in (b) hold.

Our results improve in a sense related results of Alspach (1967), Jacobsen (1972),
Alspach et al. (1974), Thomassen (1978) and Darbinyan (1977, 1978, 1979), and
are sharp in a sense.

Keywords: tournaments; arc pancyclicity; irregularity; paths; panconnected

tournaments; oudegree; indegree.

1 Introduction

In this paper, we consider finite digraphs (directed graphs) without loops and multiple
arcs. We use standard notation and terminology, cf. [3] and [4]. The vertex set and
the arc set of a digraph D are denoted by V(D) and A(D), respectively. The order of
D is the number of its vertices. A subdigraph of D induced by a subset A C V(D) is
denoted by D(A). If X C V(D), then D — X is the subdigraph induced by V(D) \ X,

1



ie, D—X = D(V(D)\ X). Every cycle and path are assumed to be simple and directed.
Let m and n, m < n, be integers. By [m,n| we denote the set {m,m +1,...,n}.

A digraph D of order p is arc pancyclic (respectively, d-arc pancyclic, where d € [3,p])
if D has a k-cycle containing uv for every arc uv € A(D) and every k € [3, p] (respectively,
k € [d,p]). We say that a digraph D of order p is strongly panconnected (respectively,
d-strongly panconnected, where d € [3,p — 1]) if there is an (x,y)- and a (y,x)-path in
D, both of length k, for any two vertices =, y of D and each k € [3,p — 1] (respectively,
keldp—1]).

An oriented graph is a digraph with no cycle of length two. A tournament is an
oriented graph where every pair of distinct vertices are adjacent. The outdegree d*(x)
(respectively, indegree d~(x)) of a vertex = of a digraph D is the number of vertices y
such that xy € A(D) (respectively, yz € A(D)). The irreqularity i(T') of a tournament 7'
is the maximum of |d*(z) — d~(z)| over all vertices x of T. If i(T) = 0, then T is reqular
and if ¢(T') = 1, then T is almost regular. 1f i(T) = m, T is m-irregular. Observe that
every vertex of a tournament 7' of order p has outdegree between (p — 1 — (7)) and
%(p — 1+44(T)). The outdegree and indegree of x are its semidegrees. Further digraph
terminology and notation are given in the next section.

There are a number of conditions which guarantee that a tournament is arc pancyclic
or strongly panconnected (see, e.g., [1]-[18]). In particular, Alspach [1] proved that every
regular tournament is arc pancyclic. Jacobsen [12] proved that every almost regular
tournament of order p > 8 is 4-arc pancyclic. Alspach et al. [2] proved that every regular
tournament of order p > 7 is strongly panconnected. Darbinyan [9] proved that every
almost regular tournament of order p > 10 is strongly panconnected.

Thomassen [17] generalized these results as follows:

Theorem 1.1. Let T be an m-irregular tournament of order p. If m < %(p —9), then T
15 strongly panconnected. If m < %(p —3), then T is 4-arc pancyclic.

In [8] and [10], Darbinyan obtained the following:

Theorem 1.2. Let T be a regular tournament of order 2n + 1 and let S C V(T).

(i) [8] If 2 < |S| < 3(n —2), then T — S is strongly panconnected.

(it) [10] Let |S| < 3(n —3) and z,y € V(T)\ S be two distinct vertices. If T — S
contains an (x,y)-path of length r, where r € [3,2n — |S| — 1], then T'— S also contains
an (z,y)-path of length r + 1.

We will use the following result of Moon [14].

Theorem 1.3. Let H be an m-irreqular tournament of order p > 2. Then there is a

reqular tournament T' of order p +m such that T contains H as a subtournament.

From Theorems 1.2(ii) and 1.3 it is not difficult to obtain the following:
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Corollary 1.4. [10] Let T be an m-irreqular tournament of order p > 7, where m <
%(p— 7), and x, y are two distinct vertices. If T' contains an (x,y)-path of length r, where
r € [3,p— 2], then T also contains an (x,y)-path of length r + 1.

In this paper, we prove the following theorems, which improve in a sense the above-
mentioned results of Alspach, Jacobsen, Alspach et al., Thomassen and Darbinyan. The

following theorem is our main result.

Theorem 1.5. Let T be a regular tournament of order 2n+1 > 11 and let S be a subset
in V(T). Suppose that |S| < 3(n —2) and x,y are two distinct vertices in V(T)\ S. If
T — S contains an (x,y)-path of length r, where r € [3,2n — |S| — 1], then T — S also
contains an (x,y)-path of length r + 1.

Note that Theorem 1.2(i) was only announced in [8] and its proof has never been
published. The preprint [10] gave only an outline of the proof of Theorem 1.2(ii) and its
complete proof has never been published either. Also note that the main arguments in the

proof of Theorem 1.5 are different from those in the proof of Theorem 1.1 by Thomassen.

Remark 1. Let H be a tournament of order p > 5 with irregularity m < %(p —5).
Then by Theorem 1.3, there is a regular tournament 7" of order p +m = 2n + 1 such that
T contains H as a subtournament. Let S = V(T') \ V(H). Note that |S| = m. Then
we have p + £(p — 5) > 2n + 1 implying p > 3(3n 4 4). Therefore, m = 2n+1—p <
2n+1—3(3n+4) = $(n—2). Thus, |[S|=m < i(n —2).

Theorem 1.6. Let T be an m-irreqular tournament of order p such that p+m > 11. If
m < %(p—5) (respectively, m < %(p—?))), then T is 4-strongly panconnected (respectively,
T s strongly panconnected or belongs to the family G of tournaments defined in Section

3).

Proof. Use the construction of Remark 1 to obtain a regular tournament 7' containing 7.
Let 2n+ 1 = p+m be the order of T'. Let S = V(T) \ V(T).

Let us first prove the case of m < (p —5). By Remark 1, m = [S]| < 3(n — 2) and
hence by Lemma 3.2(ii), 7" has an (x, y)-path of length 3 or 4 for every pair z, y of distinct
vertices. Also, by Theorem 1.5, T" has an (z,y)-path of any length from 4 to |V(T")| — 1.
Thus, T is 4-strongly panconnected.

Now we prove the case of m < £(p —3). Since p+m > 11 and m < £(p — 3), we have
p > 10. Hence, m < 1(p—3) < 3(p—5) and we can use Lemma 3.2 to show that T either
has an (x,y)-path of length 3 for every pair z,y of distinct vertices, or T belongs to the
family G. If T' does not belong to G, by Theorem 1.5, T is strongly panconnected. m

Remark 2. Using the above observation, we can formulate Theorem 1.6 in terms of

semidegrees as follows: If the semidegrees of every vertex of a tournament T of order p
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are between £(p+ 1) and 2(p — 2) (respectively, between +(2p — 1) and £(3p —4)), then
the assertion of Theorem 1.6 holds.

From Theorem 1.6 (Theorem 1.5) it follows that

(i) if T is regular (i.e, m = 0), then for p > 11 we have a result by Alspach that any
regular tournament is arc pancyclic (observe that any arc of a regular tournament is on
3-cycle) and for p > 11 a result by Alspach et al. that any regular tournament is strongly
panconnected.

(ii) if 7" is almost regular (i.e, m = 1), then for p > 10 we have a result by Jacobsen
that any almost regular tournament is 4-arc pancyclic and a result by Darbinyan that any
almost regular tournament of order p > 10 is strongly panconnected.

(iii) from Theorem 1.6 (Theorem 1.5) also we have Theorems 1.1 and 1.2.
The following remark shows that Theorem 1.5 is sharp in a sense.

Remark 3. If in Theorem 1.5 we replace 1(n — 2) with £(n — 1) (respectively, %), then
there is a regular tournament of order 2n + 1 = 11 (respectively, 2n + 1 = 13), which
contains a subset S C V(T') with [S| = 2(n — 1) (respectively, |S| = 2) and two distinct
vertices z,y € V(T) \ S such that ' — S contains an (z,y)-path of length 3, but 7' — S
contains no (z,y)-path of length 4.

