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Abstract

This paper derives consistency results for estimation in the finite direct sum of reproducing
kernel Hilbert spaces (RKHS) for dependent data. The link between penalized and constrained
estimation is established. We consider the relation between topological equivalent norms for direct
sums of RKHS. These norms have different implications for estimation. Estimation in a ball of
the RKHS defined by these norms essentially results in estimation with a ridge and Lasso penalty,
respectively. A greedy algorithm for the solution of the hesitation problem under these two norms
is discussed for general loss functions.
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1 Introduction

This paper studies estimation of additive models in reproducing kernel Hilbert spaces (RKHS) when
the data are dependent and there is possibly no true model. Instead of a true model, the target is the
minimizer of a population objective function. For the sake of definiteness suppose that we want to
estimate the number of event arrivals Y in the next one minute, conditioning on a vector of covariates
X known at the start of the interval. We decide to minimize the negative log-likelihood for Poisson
arrivals with conditional intensity exp {u (X)} for some function p. For observation ¢, the negative

loglikelihood is proportional to
exp {1 (X;)} — Yip (X5) . (1)

To avoid the curse of dimensionality, we choose p to lie in the space HX where each element can be
written as K
p(x) =370 (x) )
k=1
where Xi(k) denotes the k'” element in the K-dimensional covariate X;, and the univariate functions
f*) € H where H is a RKHS, possibly infinite dimensional, k = 1,2, ..., K. The notation implies that
HE = EBkK:1 H is the direct sum of RKHS. The target parameter is the minimizer of the expectation
of (1) with respect to u in H* (B), the ball of radius B in HX centered at zero. This is the constrained
population parameter. The sample constrained estimator is the minimizer in H* (B) of the sample
mean of (1). We also consider the penalized sample estimator, which is an alternative to the constrained
estimator. In this case, the target parameter is the minimizer of the expectation of (1) with respect to
p in HE | the unconstrained population parameter. This latter target may not lie in H¥* (B) for any
B < o0.



A RKHS can be generated by the measure of a Gaussian process (Li and Linde, 1999, for precise
definitions). Results on the small probability of Gaussian processes (Li and Linde, 1999) provide an
estimate of the metric entropy of the RKHS. This estimate can then be used in a well known maximal
inequality for beta mixing random variables (Doukhan et al., 1995). This provides the control of the
estimator and allows us to derive convergence rates under mixing assumptions. While the literature
provides the tools, the existing proof for consistency of estimators in RKHS needs to be modified
in order to derive convergence rates. We also provide consistency under the uniform norm using
complementary weak assumptions including only stationarity and ergodicity of the data. We study
both the penalized and the constrained estimation problem. The penalized estimation problem is
usually referred to as estimation using support vector machines (Christmann and Steinwart, 2007).
On the other hand estimation in a ball of fixed radius under the RKHS norm is traditionally referred
as estimation in RKHS (Mendelson, 2002). By duality, there is a link between the penalized and
constrained estimation, and we provide details of this relation. We consider the linear functional
defining the first order condition in the estimation problem, and show its convergence to a Gaussian
process. We then consider two different norms in order to define either the constraint or the penalty
and discuss the variable selection and shrinkage properties of both for the estimation of additive
models. One norm is the standard norm for the direct sum of RHKS. Estimation in a ball defined
under such norm is equivalent to estimation with a ridge penalty. The second is the ¢; norm of the
individual RKHS norms and estimation under such norm mimics Lasso. The estimation results are
obtained allowing for estimators that are asymptotic minimizers of the objective function rather than
exact ones. Hence, we provide an algorithm that can solve the estimation problem for either norms
in O (nge_l) time, where € is the resulting error of the algorithm and n is the sample size. Hence,
relatively to other algorithms it is less resource efficient. Nevertheless, the algorithm is simple to
implement, does not rely on a randomly selected subset of inputs (Rasmussen and Williams, 2006,
Ch.8), and provides a solution to the constrained estimator without assuming sparseness. For such

algorithm we derive convergence rates.

1.1 Relation to the Literature

Estimation in RKHS has been addressed in many places in the literature (see the monographs of
Wahba, 1990, and Steinwart and Christmann, 2008). Inference is usually confined to consistency
(Mendelson, 2002, Christmann and Steinwart, 2007), though there are exceptions (Hable, 2012, in the
frequentist framework). Estimation of additive models has been extensively studied by various authors
using different techniques (Buja et al., 1989, Mammen et al., 1999, Meier et al., 2009, Christmann and
Hable, 2012). The last reference considers estimation in RKHS. These references, including the present
paper, focus on the case where the number of additive components is fixed. Recently, Suzuki and
Sugiyama (2013), Lv et al. (2018) and Suzuki (2018) have considered penalized estimation in RKHS
when the number of additive components can diverge to infinity, also allowing for different penalties.

Estimation in RKHS under dependence has been the subject of study of some researchers (inter
alia, Steinwart et al., 2009a, 2009b, Hang and Steinwart, 2014, 2017). These references bound the
difference between the expected risk evaluated at the sample and population parameters. Optimal
rates have also been derived under rather technical conditions. However, this is not sufficient to derive



sharp convergence rates under say the Lo norm. In this case, on top of a concentration inequality,
the argument requires a chaining argument to explicitly bound the local behaviour of the centered
empirical risk when the parameter space is uncountable (van der Vaart and Wellner, 2000, Ch.3.2).

The assumptions and estimation results presented here are not overall directly comparable to the
reviewed results. This paper adds to this existing literature as the focus is on consistency of the
estimator under different norms, and on convergence rates for the Ly norm. In particular, Theorem
1 shows consistency of the estimator under the uniform norm under the sole condition of stationarity
and ergodicity of the data. Theorem 2 uses mixing conditions to show consistency under the RKHS
norm. Theorem 3 derives convergence rates under the Ly norm using mixing conditions. In Theorem
4 we also show a weak convergence result that complements the one of Hable (2012).

For relatively large sample sizes (e.g. greater than 10,000) estimation in RKHS can be challenging.
For example, for the regression problem under the square error loss, estimation would require inversion
of a high dimensional matrix whose size grows with the sample size. Computational aspects in RKHS
have received a lot of attention in the literature, though mostly for the regression problem under the
square error loss (Lazaro-Gredilla et al., 2010, Banerjee et al., 2013, and references therein). Here we
discuss a greedy algorithm, which is simple to implement and is not restricted to the regression problem
(Jaggi, 2013, Sancetta, 2016). Greedy algorithms have been applied by various authors (Smola and
Bartlett, 2001, Nair et al., 2002, and references therein). The algorithm discussed herein allows us to
solve the constrained estimation problem for general loss functions, and for this algorithm we derive

convergence rates in Theorem 5.

1.2 Outline

The plan for the paper is as follows. Section 2.2 reviews some basics of RKHS, and Section 2.3 defines
the estimation problem. Section 2.4 contains the consistency and weak convergence results. Section 3
discusses the conditions used to derive the asymptotic results and introduces an alternative constraint.
The algorithms for computational implementation under either of these constraints can be found in

Section 4. The proofs are in Section 5.

2 The Inference Problem

2.1 Problem Setup

The explanatory variable X(*) takes values in X, a compact subset of a separable Banach space
(k=1,2,...,K). The most basic example of X is [0,1]. The vector covariate X = (X(l), ...,X(K))
takes values in the Cartesian product X%, e.g., [0, l]K. The dependent variable takes values in )
usually R. Let Z = (Y, X) and this takes values in Z = ) x XX. If no dependent variable Y can
be defined, as for unsupervised learning, or certain likelihood estimators, we set Z = X. Let P be
the law of Z, and use linear functional notation: for any f : Z — R, Pf = fz f(2)dP(z). Let
P, =137 0z, where 6z, is the point mass at Z;, implying that P, f = 2 >7" | f(Z;) is the sample

mean of f(Z). For p € [1,00], let |-|, be the L, norm (w.r.t. the measure P): for f : 2 — R,

|fl, = (P |f|p)1/p, with the obvious modification to sup norm when p = co.



