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Abstract

A rooted tree is called a k-ary tree, if all non-leaf vertices have exactly k children, except
possibly one non-leaf vertex has at most k−1 children. Denote by h(k) the minimum integer
such that every tournament of order at least h(k) contains a k-ary spanning tree. It is well-
known that every tournament contains a Hamiltonian path, which implies that h(1) = 1. Lu
et al. [J. Graph Theory 30(1999) 167–176] proved the existence of h(k), and showed that
h(2) = 4 and h(3) = 8. The exact values of h(k) remain unknown for k ≥ 4. A result of
Erdős on the domination number of tournaments implies h(k) = Ω(k log k). In this paper,
we prove that h(4) = 10 and h(5) ≥ 13.
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1. Introduction

In this paper, we consider digraphs which are finite and simple. That is, we do not permit
the existence of loops or multiple directed arcs. For any undefined terms about digraphs, we
refer the reader to the book of Bang-Jensen and Gutin [1].

A tournament T = (V,E) is a directed graph (digraph) obtained by assigning a direction
for each edge in an undirected complete graph. In this paper, a tournament of order n
is called n-tournament. We also use x → y or (x, y) to denote an arc xy ∈ E, say x

beats y. Let A ⇒ B denote that every vertex in A beats every vertex in B. We call a
tournament transitive if x → y and y → z imply that x → z, in other words, its vertices
can be linearly ordered such that each vertex beats all later vertices. We denote by [Xi]

the vertex set {x1, . . . , xi} for i ≥ 1. If x → y, we call y an out-neighbor of x, and x an
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in-neighbor of y. We use N+(x) and N−(x) to denote the out-neighborhood and the in-
neighborhood of a vertex x of T , respectively. Correspondingly, we use d+(x) = |N+(x)| and
d−(x) = |N−(x)| to denote the out-degree and the in-degree of a vertex x of T , respectively.
A leaf is a vertex of out-degree zero. For x ∈ V and X ⊆ V , we denote by N+

X (x) (resp.
N−X (x)) the set of out(resp. in)-neighborhood of x in X, that is, N+

X (x) = N+(x)∩X (resp.
N−X (x) = N−(x) ∩X) (here, x may or may not belong to X). We write d+X(x) =

∣∣N+
X (x)

∣∣,
d−X(x) =

∣∣N−X (x)
∣∣ and d+X = max{d+X(v)|v ∈ X}. A tournament is k-regular if all vertices

have in-degree and out-degree k. For a subset X ⊆ V , we denote by T [X] the subtournament
of T induced by X.

A rooted tree is a directed tree with a special vertex, called the root, such that there exists
a unique (directed) path from the root to any other vertex. A rooted tree is called a k-ary
tree, if all non-leaf vertices have exactly k children, except possibly one non-leaf vertex has
at most k − 1 children. If all non-leaf vertices have exactly k children, then we call it a full
k-ary tree. A k-star is a full (k − 1)-ary tree with k vertices.

An oriented graph H on n vertices is unavoidable if every n-tournament contains H as a
subgraph, otherwise, we say that H is avoidable. The concept of unavoidable was introduced
by Linial et al. [6], in which they studied the maximum number of edges that an unavoidable
subgraph on n vertices can have. In particular, if H contains a directed cycle then H must
be avoidable, since a transitive tournament contains no directed cycles and hence no copy
of H. It is therefore natural to ask which oriented trees are unavoidable.

Rédei [12] showed that every tournament contains a Hamiltonian path. Thomason [15]
proved that all orientations of sufficiently long cycles are unavoidable except for those which
yield directed cycles. Erdős [13] proved that for any fixed positive integer m, there exists
a number f(m) such that every n-tournament contains

⌊
n
m

⌋
vertex-disjoint transitive sub-

tournaments of order m if n ≥ f(m). Häggkvist and Thomason [5] showed that every
oriented tree of order m is contained in every tournament of order 12m and El Sahili [2]
improved the bound to 3(m− 1). Lu et al. [7, 9] investigated the avoidable claws. For more
results on unavoidable digraphs, we refer to [4, 8, 14].