Here we define only a regular tournament 7" of order 2n + 1 = 11 as follows:

V(T) = {xo,x1, 22,23} U AU S, where A = {uy,us,uz,uq, 2z} and S = {vy,v2}.
The arc set of T is defined by in-neighborhoods of vertices as follows: N~ (zg) = A,
N=(z1) = {xo,2,u3,us,v2}, N~ (x2) = {xo,21,2,u3,us}, N (x3) = {xo, 71,22} U S,
N=(2) = {x3,u1,ug,us, us}, N~ (uy) = {x1, 29, 23, us,v2}, N~ (uz) = {21, 29, 3, u1,01},
N~ (ug) = {x3,u1,uz,v1,v2}, N~ (ug) = {3, u2,us,v1,v2}, N~ (v1) = {x, 21,29, 2,u1}
and N~ (vq) = {xo, 22, 2, v1, U }.

It is not difficult to check that T'— .S contains an (z, x3)-path of length 3, but contains
no (zg, x3)-path of length 4.

Remark 4. One of the main ideas of the paper is that there are two kinds of conditions
for various kinds of path-connectedness, where the first one is that of “relatively small
irregularity” (Theorem 1.1), and the second one is that of “being a relatively large part of
a regular tournament” (Theorem 1.2). The equivalence of these two kinds of conditions
is set up through Theorem 1.3. The main contribution of the this paper is the result of
Theorem 1.5 which not only improves Theorem 1.2(ii) but also with a complete proof
which was not given with Theorem 1.2(ii). And from Theorem 1.5 we are able to prove
Theorem 1.6, which improves Theorem 1.1. (Of course more former results are improved

as pointed out before Remark 3.)



2 Further terminology and notation

If zy is an arc of a digraph D, then we say that x dominates y. For disjoint subsets B
and C of V(D), let A(B — C) = {zy € A(D) |z € B,y € C}. We write B — C'if every
vertex of B dominates every vertex of C. If AC V(D) \ (BUC), then A - B — C'is a
shortcut for A — B and B — C. If z € V(D) and A = {z}, we write z instead of {x}.

The out-neighborhood (respectively, in-neighborhood) of a vertex z is the set N*(z) =
{y e V(D) |zy € A(D)} (respectively, N~ (z) = {y € V(D) |yx € A(D)}). Similarly, if
B CV(D), then N*(z,B) ={y € B|lay € A(D)} and N~ (z,B) = {y € B|yxr € A(D)}.
We define N*2(z, B) and N~%(z, B) as follows:

N**(z,B) = {= € B\ ({z} UN" (2, B)) | y € A(D),y € N*(, B)},

N=2(2,B) = {z € B\ ({z} UN~(2,B)) | zy € A(D),y € N~(z, B)}.

Note that for a vertex z, we have d*(z) = |[N*(z)| and d~(x) = |[N~(x)|. Similarly, let
d*(z,B) = |N*(z,B)| and d(x, B) = [N~ (x, B)|.

The path (respectively, the cycle) in D consisting of distinct vertices z1, o, ..., 2y,
(m > 2) and arcs x;w;y1, ¢ € [1,m — 1] (respectively, z;x;11, i € [1,m — 1], and x,,z1),
is denoted by zyxo - -z, (respectively, z1z5---x,,21). The length of a cycle or a path
is the number of its arcs. A k-cycle is a cycle of length k. We say that xyz9...2,, is a
path from z; to z,, or is an (z1, x,,)-path. The digraph D obtained from a digraph D by
replacing every arc zy € A(D) with the arc yz is called the converse of D. We will use
the principle of digraph duality: Let D be a digraph and D the converse of D. Then D
contains a subdigraph H if and only if D contains the converse H of H.

3 Preliminaries

The following lemma states several well-known and simple claims which are the basis of
our results and other theorems on directed cycles and paths in tournaments. The claims

will be used extensively in the proof of our result.

Lemma 3.1. Let T be a tournament of order p > 2. Then the following statements are
true.

(i) The tournament T contains two distinct vertices x and y (respectively, u and v)
such that d™(z) < 5(p—1) and d(y) > 5(p — 1) (respectively, d*(u) < 1(p — 1) and
() > 1p—1).

(11) If T is regular, then p = 2n+ 1 and for any vertex x € V(T), d~(z) = d*(z) = n.

(153) If T is not reqular, then T' contains two distinct vertices x and y (respectively, u
and v) such that d™(z) < (p — 2) and d~(y) > 3p (respectively, d*(u) < L(p —2) and
a*(v) > 1p).



() If T is almost regular, then p = 2n and n vertices have indegrees equal to n and
the other n vertices have outdegrees equal to n.

(v) Let T be a non-regular tournament. If for all v € V(T), d~(v) < 3(p+ 1) (or
dt(v) < 2(p+1)), then T is almost regular.

(vi) Let T be a tournament. If for allv € V(T), d™(v) < 3p (or d*(v) < ip), then T

18 reqular.

To formulate Lemma 3.2, we need the following definition.

Definition. By G we denote the set of reqular tournaments, each of which has order
6k +3 > 9 and vertez set {x,y, 2z} UAUBUCUS with the properties |A| = |C| =2k — 1,
|B| =k + 2, |S| =k, the subtournaments induced by the subsets A, C, {z} UB U S are
reqular, A— BUS - C,C — A, C—z2— A, z—{y,z} UAUS, {z,2} UCUS — y,
y— AUB and BUC — .

Let G € G. Observe that G — S has no (z,y)-path of length 3.

Remark 5. It is interesting that Thomassen [17] used tournaments of the form G — S,
where G' € G to show that there are many tournaments of order p with irregularity equal

to é(p — 3), which are not 3-strongly panconnected.

Lemma 3.2. Let T be a reqular tournament of order 2n+ 1. Suppose that S C V(T) and
x, y are two distinct vertices in V(T') \ S. Then the following hold:

(i) If n >3 and k = |S| < (n—1), then T — S contains an (x,y)-path of length 3,
unless T 1s 1somorphic to a tournament from G.

(i) If n > 5 and k = |S| < in and T — S contains no (x,y)-path of length 3, then
T — S contains an (z,y)-path of length 4.

Proof. Let A=V(T)\ ({z,y}US) and R=N"(x, A)N N~ (y,A). If T — S contains no
(x,y)-path of length 3, then |R| < 1, [N*(z,A)]| >n—k —1 and

AN* (2, A) = N~ (5, A) =0, ie, N-(y,A) = N*(z, A) 1)
and observe that
INT(z, A)\R| >n—k—2 and [N (y,A)\R|>n—k—2, (2)

(i) Suppose that T'—S contains no (x, y)-path of length 3. Note that 7" = T(N*(x, A)\
R) must contain a vertex u with d™ (u,T") > (|V(1")| — 1)/2, the average indegree in 7"
Using (1) and (2), we obtain that the following holds for d~ (u):

n=d (u) > {z,y} + [N~ (y, A)[ + (IN"(z, A)\ R| - 1)/2

6



>n—k+14+(n—k—-3)/2=n+(n—-3k—-1)/2. (3)

Therefore, n—3k—1 <0, i.e., 3k =n—1 as 3k < n—1, and all the inequalities that led to
(3) in fact are equalities. This means that [N*(z, A)\ R| = n—k—2 (by the digraph duality,
IN“(y, A)\R|=n—k—2),|R| =1, |B| = k+2, where B=A\ (N"(z, A)UN(y, A)),
y— B—xz,2—S—y T(NT(x,A)\R) is a regular tournament (by the digraph duality,
T(N~(y,A)\ R) is also a regular tournament), N*(z,A)\ R - SUB — N~ (y,A) \ R,
y— Nt(z, A)\R, N~ (y, A)\R — =z, zy € A(T) and T(SUBUR) is a regular tournament.
Therefore, T' is isomorphic to a tournament of the type G.