We let HX be a vector space of real valued functions on X%, equipped with a norm ||y - The loss
function is defined as L : Z xR — R. We are interested in the case where the second argument is p (z),
ie. L(z,p(x)) with u € HE. Therefore, to keep notation compact, let £, (Z) = L (Z, 4 (X)). For the
special case of the square error loss we would have £, (2) = L (z,u () = |y — p (2)]* (z = (y,z)). The

use of ¢, makes it more natural to use linear functional notation so that P,¢, is the empirical risk at

L

2.2 Basic Facts about Reproducing Kernel Hilbert Spaces

Recall that a real RKHS #H on some set X' is a Hilbert space where the evaluation functional e, which
associates f with f (z) is a bounded linear functional: f (z) = e, f, f € H (Wahba, 1990, p.2). A
RKHS of bounded functions is uniquely generated by a centered Gaussian measure with covariance C
(Li and Linde, 1999) and C is usually called the (reproducing) kernel of #. We consider covariance

functions with representation

C (Sa t) - Z >‘12;50v (S) Pv (t) ’ (3)

for linearly independent functions ¢, : X — R and coefficients )\, such that > o2 | A2¢?2 (s) < co. Here,
linear independent means that if there is a sequence of real numbers (f,),~, such that Y07, f2/A\% < oo
and > 07 fope (s) = 0 for all s € X, then f, = 0 for all v > 1. The coefficients A2 would be the
eigenvalues of (3) if the functions ¢, were orthonormal, but this is not implied by the above definition
of linear independence. The RKHS H is the completion of the set of functions representable as
f(z) =302, fupw (z) for real valued coefficients f, as above. Equivalently, f (z) = Zj; a;C (s;,2),
for coefficients s; in X and real valued coefficients a; satisfying -7~ a;a;C (s;, s;) < 0o. Moreover,
for C in (3),

D aiClspm) =D | D_aXipu(s)) | wu (@) =Y fuiw (2) (4)
j=1 v=1 \j=1 v=1

by obvious definition of the coefficients f,. The change of summation is possible by the aforementioned
restrictions on the coefficients A, and functions ¢,. The inner product in A is denoted by (-, -),, and sat-
isfies f () = (f,C (x,-))5,- This implies the reproducing kernel property C (s,t) = (C (s,-),C (t,-))4-
Therefore, the square of the RKHS norm is defined in the two following equivalent ways

o0 2 o0
2 f’u
|f5 = Zp = > @a;C(si,s)). (5)
v=1 "V 4j=1
Throughout, the unit ball of H will be denoted by H (1) := {f € H : |f];, < 1}.

The additive RKHS is generated by the Gaussian measure with covariance function Cyx (s,t) =
S O (s®, ™), where C is as in (3), and s is the k*" element in s € X*. The RKHS of
additive functions is denoted by H¥, which is the set of functions as in (2) such that f*) € H and
Zszl }f(k)}ik < o0. For such functions, the inner product is (f, g),x = Zszl <f(k),g(k)>ﬂk. The
norm |-|,,x on H¥ is the one induced by the inner product. For notational simplicity we have set the
individual RKHS to be the same.

Within this scenario, the space H¥ restricts functions to be additive, where these additive functions



in H can be multivariate functions.

Example 1 Suppose that K = 1 and X = [0, 1]d (d > 1) (only one additive function, which is
multivariate). Let C (s,t) = exp{fa > lsj ftj\Q} where s; is the j'" element in s € [0, 1%, and
a > 0. Then, the RKHS H is dense in the space of continuous bounded functions on |0, 1]d (e.g.,
Christmann and Steinwart, 2007). A (kernel) C with such property is called universal.

The framework also covers the case of functional data because X’ is a compact subset of a Banach
space. Most problems of interest where the unknown parameter p is a smooth function are covered by

the current scenario.

2.3 Estimation

Estimation will be considered for models in H® (B) := {f € H¥ :|f|,;x < B}, where B < oo is a
fixed constant. The goal is to find

n = a inf P4, 6
pn =arg inf  Paly (6)

i.e. the minimizer with respect to u € HX (B) of the loss function P,/,,.

Example 2 Let {, (z) = |y — () so that
1 n 1 n 5
Pty = 52% (Z:) = 5Z|Yi — p(X)[".
i=1 i=1

By duality, we can also use P,{,, + ppn \,u|?{K with sample dependent Lagrange multiplier pp », such
that the solution is in H' (B).

For the square error loss the solution is just a ridge regression estimator with (random) ridge
parameter pp, > 0. Interest is not restricted to least square problems.

The Representer Theorem (Steinwart and Christmann, 2008, Theorem 5.8) says that the solution
to the penalized problem takes the form p,, (z) = Y"1 | a;C (X;, z) for real valued coefficients o;. Even
if #X is infinite dimensional, s, lies in a finite dimensional space.

The target constrained population estimator is

= inf Pl,. 7
pp=arg It Pl (7)

We shall show that this minimizer always exists and is unique, under regularity conditions on the loss,
because HX (B) is closed. The unconstrained population estimator is the minimizer of

Lo = arguiergK Pe,. (8)

This quantity is not necessarily well defined in the sense that we can have that |uo|,x = oo.
In what follows we assume K to be a bounded integer. In consequence, the asymptotic results for
the estimator u, hold irrespective of the value of K and we could take K = 1. However, there are



practical differences regarding estimation between the case K > 1 and K = 1. These are discussed in
Sections 3.2 and 4.

2.4 Asymptotic Analysis

Throughout the paper, < means that the L.h.s. is bounded by an absolute constant times the r.h.s..
We use Big-O, little-o notation and add a subscript P when the relation holds in probability. We
recall the definition of beta mixing. Suppose that (Z;),., is a strictly stationary sequence of random
variables and let o (Z; : i <0), 0 (Z; : i > k) be the sigma algebra generated by (Z;),., and (Z;),~.,
respectively, for integer k. For any k > 1, the beta mixing coefficient § (k) for (Zi)iezzs -

B(k):=E sup |Pr(Alo(Z;:i<0))—Pr(A4)]
A€o (Z;:i>k)

(Doukhan, 1995, for an equivalent definition). We now introduce the following technical conditions.

Condition 1 The set H is a RKHS on a compact subset of a separable Banach space X, with contin-
uous uniformly bounded kernel C' admitting an expansion (3), where \2 < v=2" with exponent n > 1/2
and with linearly independent continuous functions ¢, : X — R, uniformly bounded, uniformly in
v>1.

Recall the definition of the loss L (z, ) in Section 2. Let B := cx B where cx := max,c yx /Cyx (s, 5).
Define Ag (z) := maxy<p |O%L (2,t) /0t*| for k = 0,1,2,... if the derivative exists. Attention is re-

stricted to loss functions satisfying the following.

Condition 2 The loss L (z,t) is non-negative, twice continuously differentiable for realt in an open set
containing [—B, B], andinf, ; d°L (z,t) /dt* > 0 for z € Z andt € [-B, B]. Moreover, P (A + A} + Ab) <

oo for some p > 2.
The following dependence condition will be used.

Condition 3 The sequence (Z;),c, (Zi = (Yi, Xy)) is strictly stationary with beta miving coefficients
B (i) satisfying B (i) < i7P0 with By > 7/ (r — 2) for some r > 2, for all i > 1.

Remarks on the conditions, including examples regarding the beta mixing condition can be found

in Section 3.1. Throughout, we may omit the qualifier strictly when mentioning stationarity.

Consistency. This section shows the consistency of the constrained estimator. We also provide
details regarding the relation between constrained, and penalized estimators and convergence rates.

The usual penalized estimator is defined as
_ . 2
Hn,p = arg MIEI;-{K Pngu + p |M‘7—LK (9)

for p > 0. As mentioned in Example 2, suitable choice of p leads to the constrained estimator. In
particular, we can choose the largest p such that p, , still lies in X (B) so that p,, = p, with the

r.h.s. asin (6). The results we shall show will remain true if the empirical minimizers are replaced with



approximate minimizer. In particular, for some €, — 0 in some mode of convergence to be specified

by the application, we can consider any ., satisfying

Pl = inf Py, +¢€, 10
wn = nb L Pobite (10)
and any pin,, satisfying
Pngun,p +p |Nn,p|7.¢K = inf {Pnéu +p |ﬂ|HK} + pen. (11)
HEHE

At first we show that the constrained estimator is consistent under the minimal condition of station-
arity and ergodicity: strictly stationary processes whose invariant sets are trivial (Kallenberg, 1997,
Ch.9).

Theorem 1 Consider the problem in (6) with fited B < co. Suppose Condition 1, Condition 2 with
p = 1, and that the random variables (Z;), ., are stationary and ergodic. Then, |p, — ppl,, = o(1)
almost surely, where the population minimizer ug in (7) is unique up to an Lo equivalence. The result

continues to hold for any w, satisfying (10) with €, = o (1) almost surely.

We now derive stronger results for the penalized estimator (9) under relatively stronger conditions.
Throughout, int (X (B)) will denote the interior of H¥ (B).

Theorem 2 Suppose Condition 1 with n > 1, and Conditions 2, and 3 with p > .

1. If po € HX (B), there is a random p = pp,, such that pn'/? = Op (1), and p, , = pin (in and
Un,p as in (6) and (9)).

2. Consider possibly random p = p,, such that p — 0 and pn'/?

— 00 in probability. Suppose that
there is a finite B such that pg € int (HK (B)) Then, |pin,p — polyx — 0 in probability, and in

consequence |(in |y < B with probability going to one.

