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Abstract. Hybrid-dynamic first-order logic is a kind of modal logic ob-
tained by enriching many-sorted first-order logic with features that are
common to hybrid and to dynamic logics. This provides us with a logical
system with an increased expressive power thanks to a number of distinc-
tive attributes: first, the possible worlds of Kripke structures, as well as
the nominals used to identify them, are endowed with an algebraic struc-
ture; second, we distinguish between rigid symbols, which have the same
interpretation across possible worlds — and thus provide support for the
standard rigid quantification in modal logic — and flexible symbols, whose
interpretation may vary; third, we use modal operators over dynamic-
logic actions, which are defined as regular expressions over binary nom-
inal relations. In this context, we propose a general notion of hybrid-
dynamic Horn clause and develop a proof calculus for the Horn-clause
fragment of hybrid-dynamic first-order logic. We investigate soundness
and compactness properties for the syntactic entailment system that cor-
responds to this proof calculus, and prove a Birkhoff-completeness result
for hybrid-dynamic first-order logic.

1 Introduction

The dynamic-reconfiguration paradigm is a most promising approach in the de-
velopment of highly complex and integrated systems of interacting ‘components’,
which now often evolve dynamically, at run time, in response to internal or ex-
ternal stimuli. More than ever, we are witnessing a continuous increase in the
number of applications with reconfigurable features, many of which have aspects
that are safety- or security-critical. This calls for suitable formal-specification
and verification technologies, and there is already a significant body of research
on this topic; hybrid(ized) logics [2JI7], first-order dynamic logic [15], and modal
p-calculus [I4] are three prominent examples, among many others.

* This paper is an extended version of [10] (presented at TABLEAUX 2019); it includes
appendices with proofs of the lemmas and propositions supporting the main results.
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The application domain of the work reported in this contribution refers to a
broad range of reconfigurable systems whose states or configurations can be pre-
sented explicitly, based on some kind of context-independent data types, and for
which we distinguish the computations performed at the local/configuration level
from the dynamic evolution of the configurations. This suggests a two-layered
approach to the design and analysis of reconfigurable systems, involving a local
view, which amounts to describing the structural properties of configurations,
and a global view, which corresponds to a specialized language for specifying
and reasoning about the way system configurations evolve.

In this paper, we develop sound and complete proof calculi for a new modal
logic (recently proposed in [I1]) that provides support for the reconfiguration
paradigm. The logic, named hybrid-dynamic first-order logic, is obtained by
enriching first-order logic (FOL) — regarded as a parameter for the whole con-
struction — with both hybrid and dynamic features. This means that we model
reconfigurable systems as Kripke structures (or transition systems), where:

— from a local perspective, we consider a dedicated FOL-signature for configu-
rations, and hence capture configurations as first-order structures; and

— from a global perspective, we consider a second FOL-signature for the possi-
ble worlds of the Kripke structure; the terms over that signature are nominals
used to identify configurations, and the binary nominal relations are regarded
as modalities, which capture the transitions between configurations.

Sentences are build from equations and relational atoms over the two first-order
signatures mentioned above (one pertaining to data, and the other to possible
worlds) by using Boolean connectives, quantifiers, standard hybrid-logic opera-
tors such as retrieve and store, and dynamic-logic operators such as necessity
over structured actions, which are defined as regular expressions over modalities.
In practice, actions are used to capture specific patterns of reconfigurability.
The construction is reminiscent of the hybridization of institutions from [I7)7]
and of the hybrid-dynamic logics presented in [IIT6], but it departs fundamen-
tally from any of those studies due to the fact that the possible worlds of the
Kripke structures that we consider here have an algebraic structure. This spe-
cial feature of the logic that we put forward is extremely important for dealing
with reconfigurable systems whose states are obtained from initial configurations
by applying constructor operations; see, e.g. [12]. In this context, we advance a
general notion of Horn clause, which allows the use of implications, universal
quantifiers, as well as the hybrid- and dynamic-logic operators listed above.
Besides the fact that it relies on an algebraic structure for possible worlds, the
notion of Horn clause that we use in this paper also allows structured actions for
(a) the conditions of logical implication, and (b) the arguments of the necessity
operator. This feature distinguishes the present work from [§], where the first
author reported a Birkhoff completeness result for hybrid logics. That is, the
Horn clauses that we study in this paper are strictly, and significantly, more
expressive than those considered before; this poses a series of new challenges
in developing a completeness result. We show that any set of Horn clauses has
an initial model despite the fact that the structured actions alone do not have
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this property. In addition, we provide proof rules to reason formally about the
properties of those Kripke structures that are specified using Horn clauses. To
conclude, the main result of the paper is a completeness theorem for the Horn-
clause fragment of hybrid-dynamic first-order logic.

A brief comparison with the work recently reported in [I1] is also in order:
both papers deal with properties of hybrid-dynamic first-order logic (with [11]
being the contribution in which we introduced the logic); and in both papers we
examine Horn clauses; but the results that we develop are complementary: in [I1],
we focused on an initiality result and on Herbrand’s theorem, whereas here we
advance proof calculi for the logic. This latter endeavour is much more complex,
because it deals with syntactic entailment instead of semantic entailment.