Actually, Rédei’s result [12] can be restated as that a 1-ary spanning tree is unavoidable.
It is therefore natural to study the general problem of whether a tournament contains a k-ary
spanning tree. Lu et al. [10] proved the following fundamental theorem for the existence of
a k-ary spanning tree of a tournament.

Theorem 1.1 ([10]) For any fixed positive integer k, there exists a number h′(k) such that
every n-tournament contains a k-ary spanning tree if n ≥ h′(k).
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Define h(k) as the minimum number such that every tournament of order at least h(k)

contains a k-ary spanning tree. The existence of a Hamiltonian path for any tournament is
the same as h(1) = 1. Lu et al. [10] determined that h(2) = 4 and h(3) = 8. The exact
values of h(k) remain unknown for k ≥ 4. A result of Erdős on the domination number of
tournaments implies h(k) = Ω(k log k).

Theorem 1.2 For any k ≥ 4, h(k) = Ω(k log k).

In this paper, we prove that h(4) = 10 and h(5) ≥ 13.

Theorem 1.3 h(4) = 10 and h(5) ≥ 13.

2. Proof of Theorem 1.2

For any X, Y ⊆ V (T ), we say that X dominates Y if for every v ∈ Y \X there exists a
u ∈ X which beats v. The domination number of T , denoted µ(T ), is the smallest cardinality
of a set that dominates V (T ).

Erdős [3] used the probabilistic method to prove the following fact.

Lemma 2.1 ([3]) For every ε > 0 there is a number K such that for for every k ≥ K there
exists a tournament Tk with no more than 2kk2 log(2 + ε) vertices such that µ(Tk) > k.

By Lemma 2.1, we can get the following Corollary 2.2 directly which is stated in [11].

Corollary 2.2 ([11]) There exists a constant c > 0 such that for every n there exists a
tournament T with n vertices such that µ(T ) > c log n.

Now we present the proof of Theorem 1.2.

Proof of Theorem 1.2.
Let T be a tournament with n vertices and µ(T ) > c log n. Suppose T contains a k-ary
spanning tree R. Since the number of the non-leaf vertices of R is dn−1

k
e and all non-leaf

vertices of R dominates V (T ), we have dn−1
k
e ≥ µ(T ). Then n > (µ(T ) − 1)k + 1. By

Corollary 2.2, we have h(k) = Ω(k log k). �

3. Proof of Theorem 1.3

We need the following three useful lemmas proved in [10].
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Lemma 3.1 ([10]) Let R be a k-ary tree of tournament T with the root v and S a k-star
of T with the root u, where R and S are vertex disjoint. If d+V (R)(u) ≥ 1, then T contains a
k-ary tree R′ with V (R′) = V (R)∪V (S). Furthermore, if u ∈ N+(v), then R′ can be chosen
to have the root v, which is the same root as R.

Lemma 3.2 ([10]) If every (km + 1)-tournament has a k-ary spanning tree, then so does
every km-tournament.

According to the structure of k-ary spanning trees, we can directly obtain the following
result.

Observation 3.3 For any n-tournament T = (V,E) with n ≥ 2k + 1, let T≥k = {v ∈
V | d+(v) ≥ k}. If for any two different vertices u, v ∈ T≥k, |(N+(u) ∪ N+(v))\{u, v}| ≤
2k − 2, then T contains no k-ary spanning tree.

Proof of Theorem 1.3.
First, we consider the case of k = 4. Let T9 be the 9-tournament with V (T9) = {0, 1, . . . , 8}
and E(T9) = {ij : i − j ≡ 1, 2, 3, 5 (mod 9)}. By Observation 3.3, it is straightforward to
check that T9 does not contain a 4-ary spanning tree, since d+V (T9)

(i) = 4 for any i ∈ V (T9),
and N+

V (T9)
(j) ∩ N+

V (T9)
(i) 6= ∅ for any j ∈ N+

V (T9)
(i). So h(4) ≥ 10. In the following, by

induction, we will prove that every tournament T of order n ≥ 10 contains a 4-ary spanning
tree.

