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We study four- and higher-order wave mixing of continuous coherent waves on a single supercon-
ducting artificial atom. Narrow side peaks of different orders of nonlinearity resulting from elastic
multi-photon scattering on the atom are observed and investigated. We derive an analytical expres-
sion for the peak amplitudes and show that the ratio of any two adjacent peaks is a function of
driving amplitudes and detuning. This is attributed to the photon distribution in the coherent states
and provides a measure for characterisation of photon statistics in non-classical coherent waves. We
also demonstrate an Autler-Townes-like splitting of side peaks, the magnitude of which scales with

the scattering order.

The superconducting quantum circuits [1, 2] strongly
coupled to either confined [3] or propagating [4] elec-
tromagnetic waves become an especially advantageous
toolkit for the demonstration of quantum optical phe-
nomena in the microwave frequency domain [5], offering
conditions which are not achievable with natural atoms.
Some striking examples are the demonstration of strong
[6-8] and ultra-strong [9-11] coupling of light to a single
qubit, the coupling of qubits by virtual photons [12], the
dynamical Casimir effect [13], sources of single photons
[14, 15] and entangled propagating photons [16], lasing
[17] and amplification [8] with a single artificial atom. A
range of specific effects related to the intrinsic nonlin-
earity of an atom were demonstrated, for example, the
phase shift acquired by single propagating photons [18],
or the preparation of cat states in the cavity [19]. In gen-
eral, the nonlinearity is a tool for the implementations of
quantum gates, as described in various proposals [20-23].
Therefore, the nonlinear regimes of light-matter interac-
tions in circuit-QED are of specific importance and inter-
est for both fundamental quantum optics and quantum
information processing.

Wave mixing in optical media is one of the basic nonlin-
ear parametric processes. In particular, four-wave mixing
occurs due to the third-order susceptibility x*) of a me-
dia, which gives the polarization term P®) = yG)E3,
proportional to third power of electric field E. If three
electromagnetic waves with frequencies wy, ws, w3 prop-
agate through the media, a number of additional waves
appears with frequencies +w; + w; £ wy, where 7,j,k =
{1,2,3} [24], and their amplitudes and phases are con-
trolled by the initial waves. The corresponding scatter-
ing process requires absorption/emission of three photons
from source waves, and generates one extra photon. With
higher 2p + 1 odd-order nonlinearity, where p is a non-
negative integer number, the processes is characterised
by x(#»*1) and one extra photon is generated as a result

of interaction between 2p + 1 photons. A wide range of
applications of wave mixing in various systems includes
generation of squeezed states of light [25-27], parametric
amplification [28], frequency conversion and generation
of frequency combs [29]. For superconducting quantum
circuits, the effect of wave mixing [30] of short microwave
pulses was observed and characterised. Very recently, it
was shown that a strongly driven two-level system could
amplify a weak probe in between the components of the
Mollow triplet due to four-photon processes [31]. Three-
wave mixing was also theoretically described for cyclic
artificial atoms [32], and experimentally observed [33] on
a single three-level circuit.
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FIG. 1. (a) Schematics of the device. The artificial atom is
a 4-junction flux qubit with three nearly identical junctions
with capacitance C' and one junction with capacitance aC),
where a = 0.43. The qubit is coupled to a coplanar waveg-
uide with capacitance C.. (b) The wave mixing of two tones
on a single two-level system. With the two-photon absorp-
tion and one photon emission at frequencies w4+ and ws one
more photon is generated at frequency 2w+ — we resulting in
corresponding side frequency emissions.

In our work, we study the wave mixing of continuous
coherent waves on a single superconducting qubit as a
two-level artificial atom strongly coupled to a coplanar



waveguide. An atom is irradiated by two propagating
microwaves at frequencies close to resonance. We mea-
sure narrow sideband spectral peaks [34] attributed to
elastic multi-photon scattering processes of four-, six- and
higher-orders. With two waves incoming to the qubit, the
scattering process of any order is allowed due to (i) high-
order nonlinear terms provided by the qubit; (ii) the finite
probability of finding any photon number in the classical
states (which are coherent states with Poissonian photon
statistics). The side peak intensities depend on the or-
der of nonlinear processes, incident wave amplitudes, and
their detuning from the atomic transition. An interest-
ing feature is that with the coherent wave scattering the
ratio between consequent peak intensities is independent
on the peak orders, which is confirmed both experimen-
tally and theoretically. With a strong drive, the side peak
intensities exhibit splitting in frequency domain with the
magnitude proportional to the driving amplitudes. This
is similar to the Autler-Townes splitting, (studied also in
superconducting circuits [6, 35-37]), however, the corre-
sponding splitting magnitude is inversely proportional to
the order of the scattering process. We derive an analyt-
ical expression for the spectra and obtain a good agree-
ment with the experimental data.

