ON A COUNTING THEOREM FOR WEAKLY ADMISSIBLE LATTICES

REYNOLD FREGOLI

ABSTRACT. We give a precise estimate for the number of lattice points in certain bounded
subsets of R™ that involve “hyperbolic spikes” and occur naturally in multiplicative Diophan-
tine approximation. We use Wilkie’s o-minimal structure Rexp and expansions thereof to
formulate our counting result in a general setting. We give two different applications of our
counting result. The first one establishes nearly sharp upper bounds for sums of reciprocals
of fractional parts, and thereby sheds light on a question raised by Lé and Vaaler, extending
previous work of Widmer and of the author. The second application establishes new examples
of linear subspaces of Khintchine type thereby refining a theorem by Huang and Liu. For the
proof of our counting result we develop a sophisticated partition method which is crucial for
further upcoming work on sums of reciprocals of fractional parts over distorted boxes.

1. INTRODUCTION

1.1. Notation. Let X be a set. For any pair of functions f,g: X — R, we write f < g (f > g)
to mean that there exists a real number ¢ > 0 such that f(z) < cg(z) (f(z) > cg(z)) for all
x € X. If the constant ¢ depends on any parameters, we write them under the symbol < (>>).
We write O.(f) to indicate a function g such that g <. f. We use | - |2 to denote the Euclidean
norm on R"™ and |- |» to denote the maximum norm. We write N for the set {1,2,3,...}
of positive integers. We indicate by ||z|| the distance from z € R to the nearest integer, i.e.,
min{|z — n| : n € Z}. We denote by diamX the diameter (i.e., sup{|z — y| : z,y € X}) of a set
X C R", and we use Volg(X) to indicate its d-dimensional Hausdorff measure (d € N). When
the dimension d is not specified, we assume d = n.

1.2. Main result. In this paper we prove a general counting result for weakly admissible lattices.
More specifically, we estimate the number of lattice points lying in the area bounded by a certain
compact hypersurface defined in terms of the lattice structure. We generalise this result to any
definable set in Wilkie’s o-minimal structure Reyp, lying within the above mentioned hypersurface,
and we derive an asymptotic formula for the number of lattice points contained in any such set.
Our counting principle allows us to shed light on a question raised by Lé and Vaaler on the
behaviour of certain sums of reciprocals of fractional parts. It also yields a refinement of a
theorem proved by Huang and Liu on linear subspaces of Khintchine type.

Before stating the main result, we look at a special case that already captures the main features
of our counting principle. Let M,N € N and let L € RM*N We denote by Li,..., L the
rows of the matrix L, and for any € RV we set

N
Ll-a: = Z Lij:vj
j=1

fori=1,..., M. We assume throughout the paper that 1 along with the coefficients L;1, ..., Lin
of each of these linear forms are linearly independent over Q. Let e, 7 € (0,400) and let

Date: April 17, 2020, and in revised form ....
1991 Mathematics Subject Classification. 11P21, 11H16, 11J13; 11Jxx.

1



2 REYNOLD FREGOLI

Q € [1,400). We consider the set

M
M(L’67T>Q) = {(p7q) € ZM X (ZN\{O}) : H|qu+p2| <§g,

i=1

Our goal is to estimate the cardinality of M(L,e,T, Q). To this end, we let

Ay = (ML) povaxmsa)
0 | In

where Iy, and Iy are identity matrices of size M and N respectively, and we let Ay =
ApZMIN | We also set

M
Z = {a: eRM: [l <e, ol < T, i = 1,...,/\4} x [-Q, Q.
i=1
Then, we have
#M(L,e,T,Q) = # (AL N Z2)\ C),
where C' = {(:my) e RMHN .y = O}. Therefore, estimating #M (L,e,T, Q) is equivalent to
estimating #(Ar N Z), if we exclude the points of Ay, that lie in C.

We now make some assumptions on the lattice Ay. First, we assume that the distance between
the points in Az, \ C and the coordinate subspaces of RM+N orthogonal to C' is always positive.
In the worst case, this distance will be decaying as we move away from the origin. We want to
control its decay rate in terms of the distance from the origin. Hence, we additionally assume
that the distance between the points of Ar \ C and the coordinate subspaces orthogonal to C
is bounded from below by a certain non-increasing function. To make this precise, we give the
following definition.

Definition 1.1. Let ¢ : [1,4+00) — (0,1] be a non-increasing' function. We say that a matrix
L € RM*N s ¢-semimultiplicatively badly approximable if

M
gl TTILiall = ¢(lalo)
i=1
for all ¢ € ZN\{0}. If the function ¢ can be chosen constant, we say that L is semimultiplicatively
badly approximable.

For the lattice Ap, the purely arithmetic property introduced in Definition yields the
geometric condition described above. Provided this geometric condition is fulfilled, we can derive
an asymptotic estimate for # ((Ap N Z) \ C).

Proposition 1.2. Let L € RM*N pe g ¢-semimultiplicatively badly approximable matrix and
suppose that T™ /e > eM | where e = 2.71828 ... is the base of the natural logarithm. Then, we
have

M M-1 EQN %
# (AL N Z)\ C) = VolZ| < pn (1+ T)M TNVt og (8) <¢,(Q)> 7

M\ M1 e \M-1
_ 9gM+N NN M _ _
VolZ = 2M+N ls log <E > 4T (1 (1 —TM) ) .

e say that ¢ is non-increasing if ¢(z) > ¢(y) for all x < y.

where
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We briefly explain how the proof is structured, so that we can highlight the main difficulties.
The key idea is to decompose the set Z into approximately log (T/ E)M_l subsets. To each such
subset we apply a different diagonal linear map and obtain a ball-like shaped set. We then
count the points of the corresponding transformation of Az lying in each of these sets. Note
that for M = 10, T = 1, and ¢ = 1/10, we already find more than 1800 different subsets
and linear maps. The finer the subdivision, the more precise is each single estimate. However,
when the subdivision is too fine, we end up summing too many error terms, and controlling the
minima of the transformed lattices becomes rather difficult. The geometric condition introduced
in Definition [I.] allows us to give sufficiently good bounds on the first successive minima of these
lattices to control the total error term. The essence of this partition method is summarised in
Proposition [2.I} which is itself a crucial ingredient in our upcoming work on sums of reciprocals
of fractional parts over general boxes.

Similar techniques, but in a much more specific setting, were used by Widmer in [20}, Corollary
1.1] (case M = 2, N' =1 of Proposition and [21, Theorem 2.1] (case M = 1 of Theorem
11.5)). Here, we extend Widmer’s ideas to prove a highly general counting principle, that is the
central object of this paper. In lieu of the lattice Ar, and the set Z, we consider a general weakly
admissible lattice in RM*V and a general definable set contained in Z.

A rather different approach was used by Skriganov [I8] to establish counting results for poly-
hedra. He used analytic (e.g., Poisson summation formula) and dynamical methods, and hence,
required the dual lattice to be weakly admissible (see [19] for a comparison between weak ad-
missibility for a lattice and its dual).