Let T = (V,E) be a tournament of order n. Note that for any X ⊆ V , we have
d+X ≥

⌈
|X|−1

2

⌉
. Suppose n ≥ 14 and the theorem is true for all n′ < n. Since n ≥ 14, we

can choose v ∈ V with d+(v) ≥ 4, say N+(v) = {a, b, c, d}. Let T ′ = T [V \{v, a, b, c}]. By
the induction hypothesis, T ′ contains a 4-ary spanning tree. By Lemma 3.1, T contains a
4-ary spanning tree. Therefore, by Lemma 3.2, it suffices to prove that every tournament T
of order n contains a 4-ary spanning tree, where n ∈ {10, 11, 13}. Let u be a vertex of T
with the maximum out-degree and V = {u} ∪ [Xn−1].

Claim 1. For 1 ≤ d−(u) ≤ 4, if there exists a vertex v ∈ N−(u) such that d+N−(u)(v) =

d−(u)− 1 and d+N+(u)(v) ≥ 4− d−(u), then T contains a 4-ary spanning tree.

Proof. LetN−(u) = [Xd−(u)]. Suppose d+N−(u)(x1) = d−(u)−1 and d+N+(u)(x1) ≥ 4−d−(u), say
x1 ⇒ {x2, x3, x4}. Since d+{x5,...,xn−1} ≥ d

n−6
2
e ≥ n− 9, we may assume x8 ⇒ {x9, . . . , xn−1}.

Then we obtain a 4-ary spanning tree of T induced by {x1x2, x1x3, x1x4, x1u, ux5, . . . , ux8,
x8x9, . . . , x8xn−1}.
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Claim 2. Every 10-tournament T contains a 4-ary spanning tree.

Proof. We consider the following five cases.

Case 1: d+(u) = 9.
Since d+[X9]

≥ 4, we assume x9 ⇒ [X4] and x6 → x5. Then we obtain a 4-ary spanning
tree induced by {ux6, . . . , ux9, x9x1, . . . , x9x4, x6x5}.

Case 2: d+(u) = 8, say N+(u) = [X8].
Since d+[X8]

≥ 4, we assume x8 ⇒ [X4]. Then we obtain a 4-ary spanning tree induced by
{ux5, . . . , ux8, x8x1, . . . , x8x4, x9u}.

Case 3: d+(u) = 7, say N+(u) = [X7] and x9 → x8.
By Claim 1, we may assume d+[X7]

(x9) ≤ 1. If d+[X7]
(x8) ≥ 3, assume x8 ⇒ {x7, x6, x5}, and

then {x9x8, x8x5, x8x6, x8x7, x8u, ux1, . . . , ux4} induces a desired 4-ary spanning tree. So we
may assume d+[X7]

(x8) ≤ 2. Then
∣∣N−[X7]

(x9) ∩N−[X7]
(x8)

∣∣ ≥ 4, say [X4] ⇒ {x8, x9}. Without
loss of generality, we may assume that d+[X4]

(x3) ≥ 2 with x3 ⇒ [X2] and x6 → x7. Then we
obtain a 4-ary spanning tree induced by {ux3, . . . , ux6, x3x1, x3x2, x3x8, x3x9, x6x7}.

Case 4: d+(u) = 6, say N+(u) = [X6] and x9 → x8, x8 → x7.
If d+[X6]

(x9) ≥ 2 or d+[X6]
(x8) ≥ 2, say x9 ⇒ {x5, x6} or x8 ⇒ {x5, x6}, then we obtain a 4-

ary spanning tree induced by {x9x5, x9x6, x9x8, x9u, ux1, . . . , ux4, x8x7} or {x9x8, x8x5, x8x6,
x8x7, x8u, ux1, . . . , ux4}. So we assume

∣∣N−[X6]
(x9) ∩ N−[X6]

(x8)
∣∣ ≥ 4, say [X4] ⇒ {x9, x8}.

Without loss of generality, we may assume that d+[X4]
(x3) ≥ 2 with x3 ⇒ [X2]. Then we

obtain a desired 4-ary spanning tree induced by {ux3, . . . , ux6, x3x1, x3x2, x3x8, x3x9, x8x7}.