3. If HE is infinite dimensional and pg € HX, then there is a p = p, such that p — 0, pn'/? —
c < 00, and |y, — piol o, — O in probability, but |pn,, — polyx does not converge to zero in

probability.

4. All the above statements also hold if p,, and p,, , in (6) and (9) are approzimate minimizers as
in (10) and (11), respectively with e, = op (1).

Point 1 establishes the connection between the constrained estimator u,, in (6) and the penalized
estimator p,, , in (9). To establish the connection, we need py = pp. In this case, it is worth noting that
whether H¥ is finite or infinite dimensional, the estimator j,, is equivalent to a penalized estimator
with penalty parameter p going to zero relatively fast, as n goes to infinity. In particular, we rule out
pn'/? — oco. The condition pn'/? = Op (1) only ensures consistency under the uniform norm, but not
consistency under the RKHS norm |-|,,«x (Points 2-3). Consistency under the RKHS norm requires p
going to infinity slowly enough. In this case, the constrained and penalized estimator are not the same.
In particular, the constrained estimator is not necessarily consistent under the RKHS norm (Point 3).
When HX is infinite dimensional, this happens because y,, lies at the boundary of HX (B).

We now focus on rates of convergence under the Lo norm.



Theorem 3 Suppose Condition 1 with n > 1, and Conditions 2, 3 with p > r. Consider u, in (6).
2n—1
We have that |j, — pply = Op (s;*) where s, = n?(55650) and V= 3o (pTTl). The result also

holds true for any w, satisfying (10) with €, = Op (852). Moreover, if puo € int (HK (B)), we also
have that |ju, — piol, = Op (min {s; 1, n=1/4}).

As usual for RKHS estimators, the convergence rate does not depend on the dimension of X. This
is because, the restriction to H¥ (B) implicitly imposes regularity conditions. To see what we mean,
take K =1 and X = [0, 1]d as in Example 1. As d increases the functions will have to be more regular
in order to be in H (B). Because of additivity, the bounds only depend linearly on K, but this is not
made explicit, as K is bounded.

The term v € (0,1) is a penalty for dependence and the fact that the first derivative of the loss
function is not bounded. Such derivative allow us to link the loss function to . When the dependence
is arbitrarily weak and A; has a finite p moment for any p, we can essentially take v =1 (r — 2 and
p — 00). Then, the rate of convergence is nfi‘%l To put this rate of convergence into perspective,
recall that the best rate of convergence of nonparametric estimators for V' differentiable functions is
n~V/2V+d) where d is the dimension of X as in Example 1 (Stone, 1982). Let us consider a univariate
case for ease of comparison. In Example 4 in Section 3 we shall recall that the Sobolev space of
functions on X = [0, 1] with V square integrable weak derivatives is a RKHS with a covariance kernel
admitting the expansion (3) with A\, < v~V. For example, when V = 2, the optimal rate would be

n=2/5. On the other hand we can see that syl = n~3/8 when v — 1, in Theorem 3.

Weak Convergence. We shall only consider the constrained estimator p,. To ease notation, for
any arbitrary, but fixed real valued functions g and ¢’ on Z define Py ; (9,9') = Eg(Z1) ¢’ (Z14;). For
suitable g and ¢’, the quantity ZjeZ P ; (g,9') will be used as short notation for sums of population

covariances.

Theorem 4 Suppose Condition 1 with n > 1, and Conditions 2, and 8 with p > r. If ug €
int (#X (B)), then
VnP, 00, h — G (h), h € H¥ (1)

weakly, where {G (k) : h € H® (1)} is a mean zero Gaussian process with covariance function

EG (h) G (W) = Py j (0y,h, 0Ly, 1)
jEL
for any h,h' € HE (1).
In addition to the above, also suppose that |Az|, < oo (in Condition 2) and that |u, — pioly, =
op (nii(ﬁ» If py € H¥(B) satisfies (10) with €, = op (n™'), and Suppepx (1) Pndlu, b =

op (n‘l/Q), then,
VPO, (pn — po) b = V/nPdl,,h+op (1), h € HX (1).

We can use Theorem 3 to verify the condition on |, — pol,. The second statement in Theorem 4

1/2

cannot be established for the penalized estimator with penalty satisfying p — 0 such that pn'/¢ — oc.



This is because in the first order conditions, the contribution from the penalty is non-negligible. The
restriction supy,cpx (1) Padly,h = op (n71/?) holds for finite dimensional models as long as pg €
int (%% (B)). For infinite dimensional models this is no longer true as the constraint is eventually
binding even if yo € int (H* (B)) (un lies at the boundary of H* (B) when the sample size is large
enough). Then, it can be shown that the op (n~/?) term has to be replaced with Op (n=1/2) (Lemma
8, in the Appendix). The asymptotic distribution of the estimator is immediately derived if H¥ (B)

is finite dimensional.

Example 3 Consider the rescaled square error loss so that 9*(,,, = 1. Defining v = lim,, \/n (jtr, — o),
Theorem 4 gives
G (h) = Pvh,

in distribution, where G is as in Theorem 4 as long as py € int (HK (B)) The distribution of v is
then given by the solution to the above display when HX (B) is finite dimensional.

In the infinite dimensional case, Hable (2012) has shown that \/n (ftn,, () — po,, ()) converges to
a Gaussian process whose covariance function would require the solution of some Fredholm equation of
the second type. Here, u,, , is asin (9), while we use p , to denote its population version. The penalty
p = pn needs to satisfy \/n (p, — po) = op (1) for some fixed constant py > 0. When g € int (H* (B)),
we have jp = argmin,ey P¢,. Hence, there is no py > 0 such that po = o, .- When the penalty
does not go to zero, the approximation error is non-negligible, e.g. for the square loss the estimator is
biased.

Theorem 4 requires po € int (K (B)). The distribution of the estimator when pq lies on the
boundary of H¥ (B) is not standard (Geyer, 1994, for the finite dimensional case) and is implicitly

defined as the solution of a stochastic quadratic programming problem, similar to Example 3.

3 Discussion

3.1 Remarks on Conditions

The minimal decay condition for the coefficients A\, is A, < v~ with n > 1/2 as this is essentially
required for > o0 | A2p2 (s) < oo for any s € X. Mendelson (2002) derives consistency of the empirical
risk under this minimal condition in the i.i.d. case, but does not give convergence rates. Theorem 1
gives consistency under the uniform norm under this same minimal condition allowing for dependence.
Theorems 2 and 3 show convergence under the RKHS norm, and derive Lo convergence rates for n > 1.
This stronger condition on 7 is not necessarily restrictive in practice. The covariance in Example 1
satisfies Condition 1 with exponentially decaying coefficients A, (Rasmussen and Williams, 2006, Ch.

4.3.1). Other covariance kernels satisfy this condition.

Example 4 Suppose that HX is an additive space of univariate functions, where each univariate
function is an element in the Sobolev Hilbert space of index V on [0,1], i.e. functions with V
square integrable weak derivatives. Then, Cyx (s,t) = Elec(s(k),t(k)) where C(s(k)7t(k)) =
23;11 (s(k)t(k))v / (W) + Hy (s),¢%)) and where Hy is the covariance function of the (V — 1)-fold

10



integrated Brownian motion. In particular,

1 —u V-1
HV (7) :A GV (7“) G'V (7“’) du with GV (T,’LL) = max{(r(‘/_)l)!’o}’

where r,u € [0,1] (Wahba, 1990, p.7-8). Then, the covariance C admits an expansion as in (8) with
Ao S o™ where n =V (Ritter et al., 1995, Corollary 2, and 523-524).

When the coefficients A2 are the eigenvalues of C, the restriction on their decay rate is usually
referred to as spectral assumption and 27 > 1 has been assumed by other authors to bound the
covering numbers of subsets of H (Steinwart et al., 2009, Suzuki and Sugiyama, 2013, Lv et al., 2018,
Suzuki, 2018).

It is not difficult to see that many loss functions (or negative log-likelihoods) of interest satisfy
Condition 2, using the fact that |u|_ is bounded (square error loss, logistic, negative log-likelihood
of Poisson, etc.). Nevertheless, interesting loss functions such as absolute deviation for conditional
median estimation do not satisfy Condition 2. The extension to such loss functions requires arguments
that are specific to the problem together with additional restrictions to compensate for the lack of
smoothness. In the interest of space, this shall not be discussed here.

Condition 3 is a common dependence condition. Essentially, this condition is satisfied by any model
that can be written as a Markov chain with smooth conditional distribution (Doukhan, 1995, for a
review; Basrak et al., 2002, for GARCH). Models with innovations that do not have a smooth density
function may not be covered (Bradley, 1986, Example 6.2).