(i) By contradiction, suppose that 7'—.S contains no (z, y)-path of lengths 3 and 4. By
Lemma 3.1, we know that there is a vertex u € N*(z, A) \ R such that d*(u, N*(z, A) \
R) < (JN*(x,A)\ R|—1)/2. Consider the out-neighbors of u. Since d*(u) = n and u can
not dominate x and y, the number of out-neighbors of v in A is at least n — k. Further
the out-neighbors of u which are contained in N*(z, A) \ R are all in N*?(z, A). This
together with (1) implies that

INt2 (2, A)| >n—k— (|N*(z, A)\ R| —1)/2 = (2n — 2k — [N " (2, A) \ R| + 1)/2.

Since T'— S contains no (z, y)-path of length 4, it follows that N~ (y, A)\ R — N*2(x, A)).
This together with (1), (2) and the last inequality implies that for some vertex v €
N~ (y,A) \ R the following holds

d*(v) > [, yH + IN* (@, A)| + (N2, A)| + (N~ (9, A)\ R = 1)/2 > 20— 2% + 1.
Hence, 2k > n 4 1, which is a contradiction. This completes the proof of the lemma. [

For n = 3 and n = 4, it is not difficult to construct tournaments for which Lemma
3.2(ii) is not true. To see this, we consider the following examples of regular tournaments
of order 7 and 9.

Let T be a regular tournament of order 7 (of order 9) with vertex set V(T') = {z,y, z}U
BUS, where |S| =1, |B| = 3 (respectively, |S| = 2, |B| = 4). The tournament 7" satisfies
the following conditions:

A(T) contains the arcs zy, xz and zy, t - S — y,y - B -z and T{({z} UBUJS) is
a regular tournament. It is easy to check that |S| < n/2 and T'— S contains no (z, y)-path
of lengths 3 and 4.

Note that if we replace 3n with 1(n + 1) in Lemma 3.2(ii), then there is a regular
tournament 7" of order 2n+1 = 11 (2n+ 1 = 15) which contains a subset S C V(T") with
|S| = k = 3(n+1) and two distinct vertices z,y € V(T — S) such that T — S contains
no path of lengths 3 and 4. To see this we define regular tournaments 7" of order (a)
2n+1 =11 and (b) 2n + 1 = 15 as follows:

(a) Let T be a regular tournament of order 11 with V(T') = {x,y,2} U AU S such
that [A|=5,k=|5]=3,2 =S =y, y = A — z, the arcs xy, zz, zy are in A(T) and
T{{z} UAUS) is a regular tournament.



It is easy to check that T'— S contains no (x,y)-path of length greater or equal to 3.

(b) Let T be a regular tournament of order 15 with V(T') = {x,y, z,u,v} UAUBUS
such that [A| = |B| =3,k = |S| =4, S = {ay, as, by, ba}, the arcs zy, xz, zy, xu, vy, vu, vz,
2u, a1ag, bibg, asby, ashy, a1by, beay are in A(T), x — S — y, {y,z,u,v} - A, B —
{z,u,v,2}, y > {u} UB, A - {2} UB, v - {2} UA, S - v, u - AUS, the in-
duced subtournaments T'(A) and T'(B) are regular tournaments, {by, b} — A — {ay, as},
{a1,a2} = B — {b1,bo} and {by,b2} — z — {a1,a2}.

It is not difficult to check that T"— S contains no (z,y)-path of length 3 and 4. Note
that T'— S contains an (z,y)-path of every length 5,6, ..., 10.

In Lemmas 3.3 and 3.4, we assume that P := xox; ..., is an (g, x,)-path of length
r in a tournament 7" and z is a vertex in V(T') \ V(P) such that {z,11,Zas2, ..., 2.} —
z = {xo,21,...,24}, where a € [2,r — 3]. Moreover, any (zo,z,)-path of length r + 1

with vertex set {z} U V(P) is denoted by @, and we assume that 7" contains no such a
path Q).

Lemma 3.3. Suppose that zsxy € A(T) with s € [1,a — 1] and t € [+ 3,7]. Then

A{zo, 21, 252} = {Zar2, Tars,- - T—1}) =0 when s > 2, and
A(rs1 = {Tar2, Tars, .-, xe1}) =0, when t—s#5.

Proof. By contradiction, suppose that there exist integers a € [0,s—1] and b € [a+2,t—1]
such that x,x, € A(T). Observe that {xy_1, 242,21} — 2 = {Tat1, Tas2, Tsy1}. Note
that t — s > 4. Now we prove the following facts.

Fact 3.1.

(i) zar12o-1 € A(T).

(i) If a < s — 2, then z4412,11 € A(T) and if a = s — 1, then x4 025 € A(T) and
t—s>6.

Proof. (i). Indeed, if xp_124.1 € A(T), then Q = 2021 ... TqTp. . T4 12Ts41 .- Tp1
Tgil---TsTy... T, a contradiction.

(i). fa < s —2 and 2417511 € A(T), then

Q=20T1...Tai1Tsq1---T4_12Tqy2 .- TsTy ... Tp.

If a=s—1and zs259 € A(T), then either x4 2,1 € A(T) and

Q =XoT1...TsTgio... Ty 02T 1Tp_1 ... Ty

or 2y 1Tsy1 € A(T) and Q = 2o ... Ts 1Xp. .. Ty 1Tgq1 ... Tp_12LsT¢ ... L. Thus, in both
cases we have a contradiction.

It is easy to see that from xsz, 1 € A(T) and x4 02 € A(T) it follows that b—1 > s+3
and hence, t —s > 6 since t — s # 5 when a = s — 1.

Fact 3.2. If ;w41 € A(T) with i € [s+ 1,b — 3], then x; 02,11 € A(T).
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Proof. To prove it by contradiction, suppose that z;z,.1 € A(T) with i € [s+1,b— 3]
and z, 1120 € A(T). If 412,41 € A(T), then

Q =Xox1...-Tqglp.. - Tt—-1Tj41 - - Lp—1RLs41 - - Lilgy1 - - LTt ... Ty,

and if ;12,1 € A(T), then Q = XXy ... Te11Tigo .. T4—22Tg40 .. Tig1Ty—1 - - - Tpy & CON-
tradiction.

Using Fact 3.2, it is not difficult to see that there is no i € [s + 1,b — 3] such
that {x;,xi11} — Tar1, 1€, d (Tep1, {xi, xi01}) < 1 (for otherwise, we obtain that
Tp-1Tq11 € A(T), contradicting Fact 3.1 that z, 1251 € A(T)). By Fact 3.1 we have
that if a < s — 2, then 2,412,141 € A(T), and a = s — 1, then z 02, € A(T). This
together with d™= (2441, {x;, z;41}) < 1 and Fact 3.2 implies that

if a <s—2, then {zs11,Ts13,..,Tp2} = Tar1 = {Tsi2, Tsidy - To_1},
if a =s—1, then {Zsy9, Tsia,...,Tp—2} = Ts = {Tst1,Ts3, .-, To_1}- (4)

Thus, in both cases we have x,_oz,.1 € A(T). Now using (4), we obtain, if z, 12,1 €
A(T), thenb<t—2and Q =g...TaTp. .. T4 1Tp_12T541 - Tp2Tail - LsTy ... Ty, and
iftb<t—2andzy, 12, 1 € A(T), then Q = xg...TaTy... T4 22Tg41 .- Tp_1T4_1 - - - Tpr, thus
in both cases we have a contradiction. We may therefore assume that b =¢ — 1. In this
case, if zprsy1 € A(T), then Q = xoxy ... TeTpTsiq .. Tp_12Tgy1 - - - TsTg .. . Ty & CONtTA-
diction. Therefore, we may assume that xs, 12, € A(T). This follows that if a < s—2, then
Q=120...Cq11Ts12.. - Tp_12Tq42 ... Lsi1Lp . . . T, & contradiction. Assume that a = s — 1.
Then by Fact 3.1(ii), t —s > 6. Let t > o+ 4. It is easy to see that if x, 12510 € A(T),
then by (4), zor12s12 € A(T) and Q = zo2y ... TsZp_1Tsi9 ... Tp_22Ts1Tp . . . T, and if
Terotp_1 € A(T), then Q = Toxy ... TsTsig ... Tp_92Tsi1Ts42Tp_1 ... T, Let now t = a+3.
Then b = o+ 2 and z — {441, %s10,...,2Ta}. From ¢t —s > 6 and (4) it follows that
t—s>7and a« > s+ 4. From (4) we also have that x, 4z, € A(T). Therefore, if
rpry—3 € A(T), then Q = xox1 ... Ts 1TpTh_3Tp 2Ty 12Ts41 - - - Tp_aTsTy . . . Tpy & CONLTA-
diction. We may therefore assume that x, sz, € A(T). If zp_sxs1 € A(T), then Q =
ToLy ... Ty 120y 2Ts1q - .. Tp_3Lp ... L., & contradiction. Thus, we have that x, sx;, €
A(T) and x4 125 o € A(T). Therefore, Q = xo21 ... T4 1Ty 2Ty 12Tsi0 ... Tp_3Th ... Ty, &

contradiction. Thus, in all cases we have a contradiction. O

Lemma 3.4. Suppose that xsxy € A(T) with s € [a,r — 2] and t € [s+2,r]. Ifk =
L%(t — )], then A({xo,z1,. .., %a-1} = {Tss1,Tsio,. -, Tsar}) = 0.