Case 5: d+(u) = 5, say N+(u) = [X5].
By Claim 1, we may assume d+N−(u) ≤ 2. Without loss of generality, we may assume that

x9 ⇒ {x7, x8}, x8 ⇒ {x7, x6} and x6 → x9. If d+[X5]
(x9) ≥ 1 or d+[X5]

(x8) ≥ 1, say x9 → x5 or
x8 → x5, then one can find a desired tree induced by {x6x9, x9x5, x9x7, x9x8, x9u, ux1, . . . , ux4}
or {x9x8, x8x5, x8x6, x8x7, x8u, ux1, . . . , ux4}. So we may further assume [X5] ⇒ {x9, x8}.
Without loss of generality, assume that x7 → x6. Since d+(x7) ≤ 5, we have

∣∣N−[X5]
(x7)

∣∣ ≥ 2,
say {x4, x5} ⇒ x7 and x4 → x5. Then the set {ux1, . . . , ux4, x4x5, x4x9, x4x8, x4x7, x7x6}
induces a desired 4-ary spanning tree.

Suppose n ∈ {11, 13} and d+(u) = n− 1. By Claim 2, let R be a 4-ary spanning tree of
T [[X10]]. Without loss of generality, we assume that R′ ⊆ R is a full 4-ary tree rooted at x9
with V (R′) = [X9]. Then R′∪{ux9, . . . , uxn−1} induces a desired 4-ary spanning tree. So we
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may further assume n ∈ {11, 13} and N+(u) = [Xd+(u)] with d+(u) ≤ n− 2 in the following.

Claim 3. Every 11-tournament T contains a 4-ary spanning tree.

Proof. We consider the following five cases.

Case 1: d+(u) = 9.
By Claim 1, we may assume [X7]⇒ x10. Without loss of generality, we assume x4 ⇒ [X3]

since d+[X7]
≥ 3, and x7 ⇒ {x8, x9} since d+{x5,...,x9} ≥ 2. Then we obtain a 4-ary spanning tree

of T induced by {ux4, . . . , ux7, x4x1, x4x2, x4x3, x4x10, x7x8, x7x9}.

Case 2: d+(u) = 8.
Without loss of generality, we assume that x10 → x9 and x4 ⇒ {x5, x6, x7, x8} because

d+[X8]
≥ 4. Then we find a desired 4-ary spanning tree induced by {x10x9, x10u, ux1, . . . , ux4, x4x5,

. . . , x4x8}.

Case 3: d+(u) = 7.
Suppose x10 ⇒ {x8, x9}. By Claim 1, we may assume [X7]⇒ x10 and x4 ⇒ {x5, x6, x7} s-

ince d+[X7]
≥ 3. We obtain a 4-ary spanning tree of T induced by {ux1, . . . , ux4, x4x5, x4x6, x4x7,

x4x10, x10x9, x10x8}. Suppose x10 → x9, x9 → x8 and x8 → x10. If d+[X7]
(x9) ≥ 3, say x9 ⇒

{x5, x6, x7}, then we obtain a 4-ary spanning tree of T induced by {x10x9, x10u, ux1, . . . , ux4,
x9x5, . . . , x9x8}. If x9 ⇒ {x6, x7} and x8 → x5, then we obtain a desired 4-ary span-
ning tree induced by {x9x6, x9x7, x9x8, x9u, ux1, . . . , ux4, x8x10, x8x5}. By the symmetry of
x8 and x9, we may assume [X4] ⇒ {x8, x9} and x1 ⇒ {x2, x3} since d+[X4]

≥ 2. Then
{x1x2, x1x3, x1x8, x1x9, x8x10, x8u, ux4, . . . , ux7} induces a desired 4-ary spanning tree.

Case 4: d+(u) = 6.
By Claim 1, we may assume d+N−(u) ≤ 2. Let x10 ⇒ {x9, x8}, x9 ⇒ {x8, x7} and

x7 → x10. If d+[X6]
(x10) ≥ 2 or d+[X6]

(x9) ≥ 2, say x10 ⇒ {x5, x6} or x9 ⇒ {x5, x6}, then
we obtain a desired tree induced by {x7x10, x7u, x10x9, x10x8, x10x6, x10x5, ux1, . . . , ux4} or
{x10x9, x10u, x9x5, . . . , x9x8, ux1, . . . , ux4}. So we may further assume [X4] ⇒ {x10, x9}
and x3 ⇒ [X2] because d+[X4]

≥ 2. Then we obtain a 4-ary spanning tree induced by
{ux3, . . . , ux6, x3x1, x3x2, x3x10, x3x9, x9x8, x9x7}.