Before stating the main result, we introduce some notation and we recall the main definitions.
Let L € N and let I € NX. We set V) := H,le R!» and we write v = (vy,...,vr) for any vector
v in V. Note that each a € (0, 4+00)” induces a multiplicative norm on the space Vj, given by
Hﬁzl |vp]s*. We indicate this norm by Nmg(v). The following definition is a generalisation of
the property considered in Definition due to Widmer [21].

Definition 1.3. Let

C=C(I)={veVi:v,=0, hel}
for some @ # I C {1,...,L}, and let A := a1 + -+ + ar. We say that a full rank lattice A C V}
is weakly admissible for the couple ((I, &), C) if

v(A, ) := inf {Nma(y)l/A rveA\C, |y, < Q} >0
for all o > 0, where we interpret inf @ as +oo > 0.

Note that weakly admissible lattices also appear in Skriganov’s work [I8], p.17]. However, his
definition of weak admissibility assumes a stronger hypothesis on the lattice, that does not leave
room for exceptional subspaces like C in Definition |1.3]

For our purpose, it is convenient to work with the product of two spaces of the form V;.
We therefore adopt a double index notation. Let M, N € N and let S := ((m,n),(8,7)),
where m € NM n € NV, 8 ¢ (0,+00)™, and v € (0,4+00). Let M := Zf\il m; and
let N := Zjvzl n;. Let also B := Z£1 B; and let C := Zjvzl 7. We consider the vec-
tor space V = V,,, x V,, = Hgl R™i x vazl R™ and we denote its vectors by (x,y) =
(T1,..., M, Yq1s---,Yy). As mentioned above, the vectors 8 and « induce a multipli(;ltive
norm on V, given by Nmg )(z,y) := Nmg(z)Nm,(y), where Nmg(z) := Hf\il |zi]5* and
Nm, (y) := H;V:1 |y, |5’ Throughout this section, we fix a subspace C'C V' of the form

C=C,J)={(z,yeV:x;=0,icly; =0 jeJ},
where I C{1,..., M}, JC{1,...,N},and TU J # (.
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Now, we introduce a generalisation of the set Z appearing in Proposition We let
H = {(L&T) € Vpm x (0,400)? : Nmﬁ(g)% <eg |lzi|o <T, i = 1’,”7]\4}7

and
Ri={(Q) €V xRV i y;la < Q;, j=1,...,N}.
Then, we set Z := H x R. Finally, for Q € (0, +00)" we define

1/C
N /

Q=|[[er] .

j=1

and for any I' C V; we define A\;(T') := inf{|v|2 : v € T\ {0}}.
To make our counting result applicable to a large class of sets we use o-minimal structures.

Definition 1.4. A structure over R is a sequence & = (&,,)en of families of subsets of R™ such
that for each n:

i) 6, is a boolean algebra of subsets of R” (under the usual set-theoretic operations);

11) 6, contains every semi-algebraic subset of R";

)
)

1) if A€ &, and B € &,,,, then A X B € &,
)

iv) if : R*™™ — R™ is the projection onto the first n coordinates and A € &,,1,,, then

m(A) € G,.

A structure & over R is said to be o-minimal if additionally:

v) the boundary of any set in &1 is finite.

We would like to point out that the key result of this paper (Theorem [1.5|) relies on the
definition of o-minimal structure given in [2], which is more general than Definition (e.g.,
the structure of semi-linear sets is o-minimal according to the definition in [2] but not o-minimal
according to Definition . Despite this, we decided to use Definition since it is enough for
the purposes of this paper.

A set S C R™ is definable in the structure & if S € &,,. A map f: A — B is definable if its
graph I'(f) := {(z, f(x)) : ® € A} C A x B is a definable set.

Let t € N and let W C V; x R be a definable set. We call W a definable family in V;, and we
call the variables 7 € R? parameters of W. For 7 € R! we call the set

Wr={veV:(v,7) e W}

the fibre of W above 7. In our setting, the functions f(z) = 2" = exp(rlogz) (for any real r>0)
and log z, defined on (0,+0c0), need to be definable. Therefore, we require that the o-minimal
structure & we are working with extends Wilkie’s o-minimal structure Rey, [22], i.e., we require
that each set definable in Reyp, is also definable in &.

We recall that every subset of V; x R? of the form

W={(v,7) € Vi xR : §(v.7) >0 (>0)},

where § is a finite system of functions in the variables v and 7, obtained by the (suitably
interpreted) composition of polynomials, exponential functions exp : R — R, and logarithms
log : (0, +00) — R, is definable in Rexp.

From now omn, we see the set Z as a definable family in Reyp, with parameters 1 := (¢,7,Q) €
(0,+00)2TN. In analogy with the above, we indicate its fibres by Zyn. We can now state our
main theorem.
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Theorem 1.5. Let A C V be a weakly admissible lattice for the couple (S,C) and let W C V xR?
be definable in an o-minimal structure ezpanding Rex,. Suppose that for all T € R" there exists
n(t) = (6,T,Q) € (0,+00)*™ such that Wy C Zy(ry. Then, for all T € R" and all choices of
n(7T) with T/e > e (where e = 2.71828 ... is the base of the natural logarithm) we have

VolW -

#ANW) = 58

<w, B,y

MAN-1

M-1 e . .
inf log I (5BQC) B+C N diam (Z,,(.,.)) diam (Z,,(.,.) N C)
0<r<diam(Zy () € v(A,r) T AM(ANC)

Note the importance of the definability condition on the family W. Indeed, if, e.g., W, =
AN Z,y for all T € RY, Theorem obviously fails. The family (A x RY) N Z is however not
definable.

1.3. Applications I. Theorem has some interesting applications in multiplicative Diophan-
tine approximation. Let @ € (0, +00)" and let X := H?le[—Qj, Q;]. We set

M
se@:= Y J[lLal™

gexnzN\{o} i=1

The function Sr(Q) is of major importance in several branches of Diophantine Approximation
and Geometry of Numbers. For instance, Kuipers and Niederreiter use it to control the dis-
crepancy of the sequence {¢qL},cz via the Erdés-Turan inequality [13} p.122,129,131]. Hardy
and Littlewood use it to count the number of lattice points contained in certain polygons [7],[8].
Beresnevich, Haynes, and Velani, work out very precise estimates for Sz (Q) in the one dimen-
sional inhomogeneous setting [4]. Huang and Liu show how estimates of SL(Q) can be used to
solve the convergence case of the generalised Baker-Schmidt problem for simultaneous approxi-
mation on certain affine subspaces [10].

In this section, we focus on a question raised by Lé and Vaaler [14]. Lé and Vaaler show that
for Q == (Q1 - Qun)"N >1 it holds

(1) SL(Q) > mn Q@Y (log Q™M,

independently of the choice of the matrix L [14] Corollary 1.2]. They also ask whether the
estimate in is sharp, i.e., whether there exists a matrix L such that

(2) S2(Q) < QN (log QM.