Proof. The proof by induction on k = [1(¢ — s)|. Observe that {21, 2,-1} — z. For
the base step, it is easy to see that if z,x,11 € A(T) with i € [0, — 1], then Q =
TOTL - - TiTgyq - Ty 12Tj1 - .- LTy ... Ty, & contradiction. We may therefore assume that
A({zo, x1,...,Ta-1} = Ts31) = 0. This means that if 2 < t — s < 3, then the lemma is



true. Assume that ¢t — s > 4. For the inductive step, we assume that if =, z;, € A(T)
with s; € [a,r — 2], t; € [s1 +2,r] and t; — s; < t — s, then A({zg,21,...,24-1} —
{Toy41, Tsy 42, o, Toyywy }) = 0, where ky = [3(t — s1)].

If 2412541 € A(T), then for all i € [1,a — 1] and j € [s + 2,t — 1], z;2; ¢ A(T) (for
otherwise, if z;x; € A(T), then Q = xoz1 ... 3% ... T4_1Ts41 ... Tj12
Tit1...%sTy. .. T, acontradiction). Therefore, A({xqo, 1, .., Ta—1 = {Tsi1, Tsioy- -,
z;_1}) = () and we are done. Now assume that x5 12,1 € A(T). Thent—1—(s+1) < t—s
and, by the induction hypothesis, A({xg, x1,. .., Ta—1} = {Tsi2, -+, Tsr14m}) = 0, where
m=|(t—s—2)/2]. Thus, A({x¢,z1,...,Za-1} = {Tst1,Tss2, ... Tsy14m}) = 0. This
implies that Lemma 3.4 is true since m + 1 = |1(t — s)]. O

4 Proof of the main result

For convenience of the reader, we restate it here.

Theorem 1.5. Let T be a regular tournament of order 2n+1 > 11 and let S be a subset
in V(T). Let |S| < 2(n —2) and z,y be two distinct vertices in V(T)\ S. If T — S
contains an (z,y)-path of length r, where r € [3,2n — |S| — 1], then T — S also contains
an (z,y)-path of length r + 1.

Proof. Recall that P = xgzy ...z, is a path of length r in 7" and k = |5].

Observe that for any vertex x € V(T —S), d (z, V(T = S)) > n—k and d* (z, V(T —
S)) > n — k. Now by @ we denote any (zo, x,)-path of length » + 1 in 7' — S. Suppose
that T'— S has no such path Q. Let A = V/(T) \ (V(P)US). We will prove a series of
claims (Claims 1-13).

Claim 1: N~ (x,, A) = N*(z0,A) =0, i.e., d (z,, A) = d*(x9,A) = 0.

Proof: By the digraph duality, it suffices to prove that N~ (z,, A) = (. Suppose,
on the contrary, that N~ (x,,A) # 0. Let z € N~ (z,,A), ie., zz, € A(T). Then
z = A{xo,x1,...,x.}, r<n—1and [N (z,A)| > n— k. It is easy to see that

A({zo, z1,. .., 22} = N (2, A) U{z}) = 0. (5)

We distinguish the following two cases depending on 7.
Case 1.1. r > n — k. We know that N~ (z, A) contains a vertex u such that
d (u,N~(z,A)) <0.5(d (2, A) — 1). This together with (5) implies that

IN2(2, A)| > I[N (2, ANN (u)| >n—k —2—0.5(d (2, A) — 1). (6)

It is easy to see that A({zo,71,...,2,_3} — N7%(z,A)) = 0. This together with (5)
implies that {2}UN~ (2, A)JUN~%(2, A) — {xg, 21, ..., 2,3} Therefore, {xq,x1,..., 7, 3}
contains a vertex v such that d=(v) > [N~ (z, A)| +|N"2(z, A)| + 14 0.5(r — 3) and unless
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{zg,x1,...,2,_3} induces a regular tournament, we can find a vertex v so that equality
does not hold. Now using (6), 7 > n — k and the fact that [N~ (z, A)| > n — k, we obtain

n=d (v)>d (z,A)+n—k—2-05(d (z,A) —1)+0.5(r — 1) > 2n — 2k — 2.

Therefore, 2k = n — 2 (as 2k < n — 2) and all inequalities which were used in the last in-

equality in fact are equalities, in particular, T'({xq, 1, ..., z,_3}) is a regular tournament.
Therefore, {zg,x1,...,2,_3} — =,_o. Hence,
T (@ra) > IN“(5 A+ {2+ {2 s}

> n—k+1+r—2

> n—k+1+n—-~k-—2

= 2n—2k—1

> 2n—(n—2)—1

= n+1,

a contradiction.
Case 1.2. r <n—Fk —1. Then N*(zg, A) # 0. It is easy to see that

Nt (zg, A)NN"(2,A) = ANt (29, A) = N~ (2, A) U{z,z1,29,...,2,}) =0. (7)

We know that N*(zg, A) contains a vertex u such that d*(u, N*(zg, A)) < 0.5(d" (zo, A)—
1). From this and (7) it follows that |[NT2(xq, A)| > n — k — 0.5(d"(xg, A) — 1). It is not
difficult to see that N~ (z,, A) — {xg,z1,...,2,} U NT (29, A) U NT2(xg, A). Therefore,

N~ (z,, A) contains a vertex y such that
n=d"(y) > |N" (w0, A)| + [N (wo, A)[ + 05(N "z, A)[ = 1) +7 + 1.
Now, since min{|N*(xo, A)|, [N~ (z,, A)|} > n —k — r, we obtain that n = d*(y) >
2n — 2k + 1. Hence, 2k > n + 1, which contradicts that 2k <n — 2. Claim 1 is proved. 4
Using Claim 1, n > 5 and 2k < n — 2, we obtain that |A] < n, r =2n —k — |A| >
n—k>3.5 (ie,r>4)and
min [N (20, V(P))], N (20, V(P)I} 2 1 — k. )

Claim 2: N*(xq, A) = N~ (z,-1,A) = 0.

Proof: By the digraph duality, it suffices to prove that N~ (x,_1, A) = 0. Suppose,
on the contrary, that N~ (x,_1, A) # (. Let z be a vertex in N~ (z,_1, A). Then zx,_; €
A(T), z — {xo,x1,..., 2,1} and [N~ (z,A)| >n—k — 1.