Case 5: d+(u) = 5.
In this case, T is a 5-regular tournament. Let 1 ≤ d+[X5]

(x4) ≤ 2 with x4 → x5. We may
assume x4 ⇒ {x6, x7, x8} because d+(x4) = 5, and let x10 → x9. Then we obtain a 4-ary
spanning tree induced by {x10x9, x10u, ux1, . . . , ux4, x4x5, . . . , x4x8}.
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Claim 4. Every 13-tournament T contains a 4-ary spanning tree.

Proof. We consider the following six cases.

Case 1: d+(u) = 11.
By Claim 1, we may assume [X9]⇒ x12 and x4 ⇒ [X3] because d+[X9]

≥ 4. First we sup-
pose d+{x5,...,x11} ≥ 4, say x7 ⇒ {x8, . . . , x11}. Then we obtain a 4-ary spanning tree induced
by {ux4, . . . , ux7, x7x8, . . . , x7x11, x4x1, x4x2, x4x3, x4x12}. Next we consider d+{x5,...,x11} = 3.
If x4 ⇒ {x5, . . . , x11}, then d+(x4) = 11. Since d+N+(x4)

(u) ≥ 3, we obtain a 4-ary spanning
tree of T by Claim 1. Otherwise there exists a vertex v ∈ {x5, . . . , x11} such that v → x4,
without loss of generality, say x8 ⇒ {x4, . . . , x7}. Then we obtain a 4-ary spanning tree
induced by {ux8, . . . , ux11, x8x4, . . . , x8x7, x4x1, x4x2, x4x3, x4x12}.

Case 2: d+(u) = 10, say x12 → x11.
By Claim 1, we may assume [X9] ⇒ x12. If d+[X9]

(x11) ≥ 3, say x11 ⇒ {x7, x8, x9}
and x3 ⇒ {x4, x5, x6} because d+[X6]

≥ 3, then we obtain a 4-ary spanning tree induced
by {x11x7, x11x8, x11x9, x11u, ux1, ux2, ux3, ux10, x3x4, x3x5, x3x6, x3x12}. So we may assume
[X7] ⇒ {x11, x12} and x3 ⇒ [X2] because d+[X7]

≥ 3. Suppose d+{x4,...,x10} ≥ 4, say x6 ⇒
{x7, . . . , x10}. Then {ux3, . . . , ux6, x3x1, x3x2, x3x11, x3x12, x6x7, . . . , x6x10} induces a desired
4-ary spanning tree. Next we consider the case when d+{x4,...,x10} = 3. Since d+(x3) ≤ 10, there
exists v ∈ {x4, . . . , x10} such that v → x3, without loss of generality, say x7 ⇒ {x3, . . . , x6}.
Then we get a 4-ary spanning tree induced by {ux7, ux8, ux9, ux10, x7x3, . . . , x7x6, x3x1, x3x2,
x3x11, x3x12}.

Case 3: d+(u) = 9.
Let T [{x12, x11, x10}] be a transitive 3-tournament with x12 ⇒ {x11, x10} and x11 →

x10. By Claim 1, we may assume [X9] ⇒ x12. If d+[X9]
(x11) ≥ 2, say x11 ⇒ {x8, x9}

and x4 ⇒ {x5, x6, x7} since d+[X7]
(x4) ≥ 3. Then we obtain a 4-ary spanning tree induced

by {x11x8, x11x9, x11x10, x11u, ux1, . . . , ux4, x4x5, x4x6, x4x7, x4x12}. So we assume [X8] ⇒
{x12, x11}. If d+[X8]

(x10) ≥ 3, say x10 ⇒ {x6, x7, x8} and x3 ⇒ {x1, x2} because d+[X5]
≥ 2.