Example 5 (Regression) Suppose that Y; = Zszl ) (Xi(k)> + &4, where the sequence of random
variable (¢;);c, and (X;),o, are independent of each other. By independence, the mizing coefficients
of (Yi, Xi),cy are bounded by the sum of the mizing coefficients of (€:);c, and (X;),c, (Bradley,
1986, Theorem 3.2). Suppose that the variables €; and X; are positive recurrent Markov chains with
innovations with continuous conditional density function. Under additional mild regularity conditions,
Condition 3 is satisfied with geometric mizing rates (Doukhan, 1995, section 2.4.0.1). Examples include
GARCH and ARMA processes, as discussed in the aforementioned references.

Example 6 (Classification) Suppose that Y; € {—1,1}. A classification model based on the regressors

X; can be generated via the random utility model
Vit =p(Xo) e

where Y; = sign (Y;*). The sigma algebra generated by {Y; : i € A} for any subset A of the integers is
contained in the sigma algebra generated by {Y;* : i € A}. Hence, for errors €; and covariates X; as

in Example 5, the data are beta mizing with geometric mizing rate.

Example 7 (Functional Data) In Ezample 5 let X; and ¢; be continuous random functions from

[0,1] to R. Suppose that there is a finite positive integer R such that X; = Zle QTUi(T)gT, where for

r=1,2,...R, g, :[0,1] — R is continuous, 0, is a scalar, and U .= (Ui(r)> 15 independent across
i€Z

r. Also suppose that U is strictly stationary and beta mizing r = 1,2, ..., R. Then, the beta mizing
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coefficients of (X;);c, are bounded by the sum of the mizing coefficients of (Ui(r)) o= 1,2,..,R.
ic
With the same conditions imposed on (&;),., independent of (X;),.,, we can cover the problem of

regression using (finite dimensional) functional data.

We conclude summarising the implications of the above remarks. When estimation is in a Sobolev
space of functions on [0,1], Condition 1 does not impose any restriction as we can take V = 7 in
Example 4 and Theorem 1 applies. However, in Theorems 2, 3 and 4, we further require that n > 1.
Given that V is an integer, we need to restrict the scope to functions with two square integrable
derivatives (Sobolev spaces of index 2) if we want to use our results on consistency under the RKHS
norm or derive convergence rates under the L, norm. These remarks are independent of Conditions
2 and 3. The two latter conditions have an effect on the convergence rates. As discussed, common
models of interest satisfy Condition 3 with geometric rates. In such cases, we can take r in Condition
3 arbitrarily close to 2. Using this in Theorem 3, it becomes clear that higher convergence rates are
achieved if the loss function is smooth and has moments of high order, i.e. p — oo in Condition 2. In
the context of the square error loss of Example 2, we would require the target variable Y; to have a

moment generating function in order to satisfy Condition 2 with p arbitrarily large.

3.2 Alternative Constraints

As an alternative to the norm ||, , define the norm |f| .« := S35, [ f*¥], . Estimation in £X (B) =
{ feHE |fl;x <B } is also of interest for variable screening. The following lists some details about

the two different constraints.

Lemma 1 Suppose an additive kernel Cyx as in Section 2.2 and K > 1. The following hold.
1. ||y and || x are norms on HX.
2. We have the inclusion

K=Y2uE (1) ccf ) cHX ().

3. For any B > 0, HE (B) and L (B) are convez sets.
4. Let ¢ := max,ex \/C (s,5). If p € HX (B), then, sup,cyx(p) lul, < VKB for any p € [1,00],
while sup,cpx gy |ul, < cB.

By the inclusion in Lemma 1, all the results derived for HX (B) also apply to £X (K1/2B). In this
case, we still need to suppose that po € int (%% (B)). Both norms are of interest. When interest lies
in variable screening, estimation in £ (B) inherits the properties of the I; norm, as for Lasso. The

estimation algorithms discussed in Section 4 cover estimation in both subsets of HX.

4 Computation Algorithm

As mentioned in Section 1.1, estimation in an RKHS poses computational difficulties when the sample

size n is large. Simplifications are possible when the covariance Cyyx admits a series expansion as in

(3).
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Estimation for functions in £X(B) rather than in H¥(B) is even more challenging because the
norm ||« is not everywhere differentiable. In the case of the square error loss, estimation in £ (B)
resembles Lasso, while estimation in H¥ (B) resembles ridge regression.

A greedy algorithm can be used to solve both problems. In virtue of Lemma 1 and the fact that
estimation in HX (B) has been considered extensively, only estimation in £ (B) will be address in

details. The minor changes required for estimation in H¥ (B) will be discussed in Section 4.2.

4.1 Estimation in £ (B)

Estimation of j, in £X (B) is carried out according to the following Frank-Wolfe algorithm. Let
,Sf(m)) be the solution to
min  min  P,dlp,, , f*). (12)
K<K [0 en(1) :
Here, Fy =0, F,, = (1 — 7)) Fine1 + cmff,f(m)), and ¢, = BT,,, where 7,,, is the solution to the line
search

in Pl ((1=71)F,,_ Bflstm) 13
min Pt ((1=7) s+ 7B (13)

writing ¢ (u) instead of ¢, for typographical reasons. Details on how to solve (12) will be given
in Section 4.1.1; the line search in (12) is elementary. The algorithm produces a set of functions
{f;s(j)) 1j = 1,2,...,m} and coefficients {c; : j = 1,2,...,m}. Note that s(j) € {1,2,..., K} identifies
which of the K additive functions will be selected at the j* iteration.

To map the results of the algorithm into functions with representation in H’, one uses simple
algebraic manipulations. A simpler variant of the algorithm sets 7,,, = 1/m. In this case, the solution
at the m!" iteration, takes the particularly simple form F,, = Z;nzl = f;s(j ) (Sancetta, 2016) and the
k" additive function can be written as f(*) = % ngm:s(j):k f}s(j)).

To avoid cumbersome notation, the dependence on the sample size n has been suppressed in the
quantities defined in the algorithm. The algorithm can find a solution with arbitrary precision as the

number of iterations m increases.

Theorem 5 For F,, derived from the above algorithm,

Polp, < inf  Pul, +em

neLK(B)
where,
B? sup Pnd?L(-,t)/dt? . . .
[t|l<p ' ’ __2
o < — if Tm = ;55 or line search in (13)
m o~ ) B2 supMSB[PndzL(~,t)/dt2} In(14+m) f _ 1 :
— if T = o

For the sake of clarity, recall that P,d*L (-,t) /dt* = L 3" | d*L(Z;,t) /dt*.

4.1.1 Solving for the Additive Functions

The solution to (12) is found by minimizing the Lagrangian
2
Pt [+ p| s ¥ . (14)
H
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Let &%) (x(k)) =C (~, x(k)) be the canonical feature map (Lemma 4.19 in Steinwart and Christmann,
2008); ®*) has image in H and the superscript k is only used to stress that it corresponds to the
k' additive component. The first derivative w.r.t. f*)is P,olp, _ ®*) 4+ 2pf*) using the fact that
k) (;v(k)) = <f(k), Q) (;v(k)»ﬂ, by the reproducing kernel property. Then, the solution is

1
f(k) = _7P7L6€Fm,1¢)(k)a

2p
where p is such that |f(k)|H =1 If P,olp, (k) = 0, set p = 1. Explicitly, using the properties of
RKHS (see (5))

2 or ) O¢ (Z;)
*|° _ Fm1 F—1 (k) (k)
‘f ‘ Z n ¢ (Xl X )

which is trivially solved for p. With this choice of p, the constraint ‘ f(k)‘ 5 < 1is satisfied for all
integer k¥ < K, and the algorithm, simply selects k such that P,0¢r, _, f*) is minimized.
The above calculations together with Theorem 5 imply the following, which for simplicity, is stated

using the update 7,,, = m™" instead of the line search.

Theorem 6 Let p; be the Lagrange multiplier estimated at the §th iteration of the algorithm in (12)
with 7, = m~"' instead of the line search (13). Then,

m
. B »
o= tim 3 <_2 ) Padty, 00D,
=1

mp;

is the solution of the constrained estimation problem in LX (B).

4.2 The Algorithm for Estimation in H* (B)

When estimation is constrained in HX (B), the algorithm has to be modified. Let ® (z) = Cyx (-, z)
be the canonical feature map of H* (do not confuse ® with ®*) in the previous section). Then, (12)
is replaced by

P,0¢ ,
fegiufgl(l) Fraf

and we denote by f,, € HX (B) the solution at the m" iteration. This solution can be found replacing
the minimization of (14) with minimization of P,0lr, _,f + p|f |'2HK The solution is then f,, =
——P olr
2008, Corollary 5.11). No other change in the algorithm is necessary and the details are left to the

® where p is chosen to satisfy the constraint |f |3_LK < 1 (Steinwart and Christmann,

m—1

reader.