The paper is structured as follows: Section [2| is devoted to the definition
of hybrid-dynamic first-order logic. Then, in Section [3| we discuss entailment
systems and present the problem we aim to solve. Once the preliminaries are
set, we proceed in a layered fashion, in the sense that we consider progressively
more complex entailment relations, which are adequate for different fragments
of hybrid-dynamic first-order logic. In Section [d] we study completeness for the
atomic fragment of the logic. Building on that result, in Section [5| we develop a
quasi-completeness result for entailments where the left-hand side is an arbitrary
set of Horn clauses, but the right-hand side is only an atomic sentence or an
action relation. Finally, in Section[6] we generalize completeness to the full Horn-
clause fragment of hybrid-dynamic first-order logic. Proofs of the lemmas and
propositions that support the main results can be found in the Appendices[AHD]

2 Hybrid-Dynamic First-Order Logic

The hybrid-dynamic first-order logic with user-defined sharingﬂ (HDFOLS) that
we examine in this work is based on ideas that are similar to those used to define
hybrid first-order logic [2] and hybrid first-order logic with rigid symbols [7J5].
We present HDFOLS from an institutional perspective [13], meaning that we
focus on signatures and signature morphisms (though, for the purpose of this
paper, inclusions would suffice), Kripke structures and homomorphisms, sen-
tences, and the (local) satisfaction relation and condition that relate the syntax
and the semantics of the logic. However, other than the notations used, the text
requires no prior knowledge of institution theory, and should be accessible to
readers with a general background in modal logic and first-order model theory.
In order to establish some of the notations used in the rest of the paper, we
briefly recall the notion of (many-sorted) first-order signature: a FOL-signature
is a triple (S, F, P), where S is a set of sorts, F'is a family {Fo,—s}ares* ses Of
sets of operation symbols, indexed by arities ar € S* and sorts s € S, and P is
family {Pgy}ares# of sets of relation symbols, indexed by arities ar € S*.

Signatures. The signatures of HDFOLS are tuples A = (X", X" < X)), where:

3 This last attribute is meant to indicate the fact that users have control over the
symbols that should be interpreted the same across the worlds of a Kripke structure.



4 D. Gaina and I. Tutu

1. X = (S", F", P") is a FOL-signature of nominals such that S" = {*},
2. X' = (S" F', P is a FOL-signature of so-called rigid symbols, and
3. X = (S,F,P) is a FOL-signature of both rigid and flexzible symbols.

We let ST = S\S", and Ff and P be the sub-families of F and P that consist of
flexible symbols (obtained by removing rigid symbols). In general, we denote by
A or A’ signatures of the form (X7, X" < X)) or (X", X' < X), respectively.
Signature morphisms. A signature morphism ¢: A — A’ consists of a pair of
FOL-signature morphisms ¢": X" — X" and ¢: X — 3’ such that p(X") < 2.
Kripke structures. The models of a signature A are pairs (W, M), where:

1. W is a X"-model, for which we denote by |W/| the carrier set of the sort x;
2. M = {My}yepw is a family of Y-models, indexed by worlds w € [W|, such
that the rigid symbolsﬂ have the same interpretation across possible worlds;
ie., My, ¢ = My, for all worlds wy,ws € |[W| and all symbols ¢ in X",
Kripke homomorphisms. A morphism h: (W, M) — (W', M’) is also a pair
(W KR W' { M, v ;l(w)}w€|W|) consisting of first-order homomorphisms such
that Ry, s = My, s for all possible worlds wy, ws € |W| and all rigid sorts s € S”.
Actions.  As in dynamic logic, HDFOLS supports structured actions obtained
from atoms using sequential composition, union, and iteration. The set A" of
actions over X" is defined in an inductive fashion, according to the grammar:
az=A|a;alauala* where A € P, is a binary nominal relation. Given a
natural number n > 0, we denote by a” the composition a;---; a (where the
action a occurs n times); and we let a®(ky, ko) denote the equation k; = k.
Actions are interpreted in Kripke structures as accessibility relations between
possible worlds. This is done by extending the interpretation of binary modal-
ities (from P, ): Wa .0, = Wa, ; Wa, (diagrammatic composition of relations),
Wa, Gay = Wa, UWy, (union), and Wy = (Wy)* (reflexive & transitive closure).
Hybrid terms. For every X"-model W, the family TV = {T}V},/w of sets of
hybrid terms over W is defined inductively according to the following rules:

wo € |W| FeTy .. © wo € |W| FeTy .. ( we|W| 7eT),,
o(T) e TKS o(wo;T) € TKS o(w;T) e TKS
[UEF(ZTHS] [O—EF;’FHS7S€S,‘] [O—EF;’FHS7S€S{]

Notice that flexible operation symbols receive a possible world w € |W| as a
parameter, while rigid operation symbols keep their initial arity. It is easy to
check that the hybrid terms of rigid sorts are shared across the worlds.

Fact 1. TV . =T _ for all possible worlds w;,ws € |W/| and all sorts s € S".

wi1,8 w2,

Given a world w € |W|, the S-sorted set T,V can be regarded as a X-model by
interpreting every rigid operation symbol o: ar — s as the function that maps
(tuples of) hybrid terms 7 € T, to o(7) € T,V every flexible operation symbol
o: ar — s as the function that maps hybrid terms 7 € T,V to o(w;7) € T},

and every relation symbol (either rigid or flexible) as the empty set.

4 By symbol we usually refer to sorts as well, not only to operation/relation symbols.
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Lemma 2 (Hybrid-term model and its freeness). For every X"-model
W, W, TV) is a A-model. Moreover, for any A-model (W', M') and first-
order X"-homomorphism f: W — W', there exists a unique A-homomorphism
h: (W, TW) — (W', M') that agrees with f on W. O

Standard term model. When W is the first-order term model T's;», by Lemma 2]
we obtain the standard hybrid-term model over A, denoted (Tsn, {T> }keTsn)-
The initiality of the standard term model provides a straightforward inter-
pretation of hybrid terms in A-models (W, M): for every hybrid term ¢ € TkA,
we denote by (W, M); or Mj, (1), the image of ¢ under the function hy, where h
is the unique homomorphism (T'sn, T4) — (W, M).
Reachable hybrid-term models. We say that a first-order X"-model W is reach-
able if the unique homomorphism T's;» — W is surjective. In a similar manner,
for HDFOLS, we say that a A-model (W, M) is reachable if the unique homomor-
phism h: (T'sn, T4) — (W, M) is (componentwise) surjective. In order to avoid
naming the homomorphism, we make the following notation.

Notation 3. If a A-model (W, M) is reachable, then we may denote by [_] the
unique homomorphism (T's», T4) — (W, M) given by the initiality of (7., T4).