We begin with considering a two-level atom with tran-
sition frequency wo1, see Fig. 1(a). The atom is strongly
coupled to a transmission line (open space) with the ra-
diative relaxation rate I'y due to the photon emission
into the line. The strong coupling condition implies that
non-radiative relaxation (without emission of the pho-
ton to the line) I'!" and pure dephasing rates v are
smaller than I';. A driving monochromatic wave with
frequency wg and wavevector k described by voltage am-
plitude Voe~™wat+ik= propagates through the waveguide
and scatters on the atom located at x = 0. As a result,
the wave is scattered elastically and inelastically either
forward or backward. The amplitude of the elastically
scattered wave Ve~ wattiklzl is expressed as

V= ———{07), (1)

where o~ is the atomic state annihilation operator and
w is the atomic dipole moment. Here we will not con-
sider an inelastically scattered radiation. By finding the
stationary solution of the master equation for the atom
with the external drive, it can be shown [4] that the am-
plitude of the elastically scattered wave Vs¢e iwat+iklz|
is expressed as

Vo Al'y

VS — pVy=—-—2_ 1
PO T N + Q2 Ty

(2)
where A = I's + iAw, Aw = wg — w1 is detuning, 'y =
% + ~v is the full dephasing rate, Q = uVy/h is the
driving amplitude of the incident wave, and r is reflection
coefficient. One important consequence of Eq. (2) is that

in a weak driving limit ( < T';) with I'y =T'1/2 (ideal
strong coupling: I'}" =4 =0) and A =T'1/2 at Aw =
0, the scattered wave is equal to the incident wave in
amplitude but negative in sign: V?*¢ = —Vj.

Next, we generalise the problem to the scattering of
two coherent waves at frequencies wy = wy + dw and
w_ = wyg — 0w, as depicted in Fig. 1(b), where the fre-
quency shift is small: dw <« I'y. The mixing processes
can be described in terms of multi-photon elastic scat-
tering. In particular, Fig. 1(b) illustrates four-wave mix-
ing processes (2p + 1 = 3). The upper panel describes
a mechanism of a photon generation at 2wy —w_ as a
result of the four-photon process: two photons from the
wy—mode are absorbed and two photons are emitted, one
at w_ and one at 2w —w_ . The lower panel represents a
symmetric process with emission of a photon at 2w_ —w, .
These two processes are called degenerate four-wave mix-
ing and can be spectroscopically detected by observation
of side spectral peaks at corresponding frequencies. As
a probability to find an arbitrary number of photons in
coherent states is finite, any higher-order processes take
place. They result in creation of the spectral components
at wi(2p+1) = (P + 1wt — pws as an outcome of scat-
tering with 2p + 1 photons involved, where p > 0 is an
integer. We are measuring the continuous mixing of two
coherent waves on a superconducting quantum system
strongly coupled to a transmission line.

The artificial atom in our device is a flux qubit coupled
to a coplanar waveguide by capacitance C. = 2 {F (Fig.
1(a)), which also effectively shunts the a-junction [30].
The persistent current is estimated to be quite small,
I, = 52 nA, however, the anharmonicity wis — wo1 =~
21 x 1.5 GHz is still large to not account for higher lev-
els. Other important parameters are the energy split-
ting at the degeneracy point A, = 27 x 7.30 GHz and
rates of relaxation and decoherence T’y /27 = 2.2 MHz
and I'y/27 = 1.1 MHz measured at wp; = A,. To mea-
sure the transmission coefficient of a waveguide with the
embedded qubit, we built a standard low-temperature
setup described elsewhere [8]. The qubit is located at
the 15 mK-flange in a dilution refrigerator. The input
microwave signals with very narrow spectral widths of
~ 1 Hz are delivered to the chip via coaxial lines with
attenuators at different temperature stages used to sup-
press the room-temperature blackbody radiation. The
output signals go through a microwave isolator and are
amplified by a cryogenic HEMT amplifier situated at 4K
stage of the refrigerator and then by two microwave am-
plifiers at room temperature.

The transmitted waves can be measured by a vector
network analyzer or by a spectrum analyzer. Preliminary
calibration is performed by measuring the transmission
coefficient ¢t = V;,./V, of a single microwave tone of fre-
quency wgq =~ w1, and using the relation r +¢ = 1. We
calculate the value of the reflection coefficient r and fit
it using Eq. (2). The result is shown in Fig. 2(a). By fit-



ting the peak, we obtain a value of ) for a certain output
level of the microwave generator and thereby we can de-
termine the amplitude of the driving signal, see Fig. 2(a).
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FIG. 2. (a) The single frequency wave elastically scattered
from the artificial atom: blue dots correspond to a weak drive.
At higher powers, the atom is saturated and the reflection is
reduced (green and red dots). Solid lines are fits made using
Eq. (2). The legend captions are values of Q/27 extracted
from the fit. (b) The spectra of coherently scattered radia-
tion measured by a spectrum analyser when driving tones are
resonant with the qubit, plotted as a function of the ampli-
tude of both tones: Q4 = Q_ = Q. (c) An example of a
typical spectrum.