Lé and Vaaler themselves show that holds true whenever the matrix L is multiplicatively
badly approximable [14, Theorem 2.1]. However, multiplicatively badly approximable matrices
seem unlikely to exist for M +N > 3, since each of them would provide a counterexample to the
Littlewood conjecture. In the present section we prove a general estimate for the function S (Q),
when Q1 = Q2 = -+ - = Q. This estimate shows that, in the special case Q1 = Q2 = --- = Qu,
Lé and Vaaler’s hypothesis can be significantly weakened. Let us first recap some definitions (see
[B][16] for a deeper insight).

Definition 1.6. Let ¢ : [1,400) — (0, 1] be non-increasing. We say that a matrix L € RM*N
is ¢-additively badly approximable if

M
(3) gl (widx [ILigll) = ollalec)
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for all ¢ € ZV \ {0}. We say that L is ¢-multiplicatively badly approximable if
N M N .

(4) [T max{1,lg;[} [T IILiall = ¢ [ [ max{1,lg;[}*
j=1 i=1 j=1

for all ¢ € ZV \ {0}. If ¢ can be chosen constant in either case, we say that L is additively or
multiplicatively badly approximable.

The additive and multiplicative conditions are very different. Schmidt [16] showed that the
set of additively badly approximable matrices in RM*V has full Hausdorff dimension. On the
other hand, as mentioned above, multiplicatively badly approximable matrices are unlikely to
exist for M + N > 3.

We introduce a new condition, which is hybrid between and .

Definition 1.7. Let ¢ be as in Definition We say that a matrix L € RM*V is ¢-
semimultiplicatively badly approximable if

M
(5) alX T Izl > ¢(lgls)

i=1

forall g € ZV \{0}. If the function ¢ can be chosen constant, we say that L is semimultiplicatively
badly approximable.

Note that :>:>. Now, under the additional hypothesis @1 = --- = Qar, we have the
following estimate for SL,(Q).

Corollary 1.8. Let L € RM*N pe ¢ ¢-semimultiplicatively badly approrimable matrixz. Then,
for Q > 2 we have

3 N A\ Qv Qv M
Liq|| ™! 1 ( ) 1 ( ) .
qe[%@]’vilj]l: ILigl| ™ <mw @ log () + 2@ "= 50

n zV\{0}

Corollary immediately implies that, in the special case Q1 = -+ = Qu, all matrices L
that are ¢-semimultiplicatively badly approximable with ¢(x) > n (logz) ™! satisfy .

The case M =2, N/ =1 of Corollary was proved by Widmer [20], whereas the analogous
result for M = 1 was proved by the author [6], by using Widmer’'s M = 1 case of Theorem
[21, Theorem 2.1]. Huang and Liu addressed the general case [I0, Theorem 6] by using the
well-known gap principle [I3] Proof of Lemma 3.3 p.123]. However, Huang and Liu’s Theorem 6
contains an extra factor of 1/¢(Q) in the error term, which we could get rid of in Corollary

Unfortunately, the existence of ¢-semimultiplicatively badly approximable matrices with
#(z) > mn (logz)~! has not yet been established, except for M = A" = 1. Despite this, at least
in dimension 2, there is some heuristic evidence for their existence. For M = 2, /' = 1 Badziahin
showed that condition 7 with ¢(z) = cr(logxloglogz)™! (cr > 0 sufficiently small), holds
true for a set of vectors of full Hausdorff dimension [1]. It follows from Corollary that for
M =2, N =1 the set of matrices L such that Sz.(Q) < Q(log Q)?loglog Q has full Hausdorff
dimension. Badziahin and Velani also conjectured that the set of 2 x 1 ¢-multiplicatively badly
approximable matrices, with ¢(z) = cr(logz)~! (cr > 0 sufficiently small), has full Hausdorff
dimension [I, Conjecture 1]. To the best of our knowledge, nothing is known in higher dimension.



ON A COUNTING THEOREM FOR WEAKLY ADMISSIBLE LATTICES 7

1.4. Applications II. Let ¢ : [1,+00) — (0,1]. We consider the set
In (W) = {a: e RV :3im. ¢ € N such that mﬁz%x llgz;|| < w(q)},

where i.m. stands for infinitely many. The set .#)s is said to be the set of simultaneously -
approximable points. A well-known theorem of Khintchine [I1] relates the Lebesgue measure of
the set .Z\r (1)) to the convergence of the sum ;r:l’ ().

Khintchine showed that if 1) is non-increasing and Z;r:f ¢(q)N converges, we have
Vol (L (1)) = 0, whereas if ¢ is non-increasing and Z;r:f ¥(q)N diverges, we have
Vol (Zn(¢)) = 4oo. Tt is well known that this theorem becomes false when we restrict to
certain submanifolds of RV, such as proper rational affine subspaces. This leads naturally to the
following definition.

Definition 1.9. Let M C RV be a submanifold of dimension d. We say that M is of Khintchine
type for convergence if for all non-increasing functions v : [1, +00) — (0, 1] we have

+oo
>0 < +o0 = Voly (Spr(¥) N M) = 0.
q=1

We say that M is of Khintchine type for divergence if for all non-increasing functions v :
[1,400) — (0,1] we have

+oo
Z¢(Q)N = +00 = Volg (SN (¢) N M) = +o0.

q=1
If both conditions hold, we simply say that M is of Khintchine type.

We recall that there is also a notion of strong Khintchine type submanifold in RV, ie., a
submanifold for which Definition holds without the assumption that the function ¢ is non-
increasing.

It has been shown that many non-degenerate submanifolds (i.e., those that in some sense
deviate from a hyperplane at each point) are of strong Khintchine type for convergence [9],[17].
It seems natural then, to ask whether the non-degeneracy condition is necessary for a submanifold
to be of (strong) Khintchine type. The answer to this question is no, and indeed it turns out that
even some proper affine subspaces of RV are of strong Khintchine type [12],[15]. So, what makes
an affine subspace of (strong) Khintchine type? Since each affine subspace is defined by a real
matrix, it appears interesting to try and establish a link between the Diophantine type of this
matrix and the properties of the subspace in terms of the validity of the Khintchine Theorem.
In a very recent paper [I0] Huang and Liu made some progress in this direction.

Definition 1.10. Let L € RM*N | We set

M
wWsm (L) == su cR: L;q|l < |q|> has i.m. solutions q € ZN\ {0} Y.
(L) Py qll < lal> q

i=1
We call wg,, (L) the semimultiplicative exponent of the matrix L.
Observe that for ¢ (z) ==z~ (v € R) we have
Wsm (L) = inf{y € R : 3¢ > 0 such that L is c¢,_rr-semimultiplicatively badly approximable}.
Let d > 1 be an integer, and let A € RV =4 Tet also oy € RV~ We define

(6) A= <(X)> e RUFDXWV=d  and & := (1,2) € R for € R%.
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Then, we consider the following submanifold of RV
H = {(x,2A) : x € [0,1]¢}.