Proposition 4 (Reachability of hybrid term models). If W is a reachable
first-order model of X", then (W,T") is reachable for the signature A. ]

Sentences. The atomic sentences p defined over a signature A are given by:
pi=ki=ko | AK) | t1 =5tz | @) | n(k;?)

where k, k; € T's;» are nominal terms, & is a tuple of terms corresponding to the
arity of A € P", t; € kas and t € T,fm are (tuples of) hybrid terms we P!,
and 7 € P! . We refer to these sentences, in order, as nominal equations, nominal
relations, hybrid equations, rigid hybrid relations, and non-rigid/flexible hybrid
relations, respectively. When there is no danger of confusion, we may drop one
or both subscripts k, s from the notation ¢; =y s to. Full sentences over A are
built from atomic sentences according to the following grammar:

yu=p | alk,ke) | Quy | =y | AL | 127 | VX 9" | [a]ly | (o)

where k,k; € Ts» are nominal terms, a € A" is an action, I' is a finite set
of sentences, z is a nominal variable, 7' is a sentence over the signature A[z]
obtained by adding z as a new constant to F", X is a set of nominal and/or
rigid variables, v” is a a sentence over the signature A[X ] obtained by adding the
elements of X as new constants to F'" and F", and o € F ,,. Other than the first
two kinds of sentences (atoms and action relations), we refer to the sentence-
building operators, in order, as retrieve, negation, conjunction, store, universal
quantification, necessity, and next, respectively. Notice that necessity and next
are parameterized by actions and by unary nominal operations, respectively.

5 Note that, by Fact [1] if the arity ar is rigid, then the sets {T,far}keTzn coincide.
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We denote by Sen"PFOLS(A) the set of all HDFOLS-sentences over A.

The local satisfaction relation. Given a A-model (W, M) and a world w € |[W]|,
we define the satisfaction of A-sentences at w by structural induction as follows:

1. For atomic sentences:
— (W, M) &Y ky = kg iff W}, = Wy, for all nominal equations k; = ko;
— (W, M) =¥ \(k) iff Wi € W, for all nominal relations A(k);
(W M) )= t1 =g ta 1ﬂ My, t, = My, +, for all hybrid equations t; =, to;
— (W, M) &v“ w(t) iff (W, M) € M, for all rigid relations w(t);
- (W, M) " n(k;t) iff (W, M); € My, , for flexible relations 7 (k;1).
2. For full sentences:
M) Y a(ky, ko) iff (W, sz) € W, for all action relations a(kq, k2);
M) EY @y iff (W, M) =Y ~, where w’ = Wy;

M) =~ §ff (W, M) 1
WM) EY AL (W,M) =Y~ forall ye I
- (W,M) Y |z-v iff (W,M)*™ ¥ ~, where (W, M)*~* is the unique
Alz]- expansmlﬂ of (W, M) that interprets the variable z as w;
(W, M) ¥ VX -~ iff (W', M) Y 7 for all A[X]-exp.b (W', M') of (W, M);
(W, M) = [a]y iff (W, M) £ 5 for all w’ € |W| such that (w,w') € Wy;

— (W, M) " (o) iff (W, M) ¥ ~, where w’ = W,(w).
Fact 5. The following two properties can be checked with ease:

1. The satisfaction of atoms and of action relations p does not depend on the
possible worlds: (W, M) =% p iff (W, M) =*" p for all w,w’ € |W]|.

2. The satisfaction of atoms and of action relations p is preserved by homomor-
phisms: if (W, M) k& p and h: (W, M) — (W', M’) then (W', M’) = p.

To state the satisfaction condition — and thus finalize the presentation of
HDFOLS - let us first notice that every signature morphism ¢: A — A’ induces
appropriate translations of sentences and reductions of models, as follows: every
A-sentence « is translated to a A’-sentence p(v) by replacing (usually in an
inductive manner) the symbols in A with symbols from A" according to ¢; and
every A'-model (W', M’) is reduced to a A-model (W', M')[, that interprets
every symbol x in A as (W', M') (. When ¢ is an inclusion, we usually denote
(W', M")l, by (W', M')! o — in this case, the model reduct simply forgets the
interpretation of those symbols in A’ that do not belong to A.

The following satisfaction condition can be proved by induction on the struc-
ture of A-sentences. Its argument is essentially identical to those developed for
several other variants of hybrid logic presented in the literature (see, e.g. [5]).

Proposition 6 (Local satisfaction condition for signature morphisms).
For every signature morphism ¢: A — A, A'-model (W', M), world w' € |W'|,
and A-sentence v, we have: (W', M') E* ¢(v) iff (W', M')], =¥ 7[| o

5 In general, by a A[X]-expansion of (W, M) we understand a A[X]-model (W', M")
that interprets all symbols in A in the same way as (W, M).
" By the definition of reducts, (W', M") and (W', M") |, have the same possible worlds.
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Substitutions. Consider two signature extensions A[X] and A[Y] with sets of
variables, and let X = X" U X"and Y =Y" U Y" be the partitions of X and Y
into sets of nominal variables and rigid variables. A A-substitution 6: X — Y
consists of a pair of functions 0": X" — T'says and 6": X" — TkA[Y], where k
is a nominal term — note that, since the sorts of the hybrid variables are rigid,
by Fact [1} it does not matter which nominal term k we choose.

Similarly to signature morphisms, A-substitutions §: X — Y determine
translations of A[X]-sentences into A[Y]-sentences, and reductions of A[Y]-
models to A[X]-models. The proofs of the next two propositions are similar to
the ones given in [9] for hybrid substitutions.

Proposition 7 (Local satisfaction condition for substitutions). For every
A-substitution 0: X —Y, every A[Y]-model (W, M), world w € |W|, and A[X]-
sentence v, we have: (W, M) =¥ 0(v) iff (W, M) 1, =¥ ~. o

Fact 8. Let 0, : {z} > J be the substitution that maps the nominal variable
z to the term k. Then (W, M)}, = (W, M)*=* for every model (W, M).

z<k

Propositions|7|and |§| (below) have an important technical role in the Birkhoff
completeness proofs presented in the later sections of the paper.