Then {x10x6, x10x7, x10x8, x10u, ux3, ux4, ux5, ux9, x3x1, x3x2, x3x11, x3x12} induces a desired
4-ary spanning tree. So we may further assume [X6]⇒ {x12, x11, x10} and x1 → x2. Finally,
we obtain a 4-ary spanning tree of T by a similar discussion for d+{x3,...,x9} as Case 2.

Let x12 → x11 → x10 → x12. Suppose d+[X9]
(x12) ≥ 3, say x12 ⇒ {x7, x8, x9}. If

d+[X6]
(x11) ≥ 2 or d+[X6]

(x10) ≥ 2, say x11 ⇒ {x5, x6} or x10 ⇒ {x5, x6}, then we obtain a 4-ary
spanning tree induced by {x12x7, x12x8, x12x9, x12x11, x11x5, x11x6, x11x10, x11u, ux1, . . . , ux4}
or {x10x5, x10x6, x10x12, x10u, ux1, . . . , ux4, x12x7, x12x8, x12x9, x12x11}. So we assume [X2]
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⇒ {x12, x11, x10} when d+[X9]
(x12) ≤ 5. When d+[X9]

(x12) ≥ 6, we assume x12 ⇒ {x4, . . . , x9}
and x7 ⇒ {x8, x9} because d+{x4,...,x9} ≥ 2. If x7 ⇒ {x11, x10}, then we obtain a 4-ary spanning
tree induced by {x12x5, x12x6, x12x7, x12u, x7x8, . . . , x7x11, ux1, . . . , ux4}. Since there are at
least two vertices with out-degree more than one in {x4, . . . , x9}, say x6 and x7. So we
assume x11 → x7, x10 → x6 and [X2]⇒ {x12, x11, x10}. By the symmetry of x12, x11 and x10,
we get [X2]⇒ {x12, x11, x10} and x1 → x2 in each case. Finally, we obtain a 4-ary spanning
tree of T by a similar discussion for d+{x3,...,x9} as Case 2.

Case 4: d+(u) = 8.
By Claim 1, we may assume d+N−(u) ≤ 2. Let x12 ⇒ {x11, x10}, x11 ⇒ {x10, x9} and

x9 → x12.
First we suppose d+[X8]

(x12) ≥ 2, say x12 ⇒ {x7, x8}. If d+[X6]
(x11) ≥ 2 or d+[X6]

(x9) ≥ 2, say
x11 ⇒ {x5, x6} or x9 ⇒ {x5, x6}, then we get a desired set {x12x11, x12x10, x12x8, x12x7, x11x9,
x11x5, x11x6, x11u, ux1, . . . , ux4} or {x9x12, x9x5, x9x6, x9u, x12x11, x12x10, x12x8, x12x7, ux1, . . . ,
ux4}. In particular, if d+[X8]

(x12) ≥ 3, say x12 ⇒ {x6, x7, x8}, and d+[X5]
(x11) ≥ 1, then we get a

4-ary spanning tree induced by {x12x11, x12x8, x12x7, x12x6, x11x10, x11x9, x11x5, x11u, ux1, . . . ,
ux4}. Since d+[X8]

(x12) ≤ 5, we may assume [X2]⇒ {x12, x11, x9} and x1 → x2. And it follows
that, when d+[X8]

(x12) ≥ 2, {x1x2, x1x12, x1x11, x1x9, x12x10, x12x8, x12x7, x12u, ux3, . . . , ux6}
induces a desired spanning tree.

We next consider the case when d+[X8]
(x12) ≤ 1, say N+

[X8]
(x12) ⊆ {x8}. If x9 → x10, then

we assume [X5]⇒ {x12, x11, x9} by the symmetry of x12, x11 and x9. If x10 ⇒ [X5], say x2 →
x1, then {x10x2, x10x3, x10x4, x10u, ux5, . . . , ux8, x2x1, x2x12, x2x11, x2x9} induces a desired 4-
ary spanning tree. So we may further suppose x10 → x9. If d+[X7]