Huang and Liu [I0, Theorem 1] proved that if wem, (A) < A(d + 1), the submanifold J# is
of Khintchine type for convergence, whereas if ws,,(A) < Nd, the submanifold J# is of strong
Khintchine type for convergence. We recall that, when N'— d = 1, for any wy > 1 there exist
matrices A € R¥! such that wg,(A) = wp. This is a consequence of [5, Theorem 1]. More
precisely, if N'— d = 1, we have

2
14+ wo ’
where dim denotes the Hausdorff dimension. For A/ — d > 1 the spectrum of the exponent
wsm (A) is known to lie in the extended interval [N — d, +o0]. Heuristic evidence suggests that
most likely it coincides with the whole interval [N — d, +o00] (this is indeed true for the additive
and multiplicative exponents, see [5, Theorem D and Theorem 1]), however, this fact hasn’t been
established. It can also be shown that for all € > 0 the set of matrices A € R*W =4 guch that
wsm(A) <N —d+ ¢ has actually full Lebesgue measure (follows from the main result in [23]).
Hence, Huang and Liu’s theorem holds for generic matrices A and A.

One could ask if anything can be said about the limit cases, i.e., wsm(A) = N(d 4+ 1) and
wsm(A) = Nd . We show that that, up to a logarithmic factor, these cases yield Khintchine type
subspaces.

Definition 1.11. Let L € RM*V and let wy € R. We set

dim {A € R 1w, (A) =wo} =d — 1+

w;m(Lv wO) =

M
sup {’y eR: H | Liq|| < |q|24° log(|g|os) ™" has im. solutions g € ZV \ [~1, 1]N} .
i=1

We call wg, (L, wp) the semimultiplicative logarithmic exponent of the matrix L at wy.

Corollary 1.12. Let A and A be as above. Then,
i) if wem (A) = N(d+1) and W, (A, N(d+1)) <1—2(d+1), the submanifold H# is of
Khintchine type for convergence;

i) if wsm(A) = Nd and wl,,(A,Nd) <1—2d, the submanifold H is of strong Khintchine
type for convergence.

Unfortunately, not much is known about the existence of matrices with prescribed multiplicative
logarithmic order. However, their existence is established in the additive setting [3]. We can
therefore say something about the case d = 1. From [3, Theorem 1] we can easily deduce that
if d = 1, there always exist matrices A € R™>W =1 such that o', (A,N) = w; for any given
w1 € R (this implies ws,,(A) = N'). More precisely, we have

N
s IX(N=1) ., 1 — = — —_—
dlm{AeR .wsm(A,N)—wl}—N 2+1+./\/”

independently of the choice of wy (here dim denotes the Hausdorff dimension). It follows from

Corollary that there exist strong Khintchine type lines in RV with exponent wg, = N,
improving on [I0, Theorem 1]. For higher values of ws,, very little is known.

Now, [10, Theorem 1] follows in turn from [I0, Theorems 2 and 3]. These results establish
some Khintchine type conditions for the submanifold 7# with respect to general s-dimensional
Hausdorff measures (i.e., s need not coincide with the dimension of the submanifold). The
problem of establishing Khintchine type conditions with respect to general Hausdorff measures
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is widely known as the generalised Baker-Schmidt problem. Huang and Liu prove that such

conditions hold for the convergence case, when wgy,(A) < (d+ 1)(N —d+s)/(d+1—s) or
wsm(A) < dN —d+s)/(d+ 1 —s). We show that [I0, Theorems 2 and 3| can be refined to
include the limit cases.

Proposition 1.13. Let A € R&XW-d) and let oy € RN=4 Let A be the matriz defined in
@, and let s € [0,400). Assume that A is ¢-semimultiplicatively badly approximable, where
¢ :[1,400) = (0,1] is a non-increasing function with the following properties:
i) (A\z) >x d(x) for all A > 1;
i) 77 < () < 1/log(z) for some v > 0;
iii) there exists a non-increasing function ¥ : [1,400) — (0,1] such that
iiia) Y% d(gNTHegd < oo;
iiib) & (1 /z/?(x)) @)V > pr a6 log(z)d /a1,

Then, for all non-increasing approximating functions ¢ : [1,+00) — (0,1] such that
;le’ ()N —45q0=5 < 400, we have Vol, (S (1) N ) = 0.
Note that when 9 (z) is of the form ) (z) = 2=, with 4/ > 0, condition #ii) implies
~ d+1 —d
wM(A)S(Jr)(N +3)
d+1-s
i.e., the hypothesis in Huang and Liu’s theorem along with the limit case.

)

Proposition 1.14. Let s € [0,400) and let A € RNV =) pe g ¢-semimultiplicatively badly
approximable matriz, where ¢ : [1,4+00) — (0,1] is a non-increasing function with the following
properties:
1) d(Ax) >y ¢d(x) for all A > 1;
i1) 277 < ¢(x) < 1/log(x) for some vy > 0;
iii) there exists a function 1) : [1,+00) — (0,1] such that

+oo 7
q=1

itib) ¢ (1 /1/3(93)) PNV > 5 g log(x) 1 fad.

ZZZ(Z) (q)/\/fd+sqdfs < +o00;

Then, for all approximating functions i : [1,400) — (0,1] such that (J;Xi (q)N—dtsgd—s <

+00, we have Volg (L () N ) = 0.

With Propositions and at hand, the proof of Corollary is straightforward. We

sketch it below.

Proof. Let log*(x) := max{1,log(z)} for all z € (0, +00). The proof follows from taking ¢(z) =

gV —d—wam(A) 1og*(9c)_‘“;m(‘4)_6~ (& > 0) and ¢(x) = caV—I=wsm( A Jog* () “im(A=¢ (¢ > 0),

and applying the case s = d of Propositions and with (z) := 2= YN log* () -1V

where ¢, &, ¢’ are small constants. O
Note that we intentionally chose not to specify the function 1[1 in Propositions and

since these results could be used to derive even finer Diophantine conditions on subspaces, in-
volving, e.g, iterated logarithms.
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2. PROOF OF THEOREM [L.5]

From now on, we fix an o-minimal structure & extending Rexp, and we say that a set S C R”
is definable if it is definable in &. We fix the parameters 7 and n(7) = (¢, T, Q) € (0, +00)?TN
such that Wr C Zy (). For simplicity, we set W := W, and Z := Z,)(+). We also write H for
H. 1 and R for Rg.

To prove our estimate, we partition the set Z and we consider the induced partition on W.
We then count the lattice points contained in each subset of this partition. Let

Hy =Hn{x eV, :x;, #0}
and let Z, := H, x R. Let also
H' :=Hn{x €V, :x; =0}

and Z' .= H'x Rfori=1,...,M. Weset Wy :=WNZyand Wi :=WnZifori=1,..., M.
Then, we have
M

W=w,ul Jw".
i=1
Hence,
V01W+

#ANW) -~ det A

VolW
< _
detA | — ‘#(A nW4)

M
+Y # (AW,
=1

To decompose the sets H and W, we use the following crucial decomposition result. In

the following proposition and throughout the paper the notation {af ff{c  Will stand for a

double-index sequence and not for the k-th power of the real number a;.