Proposition 9 (Subst. generated by expansions of reachable models).
If (W, M) is reachable, then for every A[X]-expansion (W', M') of (W, M) there
exists a A-substitution 0: X — & such that (W, M), = (W', M'). o

Ezxpressive power. Fact [5] highlights one of the main distinguishing features
of HDFOLS: the satisfaction of atomic sentences, whether they involve flexible
symbols or not, does not depend on the possible world where the sentences are
evaluated. This contrasts the standard approach in hybrid logic, where each
nominal is regarded as an atomic sentence satisfied precisely at the world that
corresponds to the interpretation of that nominal. In HDFOLS, the dependence
of the satisfaction of sentences on possible worlds is explicit rather than implicit,
and is achieved through the store operator. Following the lines of [9, Section 4.3],
one can show that even without considering action relations, HDFOLS is strictly
more expressive than other standard hybrid logics constructed from the same
base logic such as the hybrid first-order logic with rigid symbols [75].

3 Entailment

Let I" and I be two sets of sentences over a signature A. We say that I" se-
mantically entails I, or that I is a semantic consequence of I', and we write
I' = I, when every A-model that satisfies I" satisfies I too. When the set
I'" is a singleton {7}, we simplify the notation to I" = . Moreover, we usually
drop the subscript A when the signature can be easily inferred from the context.

Horn clauses. The problem we propose to address in this paper is that of finding
a suitable syntactic characterisation of entailments of the form I' &= 7, where
both I" and =y correspond to the Horn-clause fragment of HDFOLS.
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By Horn clause, we mean a sentence obtained from atomic sentences by
repeated applications of the following sentence-building operators, in any order:
(a) retrieve (b) implication such that the condition is a conjunction of atomic
sentences or action relations, (c) store, (d) universal quantification, (e) necessity,
and (f) next. We denote by HDCLS the Horn-clause fragment of HDFOLS, and
by Sen"PCLS(A) the set of all Horn clauses over the signature A.

In the next sections, we develop a series of syntactic entailment relations,
whose corresponding entailments are denoted by I' - . All of them are sound,
in the sense that I' - v implies I" = ; and some are also compact, which means
that, whenever I' |- «, there exists a finite subset I’y < I" such that Iy - .

As in previous studies on Birkhoff completeness [4[8], we follow a layered
approach. This means that we distinguish the atomic layer of HDCLS from the
layer of general Horn clauses. The former is intrinsically dependent on the details
of HDCLS, whereas the latter is in essence logic-independent, and can easily be
adapted to other hybrid-dynamic logics, not necessarily based on first-order logic.
The same ideas apply, for example, to hybrid-dynamic propositional logic.

Nominal replacement. In order to capture syntactically relations between hy-
brid terms that correspond to different nominals, we introduce a way to replace
nominals with nominals within hybrid terms. Given two nominals k; and ks, let
f: Tss;n — T'sn be the function that maps k1 to ko and leaves the other nominals
unchanged. We define the family {0, /p, x: TkA — TfA(k)}keTEn by induction:

1. 6k1/k2,k(0-(i)) 7: U(6k1/k2,k0(i)) when (3' € F(;r—»s and t € TkAo,ar; i
2. 5k1/k2,k(0(k0;t)) = U(f(kO)a 6k1/k2,ko (t)) when o € F:r—»w EAS Srv te Tkﬁ,ar;
3. 6k1/k2)k(a(k;i)) = U(f(k);(sk:l/krz,k:(i)) when o € Fafr—>sv S e Sf, and i S Tlcéar‘

We usually drop the subscript k, and denote the map 6y, /i, 1 simply by oy, /g, -

4 Atomic completeness

In this section, we focus on a completeness result for the atomic fragment of
HDCLS. There are two major advancements that distinguish the work presented
herein from previous contributions (see, e.g. [§]): (a) the state space of every
Kripke model is equipped with a full algebraic structure, and () the signatures
can have flexible sorts — instead of being restricted to rigid sorts only.

To start, let - be the syntactic entailment relation generated by the rules
listed in Figure[I] The following soundness and compactness result can be proved
in essentially the same way as in [§]. In particular, the compactness property
follows from the fact that all rules have a finite number of premises.

Proposition 10 (Atomic soundness & compactness). The atomic syntac-
tic entailment relation + is both sound and compact. O

As it is often the case, completeness is much more difficult to prove, and
relies on a number of preliminary results. For the developments presented in this
section, we make use of a specific notion of congruence on a Kripke structure.
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n n 'k = ko n I'ki=ky I'hko=%ks
R ——— " (™) —
I'k= ' ko =k 'k, = k3
Ik =k I'=Mk1) Tk =ko I'-k=F
Gmﬂ N i (k1) 2 (why [s€S]

I+ 0(](171) = O(k‘z) I+ )\(@) '+t =k,s 6k’/k(t)

I'=t1 =gy ,s t2 Frk=k Trti=pt

W) — —[seS" w
(W) I' =11 =py,s t2 [ ] W) I' = iy (t1) =k Onyir (t2)
't =t 'ty =gst I'Hto=pst
(R") - ) 1_ 2 (T 1 =g,s 2 . 2 =k,s L3
F'—t=t IHta=t 't =kst3
F}_E:k,arg Fl_azk,m't;

r r £ f
) o men ot 7T O F ) — i) 7 e

'ty =rt2 T'Fm(t) 'ti=xta I+mn(kt)

or r cepl (Pf _ me Pf
(P I'+w(ta) [ ) I m(kstz) | |
Ik =ky I n(kyts I'-a
(Ph) k1 2 = 7T(717 1) [71' c Pf] (Reto) M [P is atomic]
I' = (ks 6y iy (£1)) FEp

¢ For brevity, I" - k1 = ko stands for I" ki1, = ko, for all indexes i of the two tuples.