(x11) ≥ 1, say x11 → x7

and assume x4 ⇒ [X3] because d+[X6]
≥ 3, then we obtain a 4-ary spanning tree induced

by {x11x10, x11x9, x11x7, x11u, ux4, ux5, ux6, ux8, x4x1, x4x2, x4x3, x4x12}. So we may assume
[X7]⇒ x11. If d+[X7]

(x10) ≥ 2, say x10 ⇒ {x6, x7}, assume x3 ⇒ [X2] because d+[X5]
≥ 2, then

we obtain a desired set {x10x9, x10x6, x10x7, x10u, ux3, ux4, ux5, ux8, x3x1, x3x2, x3x11, x3x12}.
So we may assume [X6] ⇒ {x12, x11, x10}. If x9 ⇒ [X6], say x2 → x1, then we obtain a 4-
ary spanning tree induced by {x9x2, x9x3, x9x4, x9u, ux5, . . . , ux8, x2x1, x2x12, x2x11, x2x10}.
Consequently, there exists a vertex v ∈ [X6] such that v ⇒ {x9, . . . , x12}, say v = x1. Then
we obtain a 4-ary spanning tree of T by a similar discussion for d+{x2,...,x8} as Case 2.

Case 5: d+(u) = 7.
Suppose d+N−(u) = d+N−(u)(x12).
Firstly, suppose d+N−(u)(x12) = 4, say x12 ⇒ {x8, . . . , x11}. If there exists some vertex, say

x4, such that d+[X7]
(x4) ≥ 3 and x4 → x12, then we assume x4 ⇒ {x5, x6, x7} and obtain a 4-
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ary spanning tree induced by {ux1, . . . , ux4, x4x5, x4x6, x4x7, x4x12, x12x8, . . . , x12x11}. Since
d+(x12) ≤ 7, we may assume x12 ⇒ {x6, x7} and T [[X5]] is 2-regular with x1 ⇒ {x2, x3}. Let
d+N−(u)(x11) ≥ 2. Since d+(x11) ≤ 7, there exists some vertex v ∈ [X5] such that v → x11,
say v = x1. Then {x1x2, x1x3, x1x11, x1x12, x12x8, x12x9, x12x10, x12u, ux4, . . . , ux7} induces a
desired 4-ary spanning tree.

Next, suppose d+N−(u)(x12) = 3, say x12 ⇒ {x11, x10, x9}. If there exists some vertex, say
x4, such that d+[X7]

(x4) ≥ 3 and x4 → x8, then we assume x4 ⇒ {x5, x6, x7} and obtain a 4-ary
spanning tree induced by {x12x11, x12x10, x12x9, x12u, ux1, . . . , ux4, x4x5, x4x6, x4x7, x4x8}. If
d+[X7]

(x8) ≥ 3, say x8 ⇒ {x5, x6, x7}, then we get a 4-ary spanning tree induced by {x8x5, x8x6,
x8x7, x8x12, x12x11, x12x10, x12x9, x12u, ux1, . . . , ux4}. So we may assume x8 ⇒ {x6, x7},
T [[X5]] is 2-regular with x1 ⇒ {x2, x3} and {x6, x7} ⇒ [X5]. If d+[X5]

(x12) ≥ 1, say x12 → x5,
then we obtain a 4-ary spanning tree induced by {x8u, x8x6, x8x7, x8x12, , x6x1, . . . , x6x4, x12x11,
x12x10, x12x9, x12x5}. So we may assume [X5]⇒ {x8, x12}. Then we obtain a 4-ary spanning
tree induced by {x1x2, x1x3, x1x8, x1x12, x12x9, x12x10, x12x11, x12u, ux4, . . . , ux7}.