4.3 Numerical Illustration

To gauge the rate at which the algorithm converges to a solution, we consider a numerical illustration
using the SARCOS data set (http://www.gaussianprocess.org/gpml/data/), which comprises a
sample of 44484 observations with 21 input variables and a continuous response variable. We stan-
dardize the variables by their Euclidean norm, use the square error loss and the Gaussian covariance
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kernel of Example 1 with d = 21 and a=! = 0.75. Hence for this example, the kernel is not addi-
tive. Given that the kernel is universal, we shall be able to interpolate the data if B is chosen large
enough: we choose B = 1000. The aim is not to find a good statistical estimator, but to evaluate the
computational algorithm. Figure 1, plots the R? as a function of the number of iterations m. After
approximately 20 iterations, the algorithm starts to fit the data better than a constant, and after
about 80-90 iterations the R? is very close to one: R? = 99.55%. However, the number of operations
per iteration is O (n?) (Rasmussen and Williams, 2006, Ch.8, for a comparison of methods).

We also use the test sample from the same dataset to evaluate the out of sample R? as we vary B.
The sample size of the test sample is 4489 observations. To distinguish it from this, we call estimation
sample the one with 44484 observations used to estimate the function. The estimation algorithm is
used with m = 100. Given the estimated function, we compute the standardized mean square error
(SMSE) on the test sample. This is just the mean square error divided by the variance of the target
variable in the test sample. The out of sample R? is one minus the SMSE. We also use cross-validation
(CV) to find an estimate of the generalization error. This is useful to choose B. In particular CV
is computed randomly sampling without replacement 67% of the estimation sample and using the
remaining 33% to evaluate the error. To reduce dependence on the random split, this procedure is
repeated 5 times to find an estimate of the out of sample mean square error. We can then compute
the cross-validated SMSE and R? from this quantity. With such large sample size, we find that we can
choose B relatively large and CV would have led to relatively good performance (Table 1).

Figure 1: Estimation Algorithm R? as Function of Number of Iterations. The R? is computed for
each iteration m of the estimation algorithm. Negative R? have been set to zero.

0.8r 7

R2

0.4r 7
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4.4 Selection of B and Variable Screening

The parameter B uniquely identifies the Lagrange multiplier pp , in the penalized version of the opti-
mization problem (6) (see Example 2). If the loss is non-negative, we have that | /‘nﬁ{ x < p;nPnEMB
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Table 1: Test Sample Results. Out of sample and cross-validated R? (R2,, and R%,) are reported as
a function of B. The values of B are chosen to be multiples of the variance of the target variable on
the estimation sample.

B 108.04 216.07 432.15 864.29 1728.58 3457.17 6914.33
R? -0.0811 0.6805 0.9884 0.9866 0.9964 0.8043  0.7670

00s

R%Z,, -0.2343 0.4323 0.7430 0.7735 0.7635  0.5869  0.5299

(Steinwart and Christmann, 2008, Section 5.1). The exact same argument holds for £LX (B) in place of
HX (B). When the constraint u € £LX (B) is considered, the solution via the greedy algorithm allows
us to keep track of the iterations at which selected variables are included. Variables included at the
early stage of the algorithm will be clearly included even when B is increased. Hence, exploration for
the purpose of feature selection (using the constraint u € £X (B)) can be carried out using a large B
to reduce the computational burden.

Selection of B is usually based on cross-validation or penalized estimation, where the penalty

estimates the “degrees of freedom”.

5 Proofs

Recall that ¢, (Z) = L (Z, (X)) and 9%¢,,(Z) = 0FL(Z,t) /6tk’t:H(X), k > 1. Condition 2 implies
Fréchet differentiability of P/, and P9¢,, (as functions of p, from L to R) at p € HX in the direction
of h € HX. The derivative can be weakened to p and h elements in L., the space of uniformly
bounded function. It can be shown that these two derivatives are P3¢, h and P9*(, hh, respectively.
For this purpose, we view P/, as a map from the set of uniformly bounded functions on X¥ - to be
denoted by £ (XK) - to R. The details can be derived following the steps in the proof of Lemma 2.21
in Steinwart and Christmann (2008) or the proof of Lemma A.4 in Hable (2012). The application of
those proofs to the current scenario, essentially requires that the loss function L (Z,t) is differentiable
w.r.t. real ¢, and that p is uniformly bounded, together with integrability of Ay, £k = 0,1,2, as in
Condition 2. It will also be necessary to take the Fréchet derivative of P,¢,, and P,0¢,h conditioning
on the sample data. By Condition 2 this will also hold because Ag, and A; are finite. This will also
allow us to apply Taylor’s Theorem in Banach spaces. These derivatives will be used in the proofs.
Moreover, for notational simplicity, we shall tacitly suppose that sup,cyx \/W = 1 so that
h € H¥ (B) implies that || < B for any B > 0.

5.1 Complexity and Gaussian Approximation

The reader can skip this section and refer to it when needed. Recall that the e-covering number of a
set F under the L, norm, denoted by N (e,.F, |'|p), is the minimum number of balls of L, radius e
needed to cover F. The entropy is the logarithm of the covering number. The e-bracketing number of
the set 7 under the L, norm is the minimum number of e-brackets under the L, norm needed to cover
F. Given two functions f;, < fy such that |f; — fU|p <'e, an L, e-bracket [fr, fu] is the set of all
functions f € F such that f, < f < fy. Denote the L, e-bracketing number of F by Nj (e,f, Hp).
Under the uniform norm, N (¢, F,|-| ) = Npj (¢, F, || ) and this will be tacitly used in what follows.

16



In this section, let (G (7)), be a centered Gaussian process on X’ with covariance C as in (3). In
what follows we refer to Li and Linde (1999) for details. The space H is generated by the measure of
the Gaussian process (G (2)),c, With covariance function C. In particular, G (z) = Y02 Apuw (2),
where the (&,),~; is a sequence of 1.i.d. standard normal random variables, and the equality holds in

distribution. For any positive integer V, the l-approximation number Iy (G, |-| ) (Li and Linde, 1999,
1/2
p. 1560) is bounded above by (E |Zv>v )\vacpv| ) . Under Condition 1, we deduce that

2
o)

W (G ) S Y sV D, (15)
o>V

There is a link between the Iy (G, ||,,) approximation number of the centered Gaussian process G
with covariance C' and the L., e-entropy of the class of functions # (1). These quantities are related

by —InPr (|G|, < €), which is determined by the small ball probability of G under the uniform norm.

Entropy bounds. We have the following bound on the e-entropy of # (1) under the uniform norm
Lemma 2 Under Condition 1, In N (e,H (1),]-],.) S e %/@1=1),

Proof. As previously remarked, the space H (1) is generated by the law of the Gaussian process G
with covariance function C. For any integer V' < oo, the l-approximation number of G, Iy (G, |-| ) is
bounded as in (15). Proposition 4.1 in Li and Linde (1999) says that in this case —InPr (|G| <€) <

e~ 1/(=1) Moreover, Theorem 1.2 in Li and Linde (1999) links the small ball probability to the entropy
of the RKHS, and in this case, it gives the estimate In N (e, H (1), ||, ) S e /=D, m

Lemma 3 Under Condition 1,
N (e, X (B),|-]..) < K (B/e)*/ 7).

Proof. If y € HX (B), then u(x) = Zszl &) (z®)) for some f*¥) € H (B). Hence, the cov-
ering numbers of {y € H¥ (B)} are bounded by the product of the covering numbers of the sets
Fo == {f®eNn(B)}, k =1,2,..,K. By Lemma 2, the e-covering number of each Fj, is given
by exp{(B/e)Q/@"*l)}. The statement of the lemma follows by taking logs and summing over
k=1,2,..,K.m

We link the entropy of # (1) under the uniform norm to the entropy with bracketing of ¢,,h.

Lemma 4 Suppose Condition 1 holds. For the set F := {8€Hh cp€HE(B),he HE (1)}, for any
p € [1,00] satisfying Condition 2, the L, e-entropy with bracketing is

N (e, F,|1,) S K (B/e*/ "V,

The same ezact result holds for F := {{,, : p € H¥ (B)} under Condition 2.