Fig. 1. Proof rules for atomic sentences

Definition 11 (Congruence). Let A = (X", X" < ) be a HDCLS-signature,
and (W, M) a Kripke structure for it. A A-congruence on (W, M) is a family
= = {=w}weyw| of X-congruences =, on My, for each possible world w € |W/,
such that (=, .s) = (Sw,,s) for all worlds w1, ws € |W| and rigid sorts s € S”.

The next construction is a straightforward generalization of its first-order
counterpart, and has been studied in several other papers in the literature (see,
e.g. [§]). For that reason, we include it for further reference without a proof.

Proposition 12 (Quotient model). Fvery A-congruence = on (W, M) deter-
mines a quotient-model homomorphism (_/=): (W, M) — (W, M /=) that acts
as an identity on W, and for which (M /=),, is the quotient X-model M,,/=,,.

Moreover, (_/=) has the following universal property: for any Kripke homo-
morphism h: (W, M) — (W', M') such that = < ker(h)ﬁ there exists a unique
homomorphism h': (W, M /=) — (W', M') such that (_/=); ' = hﬂ o

We prove the atomic completeness of HDCLS in two steps: first, for nominal
equations only; then, for arbitrary atomic sentences (both nominal and hybrid).
According to the lemma below, every set of nominal equations I'" admits a ‘least’
Kripke structure (W", M") that encapsulates the formal deduction of equations.

8 This means that hw,s(a1) = hw,s(az2) for all a1, a2 € My, s such that a1 =5 a2.
9 Note that we use the diagrammatic notation for function composition.
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Lemma 13 (Least Kripke structure of a set of nominal equations). For
every set I'™ of nominal equations over a signature A, there exists a reachable
initial model (W", M™) such that I'" + p if and only if (W", M") = p, for all
nominal or hybrid equations p over the signature A. O

The following proposition shows that a set I" of (nominal or hybrid) equations
generates a congruence on a reachable Kripke structure (W, M) when I entails
all the equations satisfied by (W, M). In particular, the result holds when I
includes the set of all equations that are satisfied by (W, M).

Proposition 14 (Congruence generated by a set of equations). Consider
a set I' of equations over a signature A, and a reachable A-model (W, M) such
that I' + p for all equations p satisfied by (W, M). For all w € |W|, let =, be
the relation on M, defined by T =,, 7o whenever I' - t1 =y, to for some k € Tsn
and ty,ty € TkA such that w = Wy, and 7, = My, ,. Then:

[ ]E [tg] iff I' =ty =k to, for all k € Tsn and tq,1s ETkA,’

P2 A congruence on (W, M). o

Now we can finally prove the completeness result for atomic sentences.

Theorem 15 (Atomic completeness). Fvery set I' of atomic sentences over
a signature A has a reachable initial model (W1 MT) such that I' - p if and
only if WE, M) = p, for all atomic sentences p over A.

Proof. Let I'" be the subset of nominal equations in I'. By Lemma [I3] there
exists a initial model (W", M") of I'" such that I'" - p iff (W™, M") k= p for all
equations p over A. Then (W" M") satisfies the hypotheses of Proposition
with respect to the set of all (nominal or hybrid) equations in I'. It follows that
the relation = defined by [t1] =) [t2] whenever I |- t; = o, for all nominals
k and all terms t1,to € Tk , is a congruence on (W" M"). We define (W1, MT)
as the model obtained from (W", M"/=) by interpreting;

— each nominal relation symbol A € P" as W' = {[k] € |W”| | I+ (k)Y
— each relation symbol w € P" as M[k ={[t]/=x) € M[k | '+ w(t)};

— each relation symbol 7 € Pf as Mk] ={[t]/= EMF] | I+ w(k;t)}.

Note that the interpretations of w € P and 7 € P are independent of the
choice of the nominal k. For example, for flexible relation symbols, if [k] = [£’]
then I - k = k’; therefore, if I - 7(k;1), we also have I" - 7w(k'; ') by (P"),
where ¢ = &), () is a tuple of hybrid terms that satisfies [¢] = [t'].

The fact that (W1, MT") is a reachable model of I" follows in a straightfor-
ward manner by construction. Therefore, we focus on the initiality property. Let
(W, M) be a A-model that satisfies I". In particular, (W, M) satisfies all nominal
equations in I'. By Lemma we deduce that there exists a unique homomor-
phism h: (W", M") — (W, M). We also know that (W, M) satisfies all hybrid
equations in I'; which implies that = < ker(h). By Proposition this means
that there exists a unique Kripke homomorphism &': (W" M"/=) — (W, M)
such that (./=); h’ = h. To finalize this part of the proof, we need to ensure
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that h' preserves the interpretation of all relation symbols (nominal or hybrid)
satisfied by (W1, MT"). We only consider the case of flexible relation symbols.
Nominal relations and rigid relations can be treated in a similar manner. Sup-
pose 7€ P{_and T e M[I,;] for an arbitrary but fixed nominal k£ € T's;». Then:

771-7

1 I'+ 7w(k;t) for some tuple of terms by the definition of M[I,;]Jr
t € T2, such that 7 = [t]/=p
2 TI'Een(k;t) by Proposition
3 (W,M) k&= (ki) since (W, M) = I"
4 Mwi € My, for w =Wy by the definition of =
5 h(T)e My since h'(T) = b/ ([t]/=k)) = M, 1

Lastly, we show that I" - p iff (W!, MT") = p, for all atomic sentences p. The
‘only if” part is straightforward since (W', M) is a model of I'. For the ‘if’ part,
we proceed by case analysis on the structure of p. The more interesting cases
are those of relational atoms. Suppose, for instance that (W', MT) = n(k;t),
where 7€ Pf | ke Tsn, and t e T,faT. If follows that:

ar’

1 [tl/=m € M[ﬁ],w by the definition of =
2 I+ w(k;t) for some tuple of terms by the definition of M[I,;]Jr
t' € T2, such that [t'] =y [{]
3 TI'bFi=pal by Proposition
4 I+ w(k;t) by the proof rule (Pf) O

5 Quasi-completeness

The main contribution in this section is the construction, for any set of Horn
clauses, of an initial model that encapsulates the syntactic deduction of atomic
sentences and action relations. An initiality result is obtained in [I1] as well, but
in that paper it is based on the semantic entailment. In contrast, the present
result is based on syntactic deduction, which requires a higher level of complexity,
and it is developed in the context of a modular approach to completeness. This
means that the present results are applicable to other modal logics, where some
of the sentence-building operators considered here may be disregarded.