Finally, we consider the case when T [N−(u)] is 2-regular, say x12 ⇒ {x11, x10} and x11 →
x10. If d+(v) ≤ 6 for any v ∈ V (T )\{u}, then the out-degree sequence of T is {5, 6, . . . , 6, 7}.
So there exist three vertices, say x5, x6 and x7, such that x10 ⇒ {x6, x7} and x12 → x5. Then
we obtain a desired tree induced by {x12x11, x12x10, x12x5, x12u, x10x6, . . . , x10x9, ux1, . . . , ux4}.
We next consider the remaining two cases. If d+(x12) = 7, say x12 ⇒ [X4], we may assume
T [{x5, . . . , x9}] is 2-regular with x9 ⇒ {x8, x7} by the symmetry of x12 and u, then we obtain
a desired tree induced by {x9x8, x9x7, x9x12, x9u, x12x11, x12x10, x12x1, x12x2, ux3, . . . , ux6}.
Without loss of generality, if d+(x1) = 7, we may assume x1 ⇒ {x4, . . . , x10} because
T [N−(x1)] is 2-regular by the symmetry of x1 and u, then we obtain a 4-ary spanning
tree induced by {x12x11, x12x10, x12x1, x12u, x1x6, . . . , x1x9, ux2, . . . , ux5}.

Case 6: d+(u) = 6.
In this case, T is 6-regular. Firstly, suppose d+N−(u) = d+N−(u)(x12) = 5, say x12 ⇒

{x7, . . . , x11}. Let 1 ≤ d+N−(u)(x8) ≤ 3 and assume x8 ⇒ {x5, x6, x7}. Then we obtain a 4-
ary spanning tree induced by {x12x11, . . . , x12x8, x8x7, x8x6, x8x5, x8u, ux1, . . . , ux4}. Then,
suppose d+N−(u) = 4, say x12 ⇒ {x8, . . . , x11}. If d+[X6]

(x7) ≥ 2, say x7 ⇒ {x5, x6}, then we ob-
tain a desired set {x7x5, x7x6, x7x12, x7u, x12x11, . . . , x12x8, ux1, . . . , ux4}. Notice that T is 6-
regular, so we may assume x7 ⇒ {x6, x8, x9, x10}. If d+[X5]

(x12) ≥ 1, say x12 → x5, then we ob-
tain a desired tree induced by {x7x6, x7x8, x7x12, x7u, x12x11, x12x10, x12x9, x12x5, ux1, . . . , ux4}.
So we may assume [X5] ⇒ x12 and x3 ⇒ {x1, x2} because d+[X5]

≥ 2, and then we obtain a
4-ary spanning tree induced by {ux3, . . . , ux6, x3x1, x3x2, x3x7, x3x12, x12x11, . . . , x12x8}. Fi-
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nally, suppose d+N−(u) = 3, say x12 ⇒ {x9, x10, x11} and x7 → x8. Since d+[X6]
(x7) ≥ 2, we as-

sume x7 ⇒ {x5, x6}. Then {x7x5, x7x6, x7x8, x7x12, x12x11, x12x10, x12x9, x12u, ux1, . . . , ux4}
induces a desired 4-ary spanning tree.

Now suppose k = 5. Let T12 be a 12-tournament with V (T12) = {0, 1, . . . , 11} and
E(T12) = {(0, 3), (0, 5), (0, 9), (0, 10), (0, 11), (1, 0), (1, 4), (1, 6), (1, 8), (1, 9), (1, 11), (2, 0), (2, 1),

(2, 7), (2, 8), (2, 10), (2, 11), (3, 1), (3, 2), (3, 6), (3, 9), (3, 10), (4, 0), (4, 2), (4, 3), (4, 7), (4, 9),

(5, 1), (5, 2), (5, 3), (5, 4), (5, 8), (5, 11), (6, 0), (6, 2), (6, 4), (6, 5), (6, 10), (7, 0), (7, 1), (7, 3), (7, 5),

(7, 6), (8, 0), (8, 3), (8, 4), (8, 6), (8, 7), (9, 2), (9, 5), (9, 6), (9, 7), (9, 8), (9, 11), (10, 1), (10, 4),

(10, 5), (10, 7), (10, 8), (10, 9), (11, 3), (11, 4), (11, 6), (11, 7), (11, 8), (11, 10)}. It is easy to check
that T12 satisfies the condition of Observation 3.3. Therefore, T12 contains no 5-ary spanning
tree, which implies that h(5) ≥ 13. �

Remark 3.4 Using the similar method as h(4), we can prove that h(5) = 13. However,
the proof is too long to include here. Some new methods are needed to determine the exact
values of h(k) for k ≥ 5.
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