Proposition 2.1. Assume that T/c > e (where e = 2.71828... is the base of the natural
logarithm). Then, there exists a partition of the set Hy of the form Hy = J, Xk, and there
exists a collection of linear maps {Yx}ycxc, defined on the space Viy, such that

i) #K <. log (T/e)M !,
i1) each of the sets Xy, for k € K is definable;

iii) the maps ¢y for k € K are defined by pp(x); = exp (af —c)x; fori=1,..., M, where
c € R is a constant only depending on m and the coefficients a¥ € R satisfy

itia) exp (a¥ —c) >mpe/T fori=1,...,M;
iiib) YoM Biak = 0;
w) o (Xg) C{lzila <e, i=1,...,M} fork e K.
We prove Proposition 2.1] in Section [3] The following corollary is an immediate consequence
of Proposition [2.1
Corollary 2.2. Let X;, := X, x RC V and let Pr = (pp,id) : V =V for all k € K. Then,
i) Zy = Upex X, is a partition of the set Z. ;
i1) each of the sets Xk for k € K is definable;
iii) ¢r(Xp) C {|@ila <e, i=1,..., M} x R for ke K.
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Corollary [2.2] yields the following partition of the set W, .
Wy = J wnX.

keK
Hence, we can write
M
Vol VolW . ,
- < _ i
#anw) - o < [ranm - T4 Y ganw
Vol(W N X)) | -
N & ‘
< _ N TR i
< #(AmeXk) Tih | o #an
kel =1
A Volgy, (Wka) M 4
= D A b, X - A ¢ *
(7) M#(m )N (W0 k) - —gs + AW
Lemma 2.3. Let ¢ :=dimC. Then, fori=1,..., M we have
; diam(W N C)\°
A ) <Cmn 1 —_—
#ANW') <pm, +< MAAC) )

Proof. By weak admissibility, we have ANW; C ANW N C. Therefore, it is enough to estimate
#(ANWNC). Now, ANC is either {(0,0)} or a full rank lattice in some subspace C’ C C with
dim(C’) = ¢ > 0. To prove the claim, it suffices to show that for any bounded set S C R™ and
any full rank lattice I' C R™ we have

(8) #(NS) <nlt (diam5>n

A ()

This follows easily from [2, Lemmas 2.1 and 2.2]. Applying (§) to (W NC') N (ANC’), and
noting that ¢ < cand A\;(ANC) = A (ANC") yields

#ANW) <#F(WNC)N(ANC)) <o 1+ (W)
diam(W N C)\*
Cmn L+ (Mmm>

Note that in the last inequality we can replace ¢’ by a bigger integer, due to the definition of the
constant in (see again [2 Lemmas 2.1 and 2.2]). O

We are left to estimate the quantity # (gﬁk (A) N (W N Xk)) —Vol@y, (W N Xk) / det @ (A)
for k € K. By Corollary we know that

9) @k(WﬂXk>C¢k(Xk>C{|:ci|2§s7z’zl,...,M}xR.

To make the counting more effective, we reshape the set on the right-hand side of @D into a
ball-like shaped set. Let wy : V' — V be the map

Wl(@vy) = (CE, lev ey Q?JN) ;
Q1 Qn
and let ws : V' — V be the map

(@)~ (62,0 Fy),
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where
(£5Q°) Bie

€

0:=
Then, we have
(10) waowi({|zil2<e, i=1,...,M} x R)
— {|m1\2 < (EBQC)WI’C, 7= 1,...,M} X {|yj|2 < (sBQc)#c, j= 1,...,N}.
Now, to complete the estimate we use the following general counting result [2, Theorem 1.3,
which we state for a vector space of the form V; and a definable family.

Theorem 2.4 (Barroero-Widmer). Letl € N and let £ := Zi:l lp. Let alsot € N. Consider
a full rank lattice A C Vi and a definable family W' C V; x Rt. Suppose that each fibre W. of
W' is bounded. Then, there exists a constant cyy € R, only depending on W', such that

L—1
Vol V(W2
<o Y L),

s=0

det A
where Vs (WL) is the sum of the s-dimensional volumes of the orthogonal projections of WL onto
every s-dimensional coordinate subspace of Vi, and \s is the s-th successive minimum of the
lattice A with respect to the Euclidean unit ball. By convention, Vo(WL) = Mg = 1.

We fix k € K, and we apply Theorem to the family
S, = {(wg owi o P(v),T): (v, T) EWN (Xk X Rt)} CcV xR

This family is definable in view of Deﬁnitionand part i) of Corollary (note that weow 0Py
is a definable map). Moreover, since the fibres of Z are bounded, the same holds true for the
fibres of Sg. Hence, by Theorem Lemma and Equations and , we have

VolW
det A

|#<Amw;> -

\#(AmW) -

Volup 0wy o gy (W1 Xy )
det wy 0wy 0 P (A)

Z #(wzowl o Pr(A) Nwg owy o Py (Wﬂf(k)) _

kek
M M+N -1 Bic . c
. (gBQC) B+C diam(W N Q)
1+ 2 AT s <,;< 2 Nmowmo @)y “(Sitiner )

where A1 (wg 0wy 0 Pr(A)) is the first successive minimum of the lattice wa 0wy o Pi(A).
Proposition 2.5. Let k € K and let Ay be the first successive minimum of the lattice
wo owy © Pi(A). Then,
A 1 r 1
A >mon,B,y Min {V(A, ), (6BQC) BFc g (5BQC) BFC
for all r > 0. By convention, the last term is +oo if C' = {(0,0)}.

We prove Proposition in Section 4] Note that C' C V implies ¢ = dim(C) < M + N — 1.
Hence, combining and Proposition [2.5] we get that for all » > 0
(12)

AM(ANC)
diam(Z N C) }

(50°) ) MAN—1
VolW e”Q%) "¢ diamZ diam(ZNCQC)
_— 1

det A | S8 il v(A,r) P AM(ANC) ’

H#ANW) —
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where the last term is null if C' = {(0,0)}. It follows that

VolW
‘#(A nNw)— qot A <w,B8,~
1 MAN -1
nf #K (e8Q€) 5 diamZz n diam(Z N C)
0<r<diamz v(A,7) r M(ANC) ’

where we restrict to r < diamZ to get rid of the 1 at the right-hand side of .
By Proposition we have #K <, g log (T/E)M*1 and thus, the proof is complete.

3. PROOF OF PROPOSITION 2.1]

In this section, we use the notation S to indicate the set S\ Uﬁl{wl = 0} for any subset S
of V.

3.1. A partition of the boundary. We construct a partition of the set (0H )4 and a collection
of linear maps defined on V,,,, that satisfy parts i) —iv) for the set (0H ). Then, we extend this
partition to Hy by taking cones, and we prove that the same maps work for the whole set. To
this end, we consider the sets

M
(OH )nyp = {w €V : H |,

i=1

gi :€B,|(131|2,.,.,|:I}M|2 < T}

and (0H )non-hyp 1= (OH )+ \ (OH )nyp.
3.2. The hyperbolic part. We start by proving parts ¢),4i:), and iv) for the set (0H )nyp. Let

eV 2 #£0,i=1,...,M} — RM with &(z); := log|x;|2 for i = 1,..., M. We denote
by z; the coordinates of the codomain of £&. We also introduce the sets

M
T = {z e RM . Zﬂﬂi Blogs}

i=1
and
S := (—o0,log TI™ .