We focus on entailments of the form I' = p, where I' is an arbitrary set of
Horn clauses, and p is either an atomic sentence, or an action relation. To that
end, let - be the syntactic entailment relation generated by the rules listed in
Figures and [3] The soundness and compactness result presented in Section [4]
can be generalized with ease for the entailment relation — that we consider here.

Proposition 16. The entailment relation  is sound and compact. O

Fact 17 (Retrieve redundancies). For all nominals k1, k2 € T'x» and all sen-
tences v over a signature A, the sentences @Qj, @, v and @y, v are both syntac-
tically and semantically equivalent. Moreover, if p is atomic or an action relation,
then Qg p is syntactically and semantically equivalent to p.
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It ai(k,k2) T az(ka, k) (Union) I ai(k1, k2)
[
I\ (a1; a2)(k1, ka) I (a1 v az)(kr, k2)

'k =ko Fl—u(ki,ki+1) for0<i<n Fl—@ka(k‘l,kg)
S EMTE s ! (Ret,) ———r oM, 2)
I'—a (ko,kn) I+ a(k‘l,kg)

(Comp) [ie{1,2}]

Fig. 2. Proof rules for action relations

' Qg @, y (Ret) Ity (Impe) I't- @, (ANH =)
F'*@kg’}/ FF@]C’V FUHF@]C’Y

I'-Qlz- ' @Q,VX -
(Storeg ) # (Substq it
I Q0. x(v) ' Qg 6(y)

I'+ @y, [a]y I'+ a(ky, k) (Nexte) I' @ (0)y
Fl_@kg’}/ Fl—@o(k)'y

(Ret@)

(Necg)

¢ Recall that 0,: {z} — J is the substitution that maps z to the nominal k.
9. X — ¥ is a ground substitution.

Fig. 3. Proof rules for Horn clauses

To prove that +— is also complete, we first extend Theorem [15[to entailments
I'  p for which I' is a set of atoms and p is either atomic or an action relation.

Proposition 18 (Extending atomic completeness). Let I be a set of atomic
sentences over a signature A, and (WL, MT") a reachable initial model of I as in
Theorem |15, Then I' - p if and only if (W', M") = p, for all atomic sentences
or action relations p over the signature A. m]

The result below shows that, in order to obtain an initial model of a set I’
of clauses, it suffices to consider the initial model (W10 MT0) of the set I of
atoms entailed by I'. Moreover, (W10, MT0) satisfies all clauses entailed by I".

Theorem 19 (Initiality preserves formal deductions). Let I" be a set of
clauses over a signature A, I'y = {p € Sen"PS(A) | I' = p & p is atomic},
and (WTo M1 a reachable initial model of I'y as in Theorem |15, Then I'
implies (WTo MT0) =~ for all Horn clauses v over A.

Proof. Since the model (W'o M7T0) is reachable, it suffices to prove that I' |-
@y~ implies (W0, MT0) | @~ for all nominals k € Ts» and Horn clauses
7 € 8en"PCLS(A). We proceed by structural induction on 7.

For the base case, assume I' - @y ~, where « is atomic. It follows that:

1 TI'bky by (Reto) in Figure

2 vye Iy by the definition of I

3 Iokvy by the monotonicity of -
4 (Who M) =~ by Theorem

5 (W, M™) @y byFact
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For the induction step, we proceed by case analysis on the topmost sentence-
building operator of v. We only present the case corresponding to the necessity
operator. Proofs for the remaining cases can be found in Appendix [C]

[ I+ @ [a]y] Let w = W/, We want to show that (W71, M70) =% ~ for all
possible worlds w’ such that (w,w’) € W1o. Given such a possible world, since

the model (W10 M7T0) is reachable, we know that there exists a nominal &’
such that w' = W,go. It follows that:

1 (W, M) = a(k, k') since (w,w’) € W4

2 Iota(k k) by Proposition

3 Iy + a(ky, k2) for some finite I'y € I since |- is compact

4 It a(k k) since I' - I'y and I'y - a(k1, k2)

5 @'k Qpy by (Nece)

6 (W M) @y by the induction hypothesis

7 (W Moy = since w':WkI:O. O

We are now finally ready to tackle the quasi-completeness of HDCLS: the
initial model of a set of Horn clauses encapsulates the formal deduction of both
atomic sentences and action relations. Note that, in general, action relations are
not Horn clauses; nonetheless, we discuss their case too because it provides an
important technical tool for the final completeness result.

Corollary 20 (Quasi-completeness). Under the notations and hypotheses of
Theorem (Who, MTo) is also an initial model of I'. Moreover, for all atomic
sentences or action relations p, the following statements are equivalent:

1. TEp 2. (Wl Moy = p 3. I'tp O

6 Horn-clause completeness

This final technical section deals with Birkhoff completeness, which corresponds
to the existence of a syntactic characterization for the semantic entailment rela-
tion of HDCLS. This is practically very useful, because Horn clauses facilitate the
development of an operational semantics of formal specifications based on rewrit-
ing. For example, action relations can provide logical support for the rewriting
rules used in Maude [3], or for the transitions from CafeOBJ [6].

In order to generalize completeness to arbitrary Horn clauses, we need to
consider additional rules, which are particular to different kinds of clauses. We
say that a sentence is action-free if it contains no occurrences of any of the
action-building operators (composition, union, or transitive closure), and that it
is star-free if it contains no occurrences of the transitive-closure operator.