Case 2.1. N~ (z,A) — z,—1. Then

A({zo,71,..., 203} = {z} UN (2, A)UN2(z, A)) = 0. (9)
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Since N~ (z, A) contains a vertex u such that d=(u, N~(z,A)) < 0.5(|N~(z, A)| — 1), it
follows that [N"2(z, A)| > n—k—1—0.5(|N"(z,A)| —1). Now using (9) and r > n — k,

we obtain that {zo,z1,...,2,_3} contains a vertex v such that
n=d (v)>05(r—3)+n—k—1—05(|N"(2,A)|—1)+|N"(2,A)|+1>2n—2k— 1.5,

a contradiction to 2k < n — 2.
Case 2.2. A(x,_1 — N7 (2,A)) # 0. Since {z} UN(2,A) C A and [N~ (2, A)| >
n — k — 1, we have that |A| > n — k. Observe that

N7 (z,A)UN" (z,_1,A) = {xo, 21, ..., 2,_3}. (10)

Hence, {z}UN"(z, A) — 1, as r > 4. Therefore, for somey € N~ (z, A), z,_1 — y — x1.
If ;2. € A(T) with i € [1,r — 2] (respectively, with ¢ € [1,r — 3]), then zgz;11 ¢ A(T)
(respectively, zox;1o ¢ A(T)), for otherwise Q = xoxitq ... T 1y2y . .. 22, (respectively,

Q = ToTiy2 ... Tr_1Y2T1 ... T2, ), which is a contradiction. From this and (8) we have,
d (xo,{x2,23,..., 2, 1}) >n—k—2. (11)

This together with |[A] > n — k and A — xo implies that n = d~(zq) > |A| + d™ (g, {22,
T3, ..., Tr_1}) > 2n — 2k — 2, which in turn implies 2k = n — 2, |A| = n — k (i.e,
A={z} UN(2,A),r=n>6,k>2(asn >5and niseven and r = 2n — k — |4|)
and d~(zo, {xe,23,...,2,_1}) = n — k — 2. Now by the above arguments, it is not
difficult to see that N~ (x,,{z1,z9,...,2,2}) = {Tk41,Tks2,...,Tn_o}. Since yry €
A(T) (by (10) and r > 6), it follows that if z;x;1; € A(T) with i € [k + 1,n — 2],
then Q) = xox1%i41 ... Tp_1yxy ... 2;T,, a contradiction. We may therefore assume that
dt (1, {®ks2, Thes, - -y Tn_1}) = 0. This together with d*(z1,{zo} U A) = 0 implies that
d (z1) > |A|+n—k—12>2n— 2k — 1, a contradiction. Claim 2 is proved. o

From Claim 2 it follows that d~(z,_1, {0, z1,...,2._2}) > n—k. Hence, r > n—k+1.
Using (11) and Claim 1, we obtain, d~(zg) > n — k — 2 + |A|. Therefore, |A| < k + 2.

Claim 3: |[A| <k +1.

Proof: The proof is by contradiction. Suppose that |A| > k+2. Then, |A| = k+2 > 2
and r = 2n—2k—2 since |A| < k+2. This implies that r is even, r > n and r > 6 since n >
5 and 2k < n — 2. Since z,_; = A — x; (Claim 2), it is not difficult to see that if z;z, €
A(T) withi € [1,7—2], then zoz;11 ¢ A(T) (for otherwise, Q = xoZit1 ... Tr 1227 . .. Ty,
where z € A). This together with A — o, d™(z,, {x1,22,...,2,_2}) > n —k — 2 and
|A| = k+2 implies that n = d~(zo) > |A|+d ™ (z, {21, 22, ..., Tr—2}) > k+24+n—k—2 =n.
This means that d~(z,, {z1,22,...,2,_1} = n — k — 2 and the in-neighbors of =, in
{xg,x3,..., 2,1} are only those vertices z; for which x; iz, € A(T). From this we
conclude that there is no i € [1,r — 3| such that z;z, € A(T) and z; 11z, ¢ A(T) since in

the converse case xox;12 € A(T) and Q = xoTiso ... T, 1010977 . . . T;T,, Where aj,as € A
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and ajas € A(T). Therefore, N~ (z,,{x1,22,..., 2, 2}) = {Tn_k—1,Tn_k,---,Tr_o} and
N*t(xo,{x2,x3,..., 2, 1}) = {29, 23,...,2,__1}. In particular, z,x; € A(T) asn > 5
andn—k > 3.

Assume first that for some y € A, yzy € A(T). Using the above equalities, we
obtain {x,_k, Tpnkt1,...,2—1} — x1 (for otherwise, Q = zor12;...2,1yZs ... Tj_12,,
where j € [n — k,r — 1]). Now, since AU {zg,x,.} — z1 and |A| = k + 2, we obtain
d~(x1) > n + 2, a contradiction.

Assume next that A(A — z3) =0, i.e., xg — A. Then {9, 23,...,2,} — A and there
is a vertex u € A such that d~(u) > 2n — 2k — 3+ (k + 1)/2. Therefore, 2k =n — 2 as
2k < n — 2. Thus k < 1, which is a contradiction, since 2k = n — 2 and n > 6. Claim 3
is proved. o

Since r =2n —k — |A|, |A| <k+1and 2k <n—2, wehaver >n+1>6asn >5.

Claim 4: N*(z9,A) = N~ (z,_9,A) = 0.

Proof: By the digraph duality, it suffices to prove that N*t(zy, A) = 0. Sup-
pose, on the contrary, that NT(x9, A) # (. Let z be a vertex in N*(zp, A). Then
{xg,x3,...,2,} = z. This together with z — {x, 21} implies that |[NT(z, A)| >n—k—2
and |A| > n —k — 1. Now using the facts that |A] < k£ + 1 (Claim 3) and 2k < n — 2,
we obtain that 2k = n — 2, |[A| = k+ 1 and r = n+ 1. From 2k = n — 2 it follows
that n is even, n > 6 (as n > 5) and k > 2. Since {zo} UA — z; and r = n + 1, it
follows that there is a vertex x; € {x4, x5, ..., Zy41} such that xyz; € A(T). Therefore,
if zoxy € A(T), then Q = zoxs ...z 12017 ... %, and if zors € A(T), then for some
y € NT(z,A) we have Q = zoxs...xj_12yr17; ... T, which is a contradiction. We may
therefore assume that {xq,x3} — xo. Since {zy, 23} U A — x0, {22, 23,...,2,} — z and
r =n+ 1, it follows that d*(zg, {z4, x5,...,2,}) > n—k —2 > 2 and d¥(z,A) = k.
Let xox,, € A(T) with m € [4,n] and m the minimum with these properties. Since
A — 1z, x,2 € A(T) and T(A) contains a path zyu of length two, it is easy to
see that d™ (Tpt1, {Tm—3, Tm—2,Tm—1}) = 0 and if xoz; € A(T) with j € [4,n], then
Tj_1Zn41 ¢ A(T). These together with d™ (z,41,4) = 0 and |A| = k£ + 1 imply that
d¥(zp41) > |A|+n—k =242 =n+1, a contradiction. Claim 4 is proved.

From Claims 1, 2 and 4 it follows that {x,, x,_1, 2,2} = A — {20, 71, 22}

Let a := max{i € [2,7 — 3] | A — z;}. From this and the assumption that 7" contains
no ) path it follows that A — {z¢,x1,..., 2.}, A(zr; = A) # 0 for all j € [a+ 1, r] and
A contains a vertex z such that

{Zos1, Tasay- s} = 2 = {x0, 21, .., s} (12)

Fact 1: (i) If 2k = n — 2, then n is even (i.e., n > 6,asn > 5), n — k — |A] > 1 and
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r>n+1>T7.

(ii)) f 2k <n—3,thenn—k —|[A| >2and r >n+2> 7.

Proof: Indeed, n — k — |A| > n—2k—1and r =2n —k — |A| > 2n — 2k — 1 as
|A| < k+1. Now, if 2k =n—2, thenn—k—|A| > landr > n+1>7, and if 2k < n—3,
thenn —k—|A| >2andr>n+22>7. o

Fact 2: n—k—|A|<a<n-1-|}4]| <n-1

Proof: Since {z411,Zat2,---, 2} = 2z, wehaven =d (z2) >r—a=2n—k—|A| —«
and o« > n —k — |A|. From A — {zg,x1,...,2,} it follows that there exists a vertex
x € A such that n =d*(z) > a+ 1+ |3]A4]]. Hence, e <n—1—[1]|4]] <n—1. 4

Let B:={x; |i e [l,a—1], A(z; = {zat2,...,2,}) # 0}.

Proposition 1: (i) If x; € B, then A({zo,®1,..., 71} = xi41) = 0.

(i) If 2z, € A(T) with j € [o, 7 — 2], then A({xo, 21, ..., Ta-1} = xj41) = 0.