For the demonstration of wave mixing, we tune the
qubit to the degeneracy point wo; = A, and apply two
microwaves at frequencies wy = wg + dw and w_ =
wg — 0w, as depicted in Fig. 2(b). The detuning dw/27
is typically chosen to be 1 - 100 kHz <« I';/2m,'y/2m,
therefore both tones are within the width of the reso-
nance line (~ I'y) with a qubit but still easily distinguish-
able. By measuring the spectrum of the output signal,
we observe many side spectral components at frequencies
Wi (2p+1) = Wa £ (2p + 1)éw, where p > 0 is an integer,
see Fig. 2(b, c). Figure 3(a) demonstrates the side peak
amplitudes for 1 < p < 4 (up to 9-photon process) with
Q4 =Q_ = Q as a function of the driving amplitude 2:
left and right hand-side peaks are of equal amplitudes.
With the increase of 2, the side peak amplitudes reach
maxima and then decay. With increasing the order of
the processes the maxima are obtained for a higher driv-
ing amplitude. We interpret this in the following way.
The peak order (2p+ 1) corresponds to the number of in-
teracting photons. The photon absorption/emission rate
is determined by the Rabi-oscillation frequency, equiva-
lent to the driving amplitude 2. The characteristic in-
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FIG. 3. (a) Sideband spectral components of elastically scat-
tered waves. Experimental points obtained with dw/2m =
5 kHz, are fitted with Eq. (7) (solid lines) with parame-
ters I'1 /20 = 2.2 MHz, I';/2nr = 1.1 MHz, Aw/27r = 0,
Qpr =Q_ =Qand p = 1,2,3,4 for each curve, respectively.
Inset shows the ratio of photon fluxes in components of con-
sequent order 2p+ 1 and 2p + 3 for p = 1,2, 3. The black line
represents the direct evaluation of ratios from Eq.(8). (b) The
wave mixing for asymmetric driving signals: Q_ is larger by 1
dB than Q4. The photon flux in negative side components is
a few times larger than the positive ones. This demonstrates
the high sensitivity of wave mixing to the imbalance of the
driving amplitudes.

teraction time determined by the system coherence is
T F;l. Therefore, to efficiently absorb/emit 2p + 1
photons, one needs to drive the system with the ampli-
tude 2Q7 ~ 2p + 1 (here we take Q_ + Q. = 2Q) and we
obtain Q4. ~ T'1(2p + 1)/4 (we take I'ys =T1/2).

We also investigate how the intensities of the side peaks
depend on the difference in amplitudes of the driving
waves, when Q_ # Q4. To illustrate that we vary both
driving amplitudes while keeping the amplitude 2_ 1 dB
(1.26 times in amplitude) higher than Q; and measure
the side-band components (Fig. 3(b)). The symmetry
is now broken and the intensities at w_(o41) become
several times larger than at w,(ox41). The processes
generating positive frequency peaks become less prob-
able than the ones resulting in negative frequency com-
ponents. This is a direct consequence of having more
photons in the w_—mode.

Next, we study an effect of detuning Aw = wyg — wp1
by varying the central frequency wy with fixed dw. We
measure the spectral components of the signal at fre-
quencies w(gp41) as a function fof Q4 in the condition
of O = Q4 = Q. The observed effect is similar to
Autler-Townes splitting, see Fig. 4 [36]. The mixed sig-
nals of each order are split into two peaks with max-
ima at Awmaee = £, where (, is a constant inversely
proportional to 2p + 1. The peak position at a strong
drive (Aw > T'9) can be estimated in a similar way as
we have done it above for the peak maximum. To esti-
mate Awp,q, we substitute the characteristic time I'y !
by 7 =~ Aw~!. The peak maximum is then expected for
Cp = Awmae /= 4/(2p+1).
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FIG. 4. The Autler-Townes-like splitting of side spectral com-
ponents of scattered radiation as a function of the central
frequency detuning and driving amplitudes 2. The upper
panels represent measured splittings. Lower panels represent
analytical calculations with Eq. (8). Grey dashed lines are
the guidelines corresponding to Aw = 4Q/(2p + 1).