Proof. In the interest of conciseness, we only prove the result for
F={0l,h:peH" (B),he H* (1)}.
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To this end, note that by Condition 2 and the triangle inequality,

|0€,h — 0L, 1| <106, —D,| sup |h|+ sup [90,]|h— 1.
heHK (1) HEHK(B)
By Condition 2, |04, (z)| < A1 (2), and |90, (z) — 00, (2)] < Ag (2) | () — i/ (2)], and P (A} + Af) <
oo. By Lemma 1, |h|_ < 1. By these remarks, the previous display is bounded by by a constant mul-
tiple of
Aglp— g+ A1 [h =R

Theorem 2.7.11 in van der Vaart and Wellner (2000) says that the L, e-bracketing number of class of
functions satisfying the above Lipschitz kind of condition is bounded by the L., €'-covering number of
HE (B) x HE (1) with € = ¢/ |2(P|A; + Ag\p)l/p]. Using Lemma 3, the statement of the lemma is
deduced because the product of the covering numbers is the sum of the entropies. m

Convergence to a Gaussian process and maximal inequality. The following will be used in

the proof of Theorem 4.

Lemma 5 Under Condition 1 with n > 1, and Conditions 2, and 3, with p > r,
Vn (P, — P)9t,h — G(dl,,h)

weakly, where G (90, h) is a mean zero Gaussian process indezed by (00, h) € {d€, : p € H¥ (B)} x

HE (1), with a.s. continuous sample paths and covariance function

EG (94, h) G (0L, h') =Y Py j (9,h, 0L,1).
jEL
Proof. The proof shall use the main result in Doukhan et al. (1995). Let F := {00,h : p € H¥ (B),h € H¥ (1)}.

The elements in F have finite L, norm because P [9¢," < PAY by Condition 2, and || < 1 by
Lemma 1. The entropy integral in Doukhan et al. (1995, Theorem 1, eq. 2.10) is implied by

1
/0 SNy (6, F, 1] )de < oo, (16)

and §(i) < i7P0 with By > r/(r —2) and r > 2 as in Condition 3 (see their discussion on page 405
to relate the L, norm to their norm). When (16) holds, Theorem 1 in Doukhan et al. (1995) shows
that the empirical process indexed in F converges weakly to the Gaussian one given in the statement
of the present lemma. By Lemma 4, (16) holds because n > 1. ®

The following is a corollary to Theorem 2 in Doukhan et al. (1995) and is used in the proof of
Theorems 2 and 3.

Lemma 6 Suppose Condition 8 and let r be as defined there. Let F is a class of real valued measurable

functions such that |f|. < § for any f € F and, fots VIn Ny (e, F, |],)de S 6%, for some o € (0,1]. Let

18



F be a function such that |f| < F, for any f € F, and PF? < oo for some p > r. Then, we have that
_r _p—1
VAE sup |(P, — P) f| S 6% +/n (62 2 1) 200 7
fer

for any & such that 6~ < npt/(201—0),

Proof. We shall follow similar arguments to the ones in the proof of Theorem 3 in Doukhan et
al. (1995). Let Fps := {fl{FSM} fe .7—'} for a constant M > 0, where 1y, is the indicator function:

one if the argument is true and zero otherwise. Clearly,
VnEsup |(P, — P) f| < vnE sup |(P, — P) f| + 2\/EPF1{F>M} =1+1IL (17)
feF fe€Fm

Under the conditions of the lemma, Theorem 2 in Doukhan et al. (1995) says that

M 62&—2
156% + =5 + VaMB (q) (18)

for arbitrary ¢ > 1. Set an € € (0,1) to be chosen in due course, and set ¢ = 371 (¢) where 371 (-) is
the inverse of 3 (|-]) where || is the integer part of its argument. Then, 3~ (¢) is the smallest integer
q such that 3 (q) < e. To balance the last two terms in (18) we can set \/ne < ¢62*2n~'/2, where =
means that the Lh.s. is bounded above and below by constants times the r.h.s.. Let Q : [0,1] = R
be the quantile function of F, ie. Q(u) := inf{x > 0:Pr(F > z) <wu}. Then, set M = Q (e).
Therefore, I < 6%+ +/nQ (€) e. Now, from the proof of Lemma 4 in Doukhan et al. (1995) we have that
PF1{psan < J; Q (€) de and given that F has a finite p moment we have that @ (e) < e~ 1/7. By these
remarks, we can deduce that IT < 2\/56171-%1. Using the upper bound for @ () in I, we also deduce that
I+1I<6v+ \/ﬁe%1 By Condition 3, ¢ < e’¥, so that e < (620‘*271’1)ﬁ and in consequence
that (17) is bounded above by 6% + /n (52(1_2”_1)%%. Note that the specific choice of € also
guarantees that € € (0,1) as long as 6~ < n'/(2(1=%) a5 stated in the lemma, and this concludes its
proof. m

When the data is i.i.d. (take » | 2 in Condition 3) and F bounded (take p — o0) the above
inequality becomes the usual inequality obtained for i.i.d. data (van der Vaart and Wellner, 2000,
Lemma 3.4.4).

5.2 Proof of Theorem 1

We shall apply Corollary 3.2.3 in van der Vaart and Wellner (2000) replacing their in probability
result with almost sure convergence (a.s.). The result requires an identification condition and uniform

convergence of the empirical loss function. By Taylor’s Theorem in Banach spaces,
1
Pl —Plyy = POl (n—ps)+ 5 PO, (= pn)’ (19)

for uy = p+t(up — p) with some ¢t € [0,1] and arbitrary g € HX (B). The variational inequality
Pol,,,, (1 — pg) > 0 holds by definition of pp and the fact that u € HX (B). Therefore, the previous
display implies that P¢,,—P¢,,, 2 P (i — 15)° because PO, (u— v)? 2 P (u—v)? > 0 by Condition

UB ~
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2. The right hand most inequality holds with equality if and only if 4 = pp in Ls. This shows
identifiability of the estimator.

We show that sup,,cqx gy [(Pn — P)€,| — 0 a.s., which then implies |u, — pol, — 0 a.s.. For any
fixed p, |(P, — P)£,| — 0 a.s., by the ergodic theorem, because P |{,| < oo by Condition 2. Hence,
it is sufficient to show that {éﬂ tpeHE (B)} has finite e-bracketing number under the L; norm (see
the proof of Theorem 2.4.1 in van der Vaart and Wellner, 2000). This is the case by Lemma 4. We
have shown that |p,, — pgl, — 0 a.s.. To turn the Ly convergence into uniform, note that HX (B) is
compact under the uniform norm and functions in H¥ (B) are continuous and defined on a compact
domain X¥. In consequence, any convergent sequence in H¥ (B) converges uniformly.

Above, we have shown that the population loss function is convex and coercive. Moreover, HX (B)
is a closed convex set, as HX is a Hilbert space. Hence, the population minimizer pup exists and is

unique up to an Ly equivalence class.

5.3 Proof of Theorem 2

We prove Points 1 to 3. The validity of the results when using asymptotic minimizers is in Section 5.7.

The following lemma puts together crucial results for estimation in RKHS (Steinwart and Christ-
mann, 2008, Theorems 5.9 and 5.17 for a proof). The cited results make use of the definition of
integrable Nemitski loss of finite order p (Steinwart and Christmann, 2008, Def. 2.16). However,
under Condition 2, the proofs of those results still hold.

Lemma 7 Under Condition 2,
1
|1o,p — Mn,p‘yk < ; }P(%uo,pq) - Pnagﬂo,p¢|’}-[K ) (20)

where ® (x) = Cyx (-, ) is the canonical feature map. Moreover, if jio,, is bounded for p — 0, then

1100 — Holzx — 0.

We apply Lemma 7 and the results in Section 5.1 to derive the following.

Lemma 8 Suppose Condition 1 with n > 1, and Conditions 2 and 3 with p > r, and py € H¥. The

following statements hold.
1. There is a finite B such that |po,lyx < [polyx < B for any p > 0.

2. If po € int (1 (B)), we have that |, , — u07p|§_[K =O0p (p7*n7"), and |pin ol < B eventually

1/2

in probability for any p — 0 such that pn*/* — co.