Proof: (i) z; € B means that ¢ € [1,a — 1] and there is an integer b € [a + 2, 7]
such that z;z, € A(T). Assume that for some a € [0,i — 1], z,2,41 € A(T). By
(12), zxaq1,2p-12 € A(T). Therefore, Q = o...TaTiy1 .. Tp_12Ta41 .- Tilp ... Ty,
contradiction. So, A({zg,z1,..., 251} = xi11) = 0.

(i) Now assume that z;z, € A(T) with j € [a,r — 2] and z;2;41 € A(T) with
i € [0,a — 1]. Again using (12), we obtain Q = ToZy...TTj41 ... Tro12Tit1 - .. TiTy, &

contradiction.

Now, we divide the proof of Theorem 1.5 into two cases. Note that, by digraph duality
and Lemma 3.3, the second case easily follows from the first case.

Case I. A({x1,22,..., 201} = x,) =0, ie, z, = {x1,29,..., 261}

For this case first we need to show the following claims below (Claims 5-13).

Claim 5: B # {x1,22,...,24_1}.

Proof: Suppose, on the contrary, that B = {x1,xs,...,24_1}. Let @« > 3. Then using
Proposition 1(i), we see that d(xy, {zo, z3,..., 24, 2,.}) = 0. From d(z,,V(P)) >n—k
and z, — {x1,29,...,24_1} it follows that d~(z,,{Za, Tat1, ..., Tr_2}) >n —k — 2.

By running j from a to r — 2 in Proposition 1(ii), we have

d_(‘/L‘Ta {xaa xa+1> L 7IT—2}> + d+($17 {xa—i-h xa+27 .. 7'r7‘—1}) S r— ]- — .
Therefore,
d_(xh{'ra—i—hxa—‘r%"-7x7‘—1}) = Trr— ]-_a_d_(x17{xa+laxa+27'"7xr—1}>
Z di('rTa{xa?anrb"'JfoQ})
> n—k—2.

14



Hence, by this inequality and o« > n — k — |A| (Fact 2) we have
n = d_(xl) > |A| + |{ZL'0,ZL’3, s a-romer + d_(xlu {xa—&-l)xa—i—% s axr—l})

>|Al+a+n—k—2>2n—2k—2.

Let now aw = 2. From 2 = a > n — k — |A| it follows that |A| > n — k — 2. Therefore,
n=d (x1) > |A| + [{zo, 2, }| + d" (21, {Tat1, Tat2s -  Tr_1})

>|Al+24+n—k—22>2n-2k—2.

Since k = |S| < (n — 2)/2, in both cases we have equalities, that is, 2k =n — 2, k > 2,
a=n—k—|A|l and d (2, {Ta, Tas1,...,Tr—2}) = n —k — 2. From these we obtain that
HTat1, Tas2, -2} =7 —a=2n—k—|A| — (n — k — |A|]) = n and if xz, ¢ A(T)
with [ € [a,r — 2], then xy2;1 € A(T). Since A(xy — {Ta_1} U A) = (), there exists
j € [a+2,r] such that x,2; € A(T). If xqx, ¢ A(T), then j <r—1, 212411 € A(T) (by
the above observation) and Q) = To1Ta41 ... Tj-12%2 ... Tl . .. Ty, a contradiction. We
may therefore assume that z,x, € A(T). Since d™ (v, {Ta, Tat1s-- -, Tr2}) =n —k — 2
and {xa, Tat1,- .-, Tr_a}| = n—3 > n—k—2, it follows that there is an integer i € [or, r—4]
such that x;x, € A(T) and z; 11z, ¢ A(T). By our observation, xyx;1o € A(T). Therefore,
if ;1 € A(T), then Q = xox1Ti4o ... Tr22Xs. .. X112, and if x,_j2;1 € A(T),
then Q) = xor1%;19... T, 1T;112%2 ... 2;T,. In both cases we have a contradiction. Claim

5 is proved.

From now on, by 7' we denote the subtournament T({x1,z, ..., Ta_1})-

Claim 6: B # (.

Proof: By contradiction, suppose that B = (). This means that A({z1,z2,...,Za_1}
= {Zar2, Tass, -2 }) = 0, e, for any i € [1,a — 1], d™ (2, {Tar2, Tars, -, Tr}) =
2n —k —|A| —a—1.

Case 6.1. The subtournament 7" is not regular. Then by Lemma 3.1(iii), there is a
vertex z € V(T") such that d~(z, V(T")) > 0.5(cc — 1). Therefore, since r = 2n — k — | A|
and o <n — |0.5|A|| — 1, we have

n=d (x) > |Al+ {®as2, Tasrss -, o} +0.5(ac— 1) > n+0.5(n — 2k — 2+ [0.5|A]]).

Since 2k < n — 2 and |A] > 1, we have that all equalities in the last inequality must
hold, ie., |Al =1, 2k = n—2 (nis even) and o = n — 0.5||4|] =1 =n—1. If
z;x, € A(T) with i € [a,r — 2], then, since « = n — 1 and |A| = 1, we have d*(z;41) >
|A| + {zo, 1, ..., Ta—1,Tiza}| = n+ 1, a contradiction. We may therefore assume that
Ty = {Ta, Tat1, .-, Tr—2}. This together with x,, — AU{z1,x9,..., 241} and 2k =n—2
implies that d*(x,) > 2n — k — 2 > n+ 1, a contradiction.

Case 6.2. The subtournament 7" is regular. Then d~(xq, V(T1)) = 0.5(a — 2).
Since B = (), 2k < n —2 and r = 2n — k — |A|, we have that n = d~(x;) > |A| +
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H{zo, Tata, Tass, -, T} +0.5(a — 2) > n+0.5(n — «), a contradiction since a < n — 1.

Claim 6 is proved.

By Claim 4, o > 2. If « = 2, then B =0 or B = {x1} = {x1,...,74_1}, violating
Claim 5 or Claim 6. Therefore, « > 3 and A — {xg, 21,29, 23}. By the digraph duality,

{mr—37 Tyr—2,Tr—1, xr} — A.

Claim 7: |B| > 2n — 2k —a — 3.

Proof: By Claim 5, {z1,%s,..., 24 1} \ B # 0.

Assume first that the subtournament T2 := T ({1, Zs,...,74_1} \ B) is not regular.
By Lemma 3.1(iii), V(7?) contains a vertex x such that d~(x, V(T?)) > 0.5|V(T?)]. On
the other hand, from the definition of B it follows that A U {42, Tats, ..., 2} — .

Therefore,
n=d (x)>|Al+r—a—-14+05(a—1—|B|)=n+0.5(2n -2k —a —3 —|B|).

Hence, |B| > 2n — 2k — o — 3.
Assume next that T? is regular. Then for all x; € V(T?), d™ (x;, V(T?)) = 0.5(a —
|B| —2). Let z, € V(T?) and ¢ is the minimum with this property. Then

n=d (x,) > |[AU{z4-1,Tat2, Tats,- .., T }| + 0.5(c — |B| — 2)

=n+0.52n—-2k—a—2—|B|).

Hence, |B| > 2n — 2k — o — 2. Claim 7 is proved. 4

Let M :={z;]j € [a+2,r — 1Jand A({xo, 21, ..., Ta—1} — x;) # 0}.

Proposition 2: If z; € M, then z,_yx, ¢ A(T).

Proof: If z; € M and z;_yx, € A(T), by the definition of M there is a vertex z; with
i € [0, — 1] such that x;x; € A(T'). Therefore, Q = xox1 ... T%; ... Tr12Tit1 ... Tj_1Ty,
a contradiction.

Claim 8: M # {T412,Tat3,- -, Tr 1}

Proof: Suppose, on the contrary, that M = {z,y2,Za43,...,2,—1}. From d~(x,,
{x1,29,...,20-1}) = 0 (by the condition of Case I) and Proposition 2 it follows that

n=d" (z,) > A+ {21, T2, ., Ta1, Tatl, Tato, -, Tra}| =2n — k — 3.

Hence, n — k < 3. Since 2k < n — 2, we obtain that n < 4, which contradicts that n > 5.
Claim 8 is proved.

From Claim 8 it follows that {Zo42, Tass, ..., 2,1} \ M # 0.