Lemma 3.1. There exists a partition of (OH )nyp of the form (0H)nyp = Uyerc,,, X}, and there
exists a collection of linear maps @i : Vi — Vi for k € Knyp that satisfy parts i),iii), and iv)
of Proposition [2-1]
Proof. First, we observe that

(OH)pyp = €1 (mN S).

Let P be any point on the hyperplane 7 and let {vy,...,va—1} be an orthonormal basis of
lin() (i.e., the only linear subspace associated to 7). We consider a tiling of 7 given by the sets
Ty = {P+)\1U1—|—-~-—|—)\1\/[_1’UM_1 k}z S)\z <k)z+1 for i = 1,...,M—1}.

for k € ZM~1. Since 7 N S is bounded and diam(Ty) >, 1, we trivially have

(13) #{k: Te N7 NS # D} <pm (2 + diam(xr N §))M 1.
Now, the set 7 NS is a (M — 1)-dimensional simplex, whose vertices V* (i = 1,..., M) have
coordinates

logT if h#£i

Vi=4q1 B . .
E log (W) ifh=1
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forh=1,..., M. We define V? := (log T}, ... ,log T'), and we consider the only aligned box whose
vertices include the points VO, V1, ..., VM We let pu be its centre. Since the side length of this

box is 5
1 € B T
‘@ o8 (s ) - W’ -5 (),

and since it contains 7 N .S, by we have

7\ M1
(14) #{k:TNmNS #0} Km g log (5) :

Now, we set

Khyp = {kGZM:TkﬂS#@}.
Note that Tp, N7 NS = Ty NS. Then, the sets {Tx NS }rek,,, form a partition of 7 N.S, and part
i) follows directly from ([14]). We associate with each of these sets a translation 7 of the form
7(2) := 2+ a®, where a* € RM. In particular, we choose a* to be the distance vector from the
centre of the tile Ty to the point C' := (loge,...,loge) € 7N S. Given that a* € lin(r), we have

M

k
Z ﬂiai = 07
=1

proving part iiib). Now, C lies in the box of vertices Vj, ..., Vys, whereas the centre of the
tile Ty lies in a box of centre p and side length at most max; glog (%) + diam(7Tg). Since

diam(7Tg) <m 1, we have
k T
|a ’ <im,pg log )
Hence, part iita) is proved (modulo the fact that the constant ¢ depends uniquely on m). Let
Xy =& HTxnS) for k € Knyp and let ¢ : Vi, — Viy, be the linear transformation defined by

k
or(x); =%
for i =1,..., M. Since the following diagram commutes
{x; #£0, i=1,... M} -5 {@; 40, i=1,..., M},

) )

RM Tk RM

we have
or(Xg) C &1 |z —loge| < diam(Ty) for i =1,..., M}
C {|$Z|2 < Eediam(Tk) for i = 1, .. .,M} .

To conclude the proof of part iv) it suffices to rescale all coordinates by e¢ <, 1, where
¢ := diam(Ty). O
Lemma 3.2. Each of the sets X}, defined in Lemma s definable.
Proof. Let pr, : RM — 7 be the orthogonal projection onto the hyperplane 7, and let

Ty :=pr;' (Th)
for k € ZM. Each of the sets T} is semi-linear, since it is bounded by a finite number of

hyperplanes. Moreover, we have
Te.NS=T,NmTNS.
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It follows that all the inequalities defining the set Tk NS are semi-linear in z. Let £(2z) b
the system defining T N S. Then, X is defined by the system £(£(x)), which is a system of
inequalities of generalised polynomials? in the variables a;. Hence, the set X, is definable. O

3.3. The non-hyperbolic part. Now, we prove parts i), 73i), and v) for the set (0H )non-hyp-

Lemma 3.3. There exists a partition of the set (OH )non-hyp Of the form (OH )non-hyp =
Ukelcnon.hyp X}., and there exists a collection of linear maps @y : Vi — Vi, for k € Knon-nyp that

satisfy parts 1),4ii), and iv) of Proposition .

Proof. Let z € £&((O0H )non-hyp). We define a unique point z* € 7 N S associated to z by the
following procedure. By definition of (O0H )non-hyp, we have

M
Z Biz; < Bloge.
i=1

We increase the first coordinate z; of z until either Ef\il Biz; = Bloge or z; = logT. We call
the increased coordinate z7. If

M
Biz] + Z Bizi; = Bloge,
i=2
we stop and we set z* := (27, 22,...,2a). Otherwise, we increase the second coordinate zo until
either 512 + Paza + Zi\i:,’ Bizi = Bloge, or zo =logT. We call the increased coordinate z5. If

M
Prz] + B223 + Zﬂizi = Bloge,
i=3
we stop and we set z* := (27,23,23,...,20m). Otherwise, we repeat the same steps for the

remaining coordinates. This procedure terminates, since BlogT > Bloge. Moreover, we have
that z2* € (O0H )nyp. Now, we set Kpon-hyp = Khyp, and for each k € Kpon-nyp we define

X]; = {Q € (8H)n0n—hyp : g(@)* S f (Xk) = Tk n S} .

Then, we have

(aH non-hyp — U Xk7
kE/Chyp

and this is a partition of (O0H )non-nyp since the sets T N S form a partition of 7 N .S. We show
that the sets X 1. and the maps ¢y, for k € Kyon- hyp (i.e., the maps introduced in Lemma have
the required properties. The proof of parts i) and m) is trivial. To prove part iv) we observe
that, by construction, for each pomt x € X’ there are points y € X}, such that |zil2 < |y;|2 for
i=1,...,M (e.g., any point y € £~! ({(x)*)). Therefore, since

VK (Xk) C{|$i|2§€, izl,...,M},

we have
ka(Xllg)CﬂwilgSE,izl,...,M},
by the definition of the maps . a

Lemma 3.4. Fach of the sets X,; defined in Lemma is definable.

2finite sums of monomials with non-negative real exponents. Note that the function f(z) = 2" = exp (r log )
n (0, +00) with real r > 0 is definable in Rexp.
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Proof. We have
X,,'C = {g € (OH )non-hyp : JT* € X such that |z}| > |
and |z}| > |z;| = (|x}| =T for h <i)}.
Now, we consider the set
Xi = {2 z") € (0H)nonnyp X X« |27] 2 |2| and |27| > |ai| = (J@)| = T for h <)},

and we let pr: V,,, X Vi, — V,, be the projection onto the first cartesian factor. Then, X =
pr (X//). The set X}/ is clearly definable since it is defined by algebraic inequalities and boolean

operators, and since X, is definable. Hence, by the properties of o-minimal structures (see
Definition [1.4), pr (X}/) is a definable set. O

3.4. From the boundary to the whole set. Given a set A C V,,,, we denote by C(A) the
cone generated by the set A, i.e., the set

{tx :t € (0,+00),z € A}.
Let K := Khyp U Kuon-hyp, and let
Xy, :=C(Xg) N Hy
for k € K (where we drop the apex / for the sets X, with k& € Kponhyp)- Then, clearly
Hy = | Xk,
kek

and this is a partition of the set H; (each line through the origin intersects the boundary at at
most one point). We prove that the sets X and the maps ¢y, satisfy parts i) —iv) of Proposition

From Lemmas [3.1] and we easily deduce

7\ M-1
#K < g log <€> ,
proving part ¢). To prove part i7), we need the following lemma.
Lemma 3.5. Let D C V,,, be a definable set. Then, the set C(D) C Vo, is also definable.
Proof. We have
C(D) = {x € Vi, : 3t € (0,400) such that tx € D}.
We consider the set
D ={(z,t) € Vi xR:tx € D,t > 0},
and we let pr: V,;, x R — V,,, be the natural projection. Then,
C(D) =pr (D) .