3. There is a p = Op (nil/g) such that |N%P|HK < B and

sup P,0l,, h=O0p (n71/2B) .
heHE (1) '

Proof. Given that K is finite and the kernel is additive, there is no loss in restricting attention to
K =1 in order to reduce the notational burden. Given that po € H, there is a finite B such that
Lo € int (HK (B)) (this proves Point 1 in the lemma). By this remark, it follows that, uniformly in
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p > 0, there is an € > 0 such that |uo |, x < B —e. We shall need a bound for the r.h.s. of (20). B
(3), the canonical feature map can be written as ® (z) = Y02 A2¢, (*) ¢y (z). This implies that,

(Pn - P) Ho, p Z )‘2 P, P aguo,pwv] Po ('73) .
v=1

By Lemma 7, (5), and the above,

N2 (Py, = P) O, oo
|(P, — P) 3€uo,p‘1’|ix = 2: (A% ( )\2 0.0 Pv] § NP, —P 8@0){)%]2.
v=1 v v=1

In consequence of the above display, by the triangle inequality,

o 1/2
1
l1o,p — /~‘n7p|HK < ; )‘3 ’(Pn - P) 8€uo,p‘Pv’2
1 ;:1
< p > X |(Po = P) 0y, 00
v=1

Using the maximal inequality in the first display on page 410 of Doukhan et al. (1995) we deduce that

E sup |\/H(Pn - P) 6€u90v| <a (21)
HEHK(B)

for some finite constant ¢q, for any v > 1, because the entropy integral (16) is finite in virtue of Lemma
4 and ¢, is uniformly bounded, uniformly in v > 1. Define

L, = Z)\U sup ’\/ﬁ(Pn - P) ‘%uo,p‘/’v| :

v=1 HEHE(B)

Given that the coefficients A, are summable by Condition 1 when n > 1, deduce from (21) that
(Ln),~, is a tight random sequence. Using the above display, we have shown that (20) is bounded
by L,;/ (pn'/?). This proves Point 2 in the lemma. For any fixed ¢ > 0, we can choose p = p,, =
L,/ (enl/z) so that |0, — pin.plyx < €. By the triangle inequality and the above calculations, deduce
that,

= Hnplyx < B

b plagre < |1o,p
by the aforementioned choice of p. By tightness of L,,, deduce that p, = O, (n_1/2). Also, the first

order condition for the sample estimator p,, , reads

Pnaé,un,ph =-2p </un,pa h>7.[K <2p ‘Nn,leK |h|’HK (22)

for any h € HX (1). In consequence, suppepx (1) PO, ;b < 2p|fin,ply . These calculations prove
Point 3 in the lemma for some p = Op (n‘l/Q). |
We start the proof of the theorem.
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Proof of Point 1. The penalized objective function is increasing with p. In the Lagrangian formu-
lation of the constrained minimization, interest lies in finding the smallest value of p such that the
constraint is still satisfied. When p equals such smallest value pp ,, we have p, = pin, ,. From Point 3
in Lemma 8 deduce that pg, = Op (n’l/Q).

Proof of Point 2. Point 1 in Lemma 8 together with the last statement of Lemma 7 gives that
|fon,p — u0|§_[K = 0(1). Then, Point 2 in Lemma 8 together with the triangle inequality complete the

proof.

Proof of Point 3. If #X is infinite dimensional, the constraint is eventually binding for n large
enough, so that ||, x = B. Hence, if p1g € int (H* (B)) there is an € > 0 such that |pg|,x = B — €.
By the triangle inequality, we deduce that |u, — ,uoﬁ_[,( > ¢. This means that p, cannot converge
under the norm ||, «.

The statement concerning approximate minimizers will be proved in Section 5.7.

5.4 Proof of Theorem 3

For reasons that will become clear, we show convergence rates for | — /j’B|Tp/(p—r) where p and r are as
in the statement of the theorem. To this end, we verify the conditions of Theorem 3.2.5 van der Vaart
and Wellner (2000). Define Fy := {(ﬁu —Llug) 1= BBl S O 1 E HE (B)} Tt is sufficient to
show that (i) Pl —Plyy 2 11— il e () VIESUD s, (P — P) f1 < 0 (9), for any 6 € (0,1),
where ¢,, (6) is a function that grows slower than 62, and (iii) to find an increasing sequence s,, such
that s7¢n (s;,') S v/n. Then, |u— s,/ = Op (s;'). Note that § can be taken less than one
because, by Theorem 1, the estimator is consistent in L., as soon as n > 1/2. The uniform bound for
elements in %X (B) implies that B/V) =1 |y — up|, < |p— uB|§/U for any v € (2,00). Therefore, the
arguments just below (19) verify (i). We now focus on (ii). By Holder inequality, PAT |u — pg|" <
(PATY (Pl = i 0)
that [f|, < \A1|p 0 because f € Fs. We also deduce that A; B has finite p moment, and is an envelope
function for F5. By Lemma 4, we have that f05 VIn Ny (e, Fs, [, )de < 6% withao=2(n—1)/(2n—1).
Hence, an application of Lemma 6 shows that ¢, (§) < 6%+ /n (6>*?n~1) T g long as 6~ <
n/(2(1=) n verifying (iii), we see that this imposes the constraints s, < n'/1=) Now, s2-« <

A A 3 —r __p-1 . . v(2n—1)
n'/2 implies that s, < n71=D/4 while s2 (s2720p=1)20=D 7 < 1 implies that s, < n™+2G-D

p
. Using the fact that |¢, — £,,| < Ay |p — pp|, we can conclude

(2n—1)
where v = ﬁ% < 1. Hence, we have that s, < nat-1 and by definition of «, we also see that
sp < n'/R0-2) a5 required. This proves the first statement of the theorem. Lemma 9 in Section 5.7
shows that the result also holds for approximate minimizers. Finally, the proof in the last statement

of the theorem is deferred to Section 5.6.

5.5 Proof of Theorem 4

We introduce additional notation. Let [*° (HK ) be the space of uniformly bounded functions on H%.
Let U (1) be the operator in [°° (H*) such that W (1) h = P8¢,h, h € HX. When yq € int (X (B)),
it holds that W (ug) h = 0, for any h € H¥ (1). The empirical counterpart of ¥ (u) is the operator
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W,, () such that W,, (u) h = P,d¢,h. Finally, write ¥,,, (1 — po) for the Fréchet derivative of W (u) at
f1o tangentially to (i — i), where i, po € H¥X (B). Then, ¥y, is an operator from H¥ to 1 (HK).
This same notation is used in van der Vaart and Wellner (2000, ch.3.3).

By the conditions of the theorem, py € int (HK (B)), hence by the first order conditions, ¥ (ug) h =
0 for any h € HX (1). This remark and Lemma 5 prove the first part in the theorem. By this remark
again, and basic algebra,

VU, (pn) = VW, (o) + Vi [P () — ¥ (o)
"’\/H [len (ﬂn) -V (,Un)] - \/ﬁ [\I/n (,UO) -V (NO)] . (23)

To bound the last two terms, we verify that
sup  V/n[(Wn (pn) = ¥ (ptn) = (¥ (10) = ¥ (o)) h = op (1). (24)

This follows if (i) v/n (¥, (u) — ¥ (u)) h , p € HE (B), h € HE (1), converges weakly to a Gaussian
process with continuous sample paths, (ii) #* (B) is compact under the uniform norm, and (iii) p,
is consistent for po in |-| . Point (i) is satisfied by Lemma 5, which also controls the first term on
the r.h.s. of (23). Point (ii) is satisfied by Lemma 3. Point (iii) is satisfied by Theorem 1. Hence,
by continuity of the sample paths of the Gaussian process, as |u, — o, — 0 in probability (using
Point iii), the above display holds true. We now control the second term on the r.h.s. of (23). For any

h € HE (1),

‘[\II (1n) = ¥ (po) h — \iluo (ftn — po) h‘ < t:(%pl) ‘Paggmﬁrt(ltn*uo) (1n — ,UO)2 h‘ (25)

using differentiability of the loss function and Taylor’s theorem in Banach spaces. By the condition
that |A3|p < 00, and the fact that h is uniformly bounded, using Holder inequality, the r.h.s. is a
. By Lemma 1, |p — pol,, < 2B, so that ‘(u —MO)Q‘ <

~

p/(p—1) p/(p—1)

1 p
i — 110)2P~ /P Hence, the r.h.s of (25) is op (n=Y2) if | — poly = op (nZ(F)), which is the case
by assumption. These calculations show that

constant multiple of ‘(u — MO)Q‘

\/E[IIJ (tn) = ¥ (ko)) = \/ﬁ\i/uo (fn — o) +op (1).

Inserting the above in (23), and using (24), we deduce that

VA, () = Vi (10) = VA (W (1) — U (1)) + 0p (1)
= \/ﬁ\puo (Mn - UO) +op (1) : (26)

By Lemma 5, v/nV,, (10) = Op (1). For the moment, suppose that p,, is the exact solution to the mini-
mization problem in (6). By Lemma 8, supj,c4,x (1) v/AWy (ftn) h = Op (1), so that supj, ey (1 VA (ftn — o) h =
Op (1). Finally, if sup,eqn 1) VW0 (n) h = op (1), (26) together with the previous displays imply
that —lim, /n (¥, (1t0) — ¥ (p0)) = lim,, ¥,0\/n (s, — o) in probability, where the Lh.s. has same

distribution as the Gaussian process G given in the statement of the theorem. It remains to show that
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if we use an approximate minimizer say v, to distinguish it here from g, in (6), the result still holds.

Lemma 9, in Section 5.7, shows that this is true, hence completing the proof of Theorem 4.