Claim 9: 2|M| > 2n — 2k — o — 3.
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Proof: Assume first that the subtournament 7" is not regular. Then V(T") contains a
vertex x such that d™(z, V(T")) > 0.5(a—1). This together with AU({Za12, Tats, - -, Tr}\
M) — z and r = 2n — k — | A| implies that

n=d (z)>|Al+05(a—-1)+r—a—-1—|M|=n+0.52n—2k—2|M| —a—3).

Hence, 2|M| > 2n — 2k — o — 3. Assume next that T" is regular. Then, d~(z1, V(T")) =

0.5(a — 2). Now by a similar argument as above, we obtain
n=d (x1) > |Al+{zo}| +0.5(a—2)+r—a—1—|M|=n+0.502n—2k —2|M|—a—2).

Hence, 2|M| > 2n — 2k — a — 2. Claim 9 is proved.

From Claim 9, 2k < n — 2 and a < n — |0.5|4|] — 1 it follows that 2|M| >
2n — 2k —a—3 > |0.5|A]|. Hence, if |[M| =0 (i.e., M = (), then 2k =n—2, |A| =1 and
a =n—|0.5|A||—1=n—1. In particular, |M| = 0 means that x,_y — {zo,z1,...,Ta-1}
This together with z,_; — {z,} U A implies that d*(z,_1) > n+ 1, which is a contradic-
tion. Therefore, M # ().

Let W := {x; with i € [o+ 1,7 — 1] | there exists j € [a, — 1] such that z,;z, € A(T)
and ‘{Ij.ﬂ, e ,JIZ}| S L0.5|{Z‘j+17 c. 7ZET}|J}

By Lemma 3.4, A({zg,z1,..., 201} = W) =0, ie., W = {zo,21,...,Ta 1}

Let xois7, € A(T), s > 0 and s is the minimum with this property.

Claim 10: [W|>n—k—24[05(n —|4] —a—s+1)].

Proof: Under the condition of Case I, we have that =, — {z1,22,...,2,_1} and
A (Tr, {Tatsy Tassily - Tr2}) > n —k —2 > 2. Without loss of generality, we may
assume that {Taisi1, Tatst2y- -« Tatstms Latsimils - Latsimity < W, where m > 0,
Totstm@r € A(T), Tatssm1Zr ¢ A(L), Taysimirs § Wand t = [(r—m —a —s)/2].
Let Y :={z;1|i €la+s+m+t+1,r—2], z;z, € AT)}. It is not difficult to see that
YCW, m>n—k—-3—|Y|and [W| > |Y|+m+t. Since r = 2n — k — | 4|, it is not
hard to check that

2Y|+m+r—a—s n—|Al+Y|-a—s+1

> >n—k—2 .
W= | ' [2n—k-2+| ! )
Therefore, Claim 10 is true, since |Y| > 0. o
We know that
{z,}UAUW — {z1,29,...,T0-1}. (13)

Claim 11: z,z, ¢ A(T), i.e., s > 1.
Proof: By contradiction, suppose that z,z, € A(T), i.e., s =0.
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Case 11.1. The subtournament 7" is regular. Using Claim 10 (when s = 0) and
2k < n—2, we obtain d~(z1) > [{xo, z, JUAUW|4+0.5(a—2) > 0.5(3n—2k—2+|A]) > n,
which is a contradiction.

Case 11.2. The subtournament T is not regular. If d~(z;, V(T")) > a/2 for some
x; € V(T"), then using (13), Claim 10 and 2k < n — 2, we obtain

d (z;) > oz, JUAUW | +a/2 > |A|+1+a/2+n—k—-24+05(n— |A] — a)

= 0.5(3n — 2k + |A] — 2) > n,

a contradiction. We may therefore assume that for all x; € V(TV), d=(z;, V(T)) <
a/2. Therefore by Lemma 3.1(v), T' is almost regular. Then for all z; € V(T"),
d~(z;, V(T1)) > (a — 3) /2. Again using (13), we obtain

n=d (x1) > [{xo,z,} UAUW]|+0.5(a — 3) > n+ 0.5(n — 2k — 3 + |A]).

Hence, 2k =n —2, |A| =1 (A ={z}), d (21, V(T")) = (o« — 3)/2, N~ (z1) = {xo, 2, } U
AUWUN (21, V(T")). Since a > 3 and z,, ¢ W, we have that z12, € A(T). lf 2,12, €
A(T) with j € [a+2,7], then Q = Tox1To ... Tj—12Ta . . . Ta1Tj ... Ty, f o 12041 € A(T),
then Q) = zox1... 00 1Tayr1 .- Tr122,2,. Thus, in both cases we have a contradiction.

Therefore, {Zq11,Tas2, .-, 2} = To—1. Now, since |A| = 1 and 2k = n — 2, we have
n=d (Ta1) > {2z} + HZas1, Tata, - T} +d" (X0, V(T)) >n+ (n —a —1)/2.

Therefore, « = n—1 since « < n—1. Then, z441 — {2, Tat2, To, 1, ..., Ta—1} by Propo-

sition 1(ii). This means that d*(z44+1) > n + 1, a contradiction. Claim 11 is proved.

Let F:={z;|i € [+ 1,a+ s] and d~(z, {x1, 22, ..., 20-1}) > 1}.

Then, {xa41,.. s Tars) \ F — {x1,...,Taz1}

Claim 12: |F| > [0.5(s +1)].

Proof: Recall that z,,,2, € A(T), s > 1 and x,, — {z1,...,24_1}. Suppose, on the
contrary, that |[F| < [0.5(s+1)]. Then [{zay1,...,Tass} \F| > 2(s+1) (for this it suffices
to consider when s is even or not). Therefore, for every vertex z; € {xy,z9,..., 201},
d (2, {Tas1,-- - Tass}) = 3(s+1). Assume first that the subtournament 7" is not
regular. Then V(T!) contains a vertex z such that d~(z, V(T")) > 0.5(av — 1). Now using
Claim 10, 2k < n — 2 and the fact that {z,} UAUW — x, we obtain

d=(z) > [AU{z,}UW|+0.5(ac — 1) + 0.5(s + 1) > n+ 0.5]A],

a contradiction. Assume next that the subtournament 7" is regular. Then d~(xy, V(T))

= 0.5(cv — 2). Therefore, as the above, we obtain
d™(z1) > |[AU{zo, 2, } UW|+0.5(ac —2) + 0.5(s + 1) > n+ 0.5(]A4| + 1),
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a contradiction. Claim 12 is proved.

Claim 13: A(A — z416:1) # 0.

Proof: Suppose, on the contrary, that A(A — z44s11) = 0. Then {xors11,. .., 2.} —
A. Since W C {xgiss1,--.,Tr—1} it follows that W — A. Recall that x,. sz, € A(T),
s > 1 and « + s is the minimum with this property. By Proposition 1(i), we know that
if z; € B with ¢ > 2, then z;1127 € A(T) and x4y ¢ W. By the definition of F,

{Tat1,- s Tars} \ ' — x1. Now using Claims 7 and 10, we obtain
n=d (z1) > [Al+|B] = 1+ W[+ {zo, z: }| + {Zat1, - Tagst \ F]

>|Al+2n—2k—a—4+n—k—2405n—|Al—a—s)+2+s—|F|
=n+0.5(A|+ s —2|F| +5n — 6k — 3a — 8).

Therefore, 0 > |A| + s — 2|F| + 5n — 6k — 3 — 8.

Now we consider the set W. We know that W — {z¢, x1,...,24-1} (by Lemma 3.4).
Note that if z; € W, then i > a+ s+ 1 and x;_1z € A(T). Using this, it is not difficult
to show that if x; € F and z; € W, then z;z;_, € A(T). Thus we have, if z; € F,
then W — ;4. If T(W) is not regular, then for some z € W, d*(x,W) > 0.5|W]|, if
T (W) is regular, then for ; € W with the maximum index we have, d*(z;, WU{z;11}) >
0.5(|W]+1). In both cases, for some xz; € W, d*(x;, W U {z;41}) > 0.5|W|. Therefore

there is a vertex z; € W such that
n = d+($]’) > |Al + |F| + 0.5|W| + {zo, 1, - . ., Ta—1}|

> A+ |F|+a+05n—k—24+0.5n—|Al —a—23))
= (3|A| +3a+4|F|+3n—2k—4—3s)/4.