Now, the set D is clearly definable, since D is definable. Hence, by the properties of o-minimal
structures (see Definition , pr (D) is a definable set. O

From Lemmas and it follows that C(Xy) is a definable set for each k, proving
part ii). Part iii) is a straightforward consequence of Lemmas and To prove part ),
it suffices to note that for each point & € X} there is a point y € Xj or y € X, such that
|zila < |y;l2 for i = 1,..., M (namely {y} = {tz : t € (0,+00)} N (OH),). Hence, part iv)
follows again from Lemmas and and by the definition of the maps .
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4. PROOF OF PROPOSITION [2.5]

Let v # 0 be a vector of shortest length in the lattice wy o wy 0 P (A). Then, v has the form

v=[0exp(af —c)zy,...,0exp(at, —c)x ,9_%Q ,...ﬂ‘gg )
v ( Xp(1 ) 1 XP(M ) M Qlyl QNZ/N

for some point (z,y) € A. It follows that

(15) |v|p = (02 exp (2a} — 2¢) [z1]3 + -+ + 0% exp (2a5, — 2¢) |za |5+

Nl

_2Q? s Q2
0 C@|y1|§+"'+9 Cg|yN§>
1 N

Fix r > 0. We consider three cases. Case 1:

ex;#0fori=1,...,Mandy,; #0forj=1,...,N;

o [(z,y)2 <7
By applying the weighted arithmetic-geometric mean inequality to 7 with weights 51,..., 8um
and v1,...,7N, We get

‘Q'Q >>m,,3,‘y (Nm(,@;‘y) (&7 g)) Be Z V(A7 7")7
where we used the fact that Zf\il Biak = 0 (see Proposition part iiib)).
Case 2:

o (@ y)l =

In this case it must be either |x; |2 > r/v/M + N for some 1 < ip < M or |y, |2 > r/vVM + N
for some 1 < jo < N.
Case 2a:

e there exists 1 < ig < M such that |z; |2 > r/vVM + N.
By ignoring all the terms but x;,, we get
k k
[v]o >m Oeio @i, |2 >m n Oeior.

It follows from Proposition part ¢ita) that

(eBQC)B%c - L

& _(BocyEre T o (BocyEe T
]2 >mom.p - " (£7Q°) T = G diamZ’
Case 20b:
e there exists 1 < jo < N such that |yj0|2 >r/vM+ N.
By ignoring all the terms but y, , we get
5 Q Bhcyste T Bhcysre T
9 C > + > +
|Q|2 >>m,n,B anr B (6 Q ) Qmax - (E Q ) diamZ’
where Qmax :=max{Q; :j=1,...,N}.
Case 3:

° inZOfOPSOHIelSioSMorij:0forsome1§jO§N,

We can suppose C' # {(0,0)}, otherwise this case does not occur. Since A is weakly admissible
for (S, C) we have that (z,y) € C. Now, let

5 = 400 it I ={1,...,M}
7)1 otherwise

)
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Oy =

b

+o0 it J={1,...,N}
1 otherwise

and let Q¢ max = max{Q; :j ¢ J} (if J={1,..., N}, we set Q¢ max := 1). Then, by Proposi-
tion [2.1] part éiia), we have

|v]s > min {6w9miinexp (ai.c —¢), Oy £_@ } Iz, y)l2

. gBQC B¥C . EBQC B+C
>m,8 Min 6£< 5) T (5&( QC,H)IELX MANC)
= M(ANC)
> (BOC)B+e 1 )
> (€°Q°) diam(Z N C)

This concludes the proof.

5. PROOF OF PROPOSITION [1.2]

The set Z that we consider in Proposition has a slightly different structure from the fibres
of the family Z appearing in Theorem In particular, it involves the maximum norm | - |«
instead of the Euclidean norm | - |5. Therefore, in order to apply Theorem to the set Z, we
need to introduce a new family W and see Z as a fibre of W. Let m = 8 := (1,...,1) € RM
and let n = ~ := A (which implies M = M and N = 1 according to the notation described in
the Introduction). We set W := H x R, where

M= {(g,a’,T') € Vi % (0, 4+00)% : Ny (2)% < &', |ay] < T/, i = 1,...,M},

and

R*:={(y,Q) € Vo xR [yloc < Q'}
(note that the definition of H hasn’t changed). Then, Z = W, where

7=, T,Q) = (Eﬁ,T, Q) .

To prove proposition [1.2] we need to estimate

(16) # (M(L,e,T,Q)) = # (AL " W2)\ C),
where C' := {y = 0} C V. We consider two different cases. First, we assume
(17) Q¥ /9@ > 1.

In this case, we use Theorem to estimate #(Ar N W.). A suitable choice for the parameter
n(7) in order to have W, C Z, ;) is n(T) = (eﬁ,T, \/NQ) However, we first need to show
that the lattice Ay, is weakly admissible for the couple (S,C), where S := ((m,n), (8,~)). We
do this in the following lemma.

Lemma 5.1. Letm =B :=(1,...,1) e RM and let n = v := N. Let also S := ((m,n),(B,7))
and let C := {y = 0}. Then,

(18) v(AL,0) = ¢(o) ¥
for all o > 0. Therefore, the lattice Ay, is weakly admissible for the couple (S,C) (see Definition

3.
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Proof. Let ¢ € (0,400). If p < A\ (AL \ C), then v(AL, ) = +oo and holds true. We can
thus suppose that o > A\ (Ag \ C). Let v € Ag \ C with |v]2 < 9. Then,

v=(Li(q) +p1,-- -, Lm(a) + prm. @)
for some p € ZM and g € ZV \ {0}. It follows from the hypothesis that

M M
Nmg ~(v) = gl [[ |1 Zig +pil = gl [ IZ:iall = ¢(lale) = 6(0),

i=1 i=1
where we used the fact that ¢ is non-increasing. Hence, v(Ar, o) > ¢(0)"/ M+N), O

By applying Theorem [I.5 to W C Zy (5, we find

(19) |#(ALNZ)—VolZ| < m N

A M1 OV .Y T+0 - M+N -1
inf log [ — LA 4 + ]
0<r<diam(Zy(r)) s ( € ) <¢(r) ) r M(ALNC)

Now, since A, N C = ZM x {0}, we have A\; (A N C) = 1. Hence, by choosing r = Q in , we
deduce

M M1 QN - M+N-1
@) a2 vz <wxios () ((55) 7 1T |

$(Q)

An easy integration shows that

™ M-—1 e \M-1
_ oM+N HN - M _ _ =
Volz = 2MHNQ [elog( - ) 4T (1 (1 TM) > .
Thus, and imply

(21) ‘#M(L,aT, Q) — 2" QY lf log (TeM)MI wr (1 (- E)M_lﬂ ‘

M M-—1 €QN B e MHN -1
<KMmnN #FALNZNC)+log <€> <(¢(Q)> +14 T) )

Since #(AL N Z N C) < (2T + 1) and by
cQN \ TR cQN \ TR
<¢(Q)) ¢(Q))

the required estimate is a straightforward consequence of .
We are now left to prove the claim for eQV/¢(Q) < 1.