5.6 Lower Bound on L, Convergence Rates

We use the same notation as in (23) and rely on the arguments that followed that display. When
po € int (H¥ (B)), we deduce that v/n[¥ (u,) — ¥ (1o)] h = Op (1) for any h € H¥ (1). We choose
h = (2B)"" (tin — po). By definition of W () h, using Taylor’s theorem as in (19) and the notation
defined there, \/n [V () — ¥ (p0)] = VnP8%C,,, (11 — p10) h. By Condition 2 and the specific choice of
h, the r.h.s. is lower bounded by a constant multiple of /7P (1, — p)°. This implies that |, — Holy =
Op (n~'/). This bound verifies the last statement of Theorem 3.

5.7 Asymptotic Minimizers

The following lemma collects results on asymptotic minimizers.

Lemma 9 Let (¢,),,~, be an o, (1) sequence. Suppose that v, satisfies P,l,, = Ppl, + €,, where p,

2
wKx T Pen, where

is as in (6). Also suppose that v, , satisfies Pyl,, , +p |Vn,p|3_[K = Ply, , +plin,p

1/2

Lin,p @5 as in (9) and pn'/? — co.

1. Under the conditions of Theorem 1, |p, — vyn|,, = 0(1) almost surely if e, — 0 almost surely or

in probability if €, = op (1).

2. Under Condition 2, |{in,p — Vnplyx = €n in probability, and there is a finite B such that |vy, |, <
B eventually in probability.

3. Under the conditions of Theorem 3, |jin — vnly = Op (s;1) if €, = Op (s,2).

4. If e, = op (n™'), under the Conditions of Theorem 4, suppeps (1) [Wn (Hn) b — Wn (vn) h| =

op (n_l/g).

Proof. We prove each statement separately.

Proof of Point 1.  Consider the constrained estimator. For the uniform convergence, by assumption
we replace P/, with P,¢, with an error o(1) almost surely. Hence, the proof of Theorem 1 is not

altered and this implies Point 1 in the lemma.

Proof of Point 2. Consider the penalized estimator. To this end, follow the same steps in the
proof of 5.14 in Theorem 5.9 of Steinwart and Christmann (2008). Mutatis mutandis, the argument

in their second paragraph on page 174 gives

<Vn,p — Un,p, Pnagun,pq:’ + 2pﬂn,p>HK +p |/1Jn,p — Vnplyx
Spngunyp + 1% |Vn,p"2HK - (Pngun,p + 14 |//['n,p|3.LK) .

Derivation of this display requires convexity of L (z,t) w.r.t. ¢, which is the case by Condition 2. By as-

sumption, ther.h.s. is pe,. Note that p, , is the exact minimizer of the penalized empirical risk. Hence,
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eq. (5.12) in Theorem 5.9 of Steinwart and Christmann (2008) says that p, , = — (2p)"" Pl @
for any p > 0, implying that the inner product in the display is zero. By these remarks, we deduce
that the above display simplifies to p |pn,, — Vn plyyx = pen. In consequence, |fin , — Vn plyx = op (1)
so that by the triangle inequality, and Lemma 8, |y, ,|,,x < B eventually, in probability for some
B < o0.

Proof of Point 3. By Point 1 with ¢, = op (1), we obtain consistency for v,,. Once consistency
is ensured, the rates of convergence are not altered according to Theorem 3.2.5 of van der Vaart and
Wellner (2000) as long as €, = Op (s;z) where s, is as in Theorem 3. By the triangle inequality we
obtain the result.

Proof of Point 4. Conditioning on the data, by definition of j,,, the variational inequality P,0¢,,, (vn — ptn) >
0 holds because v, — ji,, is an element of the tangent cone of HX (B) at p,. Conditioning on the data,
by Taylor’s theorem in Banach spaces, and the fact that inf.cz ;<p 0?L (z,t) > 0 by Condition 2, we
have that|P,/,,, — Pty | 2 P (fin — un)Q. By the conditions of the lemma, and the previous inequal-

ity deduce that P, (un — Vn)2 = Op (€,). Now, conditioning on the data, by Fréchet differentiability,

U,y (tn) b — Uy, (va) B| = |Pudl,, — Padl,, |

IN

P,| sup (’92€H (Vn — pn) R .

HEHK(B)

By Holder’s inequality, and the fact that h € H¥ (1) is bounded, the r.h.s. is bounded by a constant

multiple of

071/2
P,| sup 9%, [Pn (v — ,un)z} v < [PnA§]1/2 [Pn (v — pin)’ v

neMX(B)

By Condition 2, deduce that P, A3 = Op (1) so that, by the previous calculations, the r.h.s. is bounded
by a quantity Op (E}/Q) = op (n~/2) under the conditions of the lemma. m

The first two points in the lemma prove Point 4 in Theorem 2 and the last part of Theorem 1. The
third point proves the last statement in Theorem 3. The fourth point is used in the proof of Theorem

4 to show that for an asymptotic minimizer the first order condition remains op (nil/ 2).

5.8 Proof of Theorem 5

Only here, for typographical reasons, write £ (u) instead of £, and similarly for 0¢ (u). Let

hp, := arg . m}i{nB P, 0l (Fp—1) h.

€LX(B)

Note that by linearity, and the [; constraint imposed by £¥ (B), the minimum is obtained by an

additive function with K — 1 additive components equal to zero and a non-zero one in H with norm
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||, equal to B, i.e. Bf*(™ where f*(™) € H (1). Define,

D(Fp 1) = min P,dl(Fp 1) (h—Fn 1),
(Fin—1) pmin Ol (Frn—1) ( 1)

so that for any p € LX (B),
Pnz(:u)_Png(Fm—l) ZD(Fm—l) (27)

by convexity. For m > 1, define 7,, = 2/(m + 2) if 7,,, is chosen by line search, or 7,, = 7, if
Tm = m~!. By convexity, again,

Pt (F,) = it[bfl] Pl (Fo1 + 7 (hiy — Frne1)) < Pl (Fre1) + PoOl (Fr1) (hum — Frpe1) T + %ﬁ%
T7€|0,

where

2
Q:= sup = [Pl (F 47 (h—F)) = Pyl (F) — TP, 0L (F) (h— F)].
h,FeLK(B),7€[0,1] T

The above two displays together with the definition of D (F,,—1) = P,0¢(Fy—1) (hym — Fin—1) imply
that for any p € LX (B),

Pl (Fp) < Pul(Fp_1) 4+ 7mD (Fpo1) + 272

< Pol(Fpe1) + T (Pl (1) — Pol (Fre1)) + %Tﬁw

where the second inequality follows from (27). Subtracting P, () on both sides and rearranging, we

have the following recursion

Pab (F) = Pall () < (1= ) (Pl (Fi ) = Poll () + 275

The result is proved by bounding the above recursion for the two different choices of 7,,,. When,
Tm = 2/(m+ 1), the proof of Theorem 1 in Jaggi (2013) bounds the recursion by 2Q/ (m +2). If
pm = m~!, then, Lemma 2 in Sancetta (2016) bounds the recursion by 4Q1In (1 +m) /m for any
m > 1. It remains to bound Q. By Taylor expansion of ¢ (F + 7 (h — F)) at 7 = 0,

L PUE At (h=F)) (h = F)* 7

C(F+7(h—F)) =C(F)+L(F) (h— F) ;

for some t € [0,1]. It follows that

Q < max sup P,0% (F+t(h—F))(h—F)*
t€[0.1] h, FeLX (B),r€[0,1]

< 4B? sup P,d’L(-,t) /dt*.
|t|<B

5.9 Proof of Lemma 1

Point 1 is obvious. By the relation between the I; and lo norms (derived using Minkowski and the

Cauchy-Schwarz inequality), |u|yx < |#|px < VK |u|yx and this shows the inclusion in Point 2.
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Every Hilbert space is uniformly convex, hence the ball of radius B is a convex set, and this proves
Point 3. By the RKHS property f*) (a:(k)) = <f(k),C' (-,x(k)»ﬂ, for pu(z) = Zszl ) (m(k)),

(@) =

S (r0.e (),

k=1

When u € £X (B), by the Cauchy-Schwarz inequality and the RKHS property again, the display is

bounded by
K K
(k) oK) _ (k) \/7
kz_l‘f L e (=), ,;’f |, /€ @®.a) < cB,

using the definition of £¥ (B) and the assumed bound on the kernel. The above two displays imply
that ||, < ¢B. This shows the result for p = co. For any p € [1,00), use the trivial inequality
PlulP < |pl% P (X5) = |uf’,. When p € H¥X (B), by Cauchy-Schwarz inequality it is simple to
deduce from the above two displays that |u|, < ¢v/KB. These remarks prove Point 4.
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