Therefore, 0 > 3|A| + 3a + 4|F| — n — 2k — 4 — 5. Together with 0 > |A| 4+ s — 2|F| +
bn — 6k — 3a — 8 and n > 2k + 2, we obtain 0 > 2|A| + |F'| — 2, which is a contradiction
since |[A| > 1,|F| > 1, and thus 2|A| + |F| — 2 > 1. Claim 13 is proved.

Now we are ready to complete the discussion of Case I. Let ¢ := max{i| A(A —
z;) # 0}. Let now zz, € A(A — ;). Then z — {x¢,21,...,2,} and ¢ < n — L.
Note that 3 < a < ¢ < r —4 and {zg1,Tgt2,..., 2.} — A. In this case (Case I) we
have A({z1,%o,..., 20} — x,) = 0 as s > 1. From A(A — Zaysr1) # 0 it follows
that ¢ > «a + s+ 1. Observe that |A| > 2 since a + s > o, A(A = z44s) # 0 and
A(xars & A) # 0. From g > a+s+1 > a+ 2 and z,y52,. € A(T) it follows that
there is an integer p € [a + s,¢ — 1] such that z,z, € A(T). Let p be the maximum with
this property. Now using the first part of Lemma 3.3, we obtain A({xq, z1,...,2, 2} —

{412, Tgt3, -, xr—1}) = 0, which in turn implies that (since p—2 > a — 1)

A({l’(], L1y 7xa—1} — {xq+27 Lg43y--- 7‘TT—1}) = @ (]-4)
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Let m := max{i € [1,r — 2] | z;z, € A(T)} and consider two cases depending on m.
Case I.1. m # p. Then m > ¢ (since p < ¢). Using the facts that {z,+1, 2442, ..., 2}

— A and z — {xg,x1,...,24}, we obtain x,+1 — {xo,21,...,2,-1} (for otherwise,

Tjxmyr € A(T) with 7 € [0,¢ — 1] and Q = %1 ... TjTims1 . Tro12Tj41 - . . TppTy, B

contradiction). Therefore,
n=d" (xm1) > |Al+ {zo, 1, g1, Tng2}] = [A] + ¢+ 1.

Hence, ¢ < n — |A| — 1, which in turn implies that [{z,4+2,Tet3,... 21} = 7 —
qg—2 > n—k— 1. By the definition of the set M and (14), we have that M C
{Zat2, Tatss s Tg1}. Let 241 € M. Then a+1 < j < ¢, and for all i € [g+ 2,7],
zjx; ¢ A(T) (for otherwise, if z;x; € A(T) for some i € [q + 2, 7], then by the definition
of M there is a vertex z, with g € [0, — 1] such that z, 2,41 € A(T), and hence Q) =
TOT1 .. TgLj41 - Lim12Tgi1 - - . T;T; . .. Ty, & contradiction). Therefore, {x,10, Tgss, ...,

T,_1} contains a vertex x such that n = d*(x) > |A| +|{z0, z1,. .., Ta—1}|+ |M]|+0.5(r —
g —3). Now using Claim 9 and the facts that r —¢—2>n—k—1and a >n—k —|A|,

we obtain
n=d" (z) >|Al+a+052n—2k—a—3)+05n—k—2)

>n+0.5(]A|+2n —4k —5) > n+ 0.5(|A| — 1),

which is a contradiction since |A| > 2.

Case 1.2. m = p < ¢. Recall that s > 1 and d™ (2, {Tars, Tatsits - Tm_2}) >
n—k—4 > 0. By the first part of Lemma 3.3 (when in Lemma 3.3, s = m and t = r) we
have

A({x07 L1y 7xm—2} — {xq+27 Lg43s -+ 7Ir—1}> - Q) (]-5)

It is easy to see that [{x¢,x1,...,Tm-2}| > n—k+a—3since d” (z,, {1, z2,...,24}) = 0.
We have that [{zg41,..., 2,1} >2n—k—|A|—¢—1>n—k—|A| as ¢ <n—1. Since
a+s+1<m<qg—1and |A] > 2, it follows that for some y € A\ {z}, zorsy € A(T). If
g =mn—1, then yz € A(T). Therefore, QQ = ToZ1 ... Ta1sY2Tarss2- - - T, a contradiction.
From now on, assume that ¢ <n —2. Then [{z,42,...,2.—1}| > n—Fk —|A].

Assume first that the subtournament 7° := T{{z,42,...,2,—1}) is regular. Then,
d*(z,—1,V(T?)) > 0.5(n — k — |A| — 1). This together with m >n —k+ a — 2, (15) and
a>n—k— |A| implies that

n=d" (z,_1) > A+ {zo, 21, -, T2, T }| + 0.5(n — k — |A| = 1)

=|Al+m+05n—k—|Al—1) > |Al+n—k+a—-2+05(n—k—|A| - 1)
>|Al+n—k—24+n—k—|A +05(n—k—]A] - 1)
=2n—2k—2+4+05(n—k—|A| - 1).
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If |A| <k or 2k < n —3, then the last inequality gives a contradiction. We may therefore
assume that 2k = n — 2 and |A|] = £+ 1. Then from a > 3 and a > n — k — |4
it follows that « > n — k — |A| + 2. Now it is not difficult to check that d*(x,_;) >
n—k+a—2+|A+05(n—k—|A —1) > n+2, which is a contradiction.

Assume next that the subtournament 7 is not regular. Then V(T?) contains a vertex
x such that d*(z,V(T?)) > 0.5(n — k — |A|). Hence by (15),

dt () >n—k+a—3+|A +05n—k—|A]). (16)

If 2k < 2n — 3, then using the last inequality, |A| < k+1 and a > n — k — | A|, we obtain
that d*(z) > n+ 1, which is a contradiction. We may therefore assume that 2k = n — 2.
Observe that when 2k = n — 2, then from o > 3 and a > n — k — |A] it follows that if
|A| = k, then &« > n—k — |A| 4+ 1, and if |[A] = k+ 1, then « > n—k — |[A] +2. If
|A| < k — 1, then using (16), 2k = n — 2 and o > n — k — |A|, we obtain d*(z) > n,
a contradiction. We may therefore assume that k& < |A| < k£ + 1. Then by the above
observation, a > n — k — |A| 4+ 1, which together with (16) implies that d*(z) > n, which

is a contradiction. The discussion of Case 1.2 is completed.

Case II. A({z1,22,...,20-1} — ) # 0. Let xpz, € A(T) with p € [1,a — 1]. If
A(zg = {Tar2,Tars,---,x—1}) = 0, then by considering the converse tournament of T
we reduce the case to Case I since for some € [a + 1,7 — 3], {zg41, Tp42, ..., T} = A.
By the digraph duality, we may assume that A(zg — {Tat2, Tass, .-, Tr_1}) # 0. Let
zor; € A(T) with i € [« + 2,7 — 1]. From (12) and the first part of Lemma 3.3 (when in
Lemma 3.3, s = p and t = r) it follows that p = 1. Since r > 7 (Fact 1), we have that
t—s > 6. Thus, z12, € A(T) and zox; € A(T) with i € [a+2,r—1], which contradicts the

second part of Lemma 3.3. This contradiction completes the proof of Theorem 1.5. [

Remark 6: The following example of a tournament of order 2n + 1 = 9 shows that
Theorem 1.5 for n = 4 is not true. Consider a tournament H such that V(H) =
{z,y,u,v,2} UAU B, where A = {aj,a3} and B = {by, by}, with the properties x —
{u,v,2} =y, B —» {u,v} - A,y > AUB — 2, A — z — B and the following
TY, UV, VZ, 2U, a1ag, b1be, a1by, asbse, boay, asby arcs are in A(H).

It is easy to see that H — z contains an (z,y)-path of length 3, but contains no
(x,y)-path of length 4.
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