Notation 21. Consider the following fragments of HDFOLS. Each of them is
obtained through a specific restriction on sentences:

HDFOLS™Y - corresponding to action-free Horn clauses;
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Ret Im Store
(Rete) T onn (Impy) TN ) (Storey) Oz
(Quant) AT Gy T falk D) Fap @y T Gy
I'-A @ VX -y I' A Qg [a]y I'- Qg (0)y
Fig. 4. Additional proof rules for Horn clauses
E U {ai(ki,2),00(z, k2)} Q) e
(Compi) : (QA)[ ] [E U {e} < Sen"PO5(A)]
Eu{(ar;a2)(k1, k2)} H47 €
E U {ai(k1, k @ ¢ forie{l,2
(Union) B teithuka)} m e forie (1,2} v o woros o))

E U {(a1 Uag)(ki, ko)} P e

E U {a"(k1, k ) ¢ for all m e N
(Stan olal(kn k)l E T eforalln €N o HoroLs )]

E U {a* (ki k2)} P e

% Note that this rule is infinitary; we only use it in the final result in Section @

Fig. 5. Additional proof rules for action relations

HDFOLS® - corresponding to star-free Horn clauses and action relations;
HDFOLS® - corresponding to Horn clauses and action relations.

Notice that HDFOLS® is the richest fragment, and that 7 is a clause in HDFOLS
iff it is a Horn clause in HDFOLS® . We also define three entailment relations:

1. - is generated by the proof rules in Figures but restricts the appli-
cations of (Nec)) to situations where a is a modality (i.e., an atomic action);

2. ® is generated by the proof rules in Figures except (Star), and re-
stricted to applications of (Comp;) and (Union)) to star-free sentences;

3. ) is generated by all proof rules in Figures

Notice also that () is the most general one. Given a set of Horn clauses, )
can be used to derive arbitrary Horn clauses from it, whereas ) can only be
used to derive star-free Horn clauses, and () only action-free Horn clauses.

It is easy to check that all these entailment relations are sound — similarly to
Propositions [10| and along the lines of [§]. Compactness, however, holds only
for the first two. That is because the rule (Star) in Figure [0 is infinitary.

Proposition 22 (Soundness & compactness). The entailment relation ()
is sound, for all x € {1,2,3}. Moreover, O and @ are also compact. O

Our approach to completeness relies on the introduction rules in Figures [
and |5} These allow us to simplify, for example, the action relations that may
appear in the left-hand side of the turnstile symbol during the proof process.
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Theorem 23 (Birkhoff completeness). Let x € {1,2,3}. For every set I" of
Horn clauses in HDFOLS, and for every clause v in HDFOLS(I),

I'e~y implies '@

Proof. Notice that I' = v implies I' = Qi «y, for any nominal k. Therefore, given
the proof rule (Retg), it suffices to prove that I' = @, implies I" —(*) @, ~v. We
proceed by induction on the structure of the sentence ~.

For the base case, where v is an atomic sentence, the conclusion follows by
Fact Corollary and the fact that I' - ~ implies I" ) ~.

For the induction step, we consider only the case where 7 is universally quan-
tified. The remaining cases can be proved in a similar fashion; see Appendix

[['EQgVYX-v] Then:

1 I'kEax) Qry by the general properties of =
2 r '—(Xéx] Qpy by the induction hypothesis
3 I F(AI Qp VX -y by (Quant) -

To come to an end, notice that the entailment relation —®) is sound (by
Proposition and complete (by Theorem , but it is not compact, since the
rule (Star) is infinitary. The next proposition shows this is the best result we
can obtain, because the semantic entailment relation in HDCLS is not compact.

Proposition 24 (Lack of compactness). HDCLS is not compact.

Proof (sketch). Tt suffices to consider a signature A with two nominals, k& and
k', and two modalities, A and «, and the set I" = {A\"(k, k") = a(k, k') | n € N}
of Horn clauses over A. Then the following properties hold:

1. I'e= Xk, k') = a(k, k);
2. There is no finite subset I'y < I" such that I't = X*(k, k') = a(k, k). O

7 Conclusions

The hybrid-dynamic first-order logic that we have studied in this paper is ob-
tained by enriching first-order logic with a unique combination of features that
are specific to hybrid and to dynamic logics. This provides a language that is
particularly well suited for specifying and reasoning about reconfigurable sys-
tems. More precisely, it allows us to capture reconfigurable systems as Kripke
structures whose possible worlds (a) have an algebraic structure, which supports
operations on configurations, and (b) are labelled with constrained first-order
models that capture the local structure of configurations. From a syntactic per-
spective, we define nominals and hybrid terms to refer to possible worlds and to
the elements of the first-order structures associated to those worlds. Terms are
then used to form nominal and hybrid equations, as well as relational atoms,
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from which we build complex sentences using Boolean connectives, quantifiers,
hybrid-logic operators such as retrieve and store, and dynamic-logic operators
such as necessity over actions, i.e., regular expressions over modalities.

In this context, we have developed a layered approach towards a Birkhoff
completeness result for hybrid-dynamic first-order logic. There are three major
layers to consider: first, the atomic layer, which deals with entailments where
both the premises and the conclusion are atomic sentences; second, a mixed
layer, which deals with entailments where the premises are Horn clauses, but
the conclusion is only an atomic sentence or an action relation; and third, the
general, Horn-clause layer, which deals with entailments where both the premises
and the conclusion are Horn clauses. For each of these layers, we have developed
sound and complete proof systems. Moreover, for the first two layers, the proof
systems considered have also been shown to be compact.

The third layer deserves more attention. In that case, we distinguish between
two main proof systems: (a) one that is compact, but complete only for entail-
ments whose conclusion is a star-free clause; and (b) one that is not compact,
but it is complete for all entailments. To conclude this line of developments, we
have shown that this is the best result one can obtain for hybrid-dynamic logic.

As mentioned already, thanks to its features and expressive power, hybrid-
dynamic first-order logic is a promising formalism for reasoning about reconfig-
urable systems. The work reported in this paper provides a rigorous foundation
for that purpose. Therefore, an important task to pursue further is the devel-
opment of a language, specification methodology, and appropriate tool support
(that implements the proof systems presented here) for this new logic.
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A Proofs for results presented in Section

Proof (of Lemma @ The universal property of hybrid term models).