To quantitatively analyze the amplitudes of the wave
mixing side peaks we consider the Hamiltonian of a single
two-level system driven by two classical (coherent) waves

hewot
2

H=— 0. — hQ_o, cos(wgt — dwt)

— hQ o, cos(wat + dwt), (3)

where 2} and Q_ are amplitudes of the drives. First, we
calculate a stationary solution for the master equation
in the Rotating Wave Approximation. The term dwt is
interpreted here as a slowly varying phase because dwt <
1 on a time scale ¢ ~ ;. An analytical solution for the
expectation value of the atomic annihilation operator is

sinf Q_e 0wt QO et

o )= — 4

o) A 14 sin6cos2iwt )

Here we introduce the following notations: 6 =
. M0 Q -1 _ AT

arcsin (F1|A\2+21“2(Q"1++Qi))’ At = m. The de-

nominator of Eq. (4) can be rearranged according to

1 1 1 1 1
1+ 1sinf(z+271) 0059(1 —yz + 1—yz—1 )’
()
where z = e and y = — tan 5. We expand the right
part of Eq. (5) into power series 1n z and arrive at

20wt

<O—7> _ 7Q_€7i6wt + Q+€z’6wt
A

o0
tan 6 Z ylPleizpowt

p=—00
(6)
Taking into account Eq. (1) and transforming the sum to

non-negative p, we obtain

hI'y tan @

VSC —
uA

Z yp |:(Q, + yQ+)e—i(2p+1)6wt
p=0

0 e Cri] L (7)

With the relations between the driving amplitude and
the voltage amplitude Vi = h€)y, we arrive to the ana-
lytical expression for the amplitude of each side spectral
component

(—1)PT'; tan 0 tan? §
V +(2p+1) — A

2 (Ve tang -Vi), (8)

which can be verified experimentally. Eq. (8) shows that
the factor tan? g contains all the dependence of spectral
components on the order p. To exemplify that, we also
deduce ratios of consequent components of order 2p + 1
and 2p 4 3 for the data presented in Fig. 3 and present
the result in the inset of Fig. 3(a) for p = 1,2, 3. Notice
that it is the same for each pair independently of p, and
fits well with the black solid line derived from Eq.(8).
The result is valid for classical coherent states, in which
photon statistics is given by the Poissonian distribution.

We now compare the experimental data with our ana-
lytical expression of Eq. (8). Solid lines in Fig. 3 show the
calculated peak dependences, which are in good agree-
ment with the experimental data. Analysing Eq. (8) for
extrema, we find that the peak maxima are well explained
by the asymptotic relation Q.. ~ V2I1(2p + 1)/4,
which is consistent with our preliminary qualitative pre-
diction and the physical picture we provide. Also, the
driving amplitude dependence versus detuning repro-
duces well the measurement as it is shown in Fig. 4.
Quantitative analysis of Eq. (8) gives maximal response
at wmar /= 4/(2p+1).

Next, we illustrate that the wave mixing spectral com-
ponents reveal photon statistics of the incident waves. In
the strong coupling and weak driving regime (24 < I'y),
the scattered photon number into the mode wap,11 in one
direction is simplified from Eq. (8) to

(Naps1) m (N_)P(NL)PHY (9)
where (Ni) = QF/T'1I'y is the mean photon number in
the mode wy, on the characteristic time interval 7 = T'; .
Remarkably, this is equivalent to the expectation value of
the operator (a4al )Pa averaged over the states [o_ o).
Its squared value is |((ajal )Pay)|? ~ \(a*_)paﬁ_HF =
(N_)P(N;)P+1. The prefactors (a* )P and o7 are de-
termined by probability amplitudes of the corresponding
photon states (|p)— and |p + 1)1 ). For instance, in the
weak driving regime a < 1 and (a") = (a]a" 5= |n) =
(0]a™|0) = a™, that is approximately equal to the prob-
ability amplitude of the photon-number state |n) in the




coherent state |a) multiplied by v/n!. The case with de-
viation from the classical coherent states has been al-
ready discussed though in a different regime of pulsed
dynamics [30]. We believe that our method is promising
for detection and characterisation of non-classical coher-
ent states. An example of practical application is the
setup where the calibrated classical signal is applied to
the qubit in the wy-mode, and in w_-mode the quantum
signal is applied where the photon statistics deviates from
the Poissonian one. In this case, the intensities of elastic
sidebands, like the ones we presented at Fig. 3, could be
used for full reconstruction of the photon statistics of the
quantum state.

In conclusion, we have demonstrated a fundamental
effect of wave mixing of stationary coherent states on
a single two-level scatterer strongly coupled to a one-
dimensional transmission line. We derive an analytical
expression for the amplitudes of mixed states and have
shown a series of other physical effects, for example, an
Autler-Townes-like splitting of side peaks dependent on
the number of scattered photons. The side peaks are re-
sults of multi-photon scattering processes and their am-
plitudes determined by the photon distribution in the
coherent states. An interesting future application would
be to visualize statistics of nonclassical coherent states.
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