Lemma 5.2. Suppose that eQV /$(Q) < 1. Then, ApNZ C C.
Proof. Assume by contradiction that there exists v € (A, N Z) \ C. Then,

+1+T§< (1+1),

for some p € ZM and q € ZV \ {0}. Since v € Z, we have

M M
¥ [T 1Liall < lal T 1Lig + pil < Qe < 6(Q),
=1 =1
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and this contradicts . O

If eQV/¢(Q) < 1, it follows from Lemma and (16) that M(L,s,T,Q) = 0. Hence, to
prove Proposition [I.2] it suffices to show that

B TMAM=L Ny SR

(22) 2"+ log () QY <pu (1 T)MH " log () (2?@)) ’

and that

(23) #
" M M1 N\ S

GMAN N M (1 _ (1 . TLM) ) < (L+ DM " log <g> (2?@)) '

Inequality follows immediately from the assumption QN /$(Q) < 1. To prove , we
notice that

e \M-1 €
(24) 1- (1_7’74) <M
and again we use the fact that eQ" /¢(Q) < 1. The proof is hence complete.

6. PROOF OF COROLLARY [L.8]
We notice that

> ﬁ I Liq|I ™

qe[-Q.QV i=1

n zM\{0}
oo M
< oty {q € [-Q,QMN nzN\{o}: 27 <[] IILiql < 2‘k}
k=0 =1
[eS) M
<) ortiy {q € [-Q.QM nzMN\ {0} : [] I Ziall < Qk}
k=0 =1
= i 2P M (L, 27, % Q>
k=0
v (55) 1
25 - 2k+1 M (L72k7 a) ) )
(25) kZ:O # 5:Q

where the last equality follows from and Lemma (e=27F).

We use Proposition to estimate the right-hand side of (25]). Since we need T /e > eM,
ie., 28=M > eM_ we split the sum into two parts, one for 28=M < ¢M and one for 28=M > M.
We find

[M(14+1/log2)]

M _ 1
> el < > 2k+1#M(L,2 ’“,2762)

g€l-Q.Q1 =1 k=0
o= (49

n zN\{o}
1
2k+1 M L2_k*
+ > # ( 5@

k=[M(1+1/log 2)]
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[ (5] - 4
(26) <mn QY+ > 2L (ke — MM | 27RQN + ( @ >
k=[M(14+1/log2)] $(@Q)

)

[ ()| e
82| 2@ MAN —1
3 Y N QN MF

(27) <mwn Y, KM QN e (S

2 5(@Q)
where we estimate #M (L, 27k 1/2, Q) by QV for k < |[M (1+1/log2)|. Note that in we
used (24) to bound the volume term in Proposition by 27%*QN. The required result follows
from 1] combined with the trivial estimates lec(:o EM-1 < KM and ZkK:O M1 wiw L MN
KM-1owx

7. PROOF OF PROPOSITIONS [L.13] AND [.14]

The proofs of Theorems [I0, Theorems 2 and 3] rely on [I0, Theorems 7 and 8]. We state
here the refined versions of Theorems 7 and 8. Let @ = (q,a), where ¢ € Z and a € Z¢ . For
0<d<1/2 we set

A(q,8) :=#{acZ ac(0,q" ||d;1|| <6},

and

N(Q,8) = Alg,9),

q=1

where @ € N.

Lemma 7.1. Let A € RN=4) gnd let oy € RV, Let A be the matriz defined in (@
Assume that A is ¢-semimultiplicatively badly approzimable, where ¢ : [1,4+00) — (0,1] is such
that ¢(Ax) > ¢(x) for all \ > 1. Then, for all &' > 0 we have

Q
N(Q,(g) o 2N7d5/\/fd qu

g=1

S 5/5/\/’7de+1+

1/6N =\ T 1 1/6N =4\
Oc na | log (Z) + = log< ~/ > .
¢(1/6) ¢(1/6) ¢(1/6)
Lemma 7.2. Let A € R*XN=9) pe ¢ o-semimultiplicatively badly approzimable matriz, where
¢:[1,400) = (0,1] is such that ¢(Ax) >x ¢(x) for all A\ > 1. Then, for all €’ > 0 we have

N—d\ ¢ N—d\ -1
[Aq,8) =2V g < 67" 4+ Ocrna (log(w ) +¢(1 10g<1/5 ) )

$(1/9) 1/6) ¢(1/0)
For simplicity, we prove Lemma, first.

Proof. From Huang and Liu’s proof of [I0, Theorem 7|, we have

1 N—d d )
Aan<(w+ ) (e X TG

0< o0 <J u=1

for any J € N (recall that A, denotes the linear form induced by the u-th row of the matrix A).
We apply Corollary to estimate the right-hand side. We conclude the proof as in [10], by
setting J = k/4 for some large enough x and by using the fact that ¢(k/d) >, ¢(1/9). O
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The proof of Lemma [7.1] is along the same lines.
Now, we show how to prove Proposition m We follow [I0]. First, we note that without

loss of generality we can assume () > o(x) for all z, since otherwise we replace ¢ with
max {ﬂ(x), w(x)}, and we prove that the Hausdorfl dimension of the set

N (max {1[)(96), 1/)(96)}) D (1) is zero. Note that by condition iiia), the function
max {ﬁ(w), w(az)} satisfies

d—s

N—d+s
} q < +00.

+00
> max {(2), v()

In view of this, in condition iib) we can replace 1& with . To prove the Proposition , we
need to estimate A(g, Cy(q)), where C' is some large constant depending on A (see [10, Proof of
Thm. 2]). By applying Lemma [7.2| with &’ = 1, we find

(28)  |A(g,C(q)) — (2C)N~p(q)N ~q?|

1/w<q>N-d>d ! log(l/wqw-d)d‘f

N—-d d o
Kowa vla)" " + log ( sy ) T s 8 )
Then, from #i) we deduce

(VN EY 1 /(g
o oY) <vanton(56) < sy (atar)

Finally, condition #iib) with ¢ in lieu of ’(/AJ implies

1 1/(g)V =2\ D)V ~g? ¢\ Nod d
G0 S bg((b(l/df(q))) W Jog ()T k’g(log@)dl) <ap(a)" e

Hence, from , , and (30) we deduce A(q, C¥(q)) <own.ds~ ¥(@)N %% and we can

conclude just as in [10].
To prove Proposition we use Lemma and parts 47) and iii) to obtain an estimate of

N(@Q, C¥(Q)).
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