The fact that (W,T") is a A-model is straightforward. For the ‘freeness’ part,
we define {h,,: TV — M }(w)}w€|W| by structural induction:

L. hu,s(0(7)) = M) o (huwg,ar (7)) for all o € F;

ar—s’

wo,w € |W|, T € TJJQM;
2. hap,s(0(wo; 7)) = M o (hug,ar(T)) for all flexible operations o € Ff .
such that s € S, and all wo, w € |W| and 7 € T}), ,,;

3. hys(o(w;7)) = M}(w)’o(hwym (7)) for all flexible operations o € Ff__ _ such
that s € S, and all w e [W| and 7 e TV,

It is again straightforward to check that h = (f, {hw}wejw|) is a Kripke homo-
morphism (W, TW) — (W’  M’), and that it is unique with this property. ]

Proof (of Proposition : A term model is reachable by hybrid terms whenever its
space state is reachable by nominals).

By hypothesis, h: Tx» — W is surjective. Therefore, all we need to prove is
that, for every nominal k, the Y-homomorphism Ay : TkA — T}L"(/k) is surjective.
We proceed by induction on the structure of the hybrid terms:

1. Assume that 7 € T}Y‘(/ko)m and o € F!__ _ (hence, s € S). By the induction
hypothesis, there exists tuple of hybrid terms ¢ € Tj5 . such that Ay, o (f) =
7. Therefore, hy s(0(t)) = hiy,s(0(1)) = 0(hig,ar(t)) = (7).

2. Assume that 7 € T,f‘(/ko),ar, oeF! and s € S". By the induction hypothe-

sis, there exists t € TkAO’M such that hy, or(t) = 7. Therefore, hy, s(o(ko;t)) =
hios (0 (ko3 t)) = o(h(ko); hkg,ar (1)) = o (h(ko); 7).

3. Assume that 7 € T}L’(V k),ar O € Ff and s € S*. By the induction hypothesis,

there exists t € T,fa; such that hg () = 7. Therefore, hy s(o(k;t)) =
o (h(k); hy,ar () = o(h(k); 7). =

B Proofs for results presented in Section

Many of the results presented in this work (including Lemma which we
discuss below) rely on the following general properties of entailment relations:
Monotonicity: I'" < I' implies I' + I'';

Transitivity: I' = I and I + I imply I' + IT'";

Union: '=T"and '+ T imply '+ I" v IT'".

From these, we can derive a form of cut: I' — H and I' U H  ~y imply I" -+ 7.

Proof (of Lemma : Every set of nominal equations admits a reachable initial
model that encapsulates the formal deduction of equations from that set).

Let I'" be a set of nominal equations over A, and =" = {(k1, k) € Txn X Txn |
I'" b ky = ko}. Tt is straightforward to check, based on the rules (R"), (S"),
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(T™), (F"), and (P") in Figure |1} that =" is a X"-congruence on Ts». Therefore,
we can define W" as the quotient X'"-model Txn/=", and M" as the family of

all sets of hybrid terms over W". Clearly, (W", M") is reachable.
To show that it is an initial model of I'", note that, for every (k1 = ko) € I'™:

1 Ik =ke by the monotonicity of
2 [ki] = [k2] by the definition of ="
3 (W™ M") = k1 = k2 by the definition of &=

Furthermore, for every A-model (W, M) that satisfies I'", the first-order model
W satisfies I'" too, so there exists a unique X"-homomorphism f: W" — W. By
Lemma 2 f extents to a unique A-homomorphism h: (W7, M") — (W, M).

Now let us show that I'" -+ p and (W", M") = p are equivalent. If I'" |- p,
then we know that I'" = p by Proposition Given that (W", M") is a model of
I'" it follows, by the definition of the semantic entailment, that (W", M") &= p.

For the converse, we distinguish two cases: if p is a nominal equation, the
conclusion follows with ease from the definition of ="; on the other hand, the
case where p is a hybrid equation deserves more attention.

Let []: (T, T4) — (W" M") be the unique arrow from Notation 3| It
suffices to show that for all k1,ky € Tsn, s € S, t1 € TkAhs and ty € TkAz,s such
that [k1] = [k2] and [t1] = [t2], we have I" = t1 =g, s Ok, /1, (t2).

We proceed by structural induction on the term ¢;:

[t1 =o(t)), where o € F, and t| € T,fhm, ]

ar—s
[t1] = o([t}]) since [-] is a homomorphism
2 ta=o(th) by regarding o([t;]) = [t2] as an
for some t/, € TkAzm = T,CALM equality of trees
3 [m=13 since o([7]) = o([55])
'+t =t by the induction hypothesis
5 I'o(ty) =o(ty) by (F)
[t1 = o(ki;t)) where o€ Ff,_ . 1) € TkA’l,ar and s€ S|
[t1] = o([k1]; [t1]) since [_] is a homomorphism
ty = o(kb; th) for some since o([k1]; [t}]) = [t2] can be
k € Tn and t), € T,CA,Q,M regarded as equality of trees
3 [k = (k5] and [7] = (5] since o[k s 7)) = o([k4]: [5])
4 Ity =p Opym (t5) by the induction hypothesis
5 It o(kizty) = okl Oy (8)) by (F')
6 ' o(kisth) = Ouy e (o(Ka;th)) by the definition of &y ks
7T T'o(kyt)) = a(kh;th) by (Wh), since I' - k} = kb
[t1 = o(ki;t)) where ce Ff,_ . T, € T,far and s € S|
1 [t]=o(k]):[5]) since [_] is a homomorphism
2ty =o(ka;th) since o([k1]; [t]]) = ['] can be

for some t}, € T,CAZ,M regarded as equality of trees
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s @m-1m since o(([7]) = o([55])

4 T t) =k Ougm (th) by the induction hypothesis

5 It o(kisth) =k o(ky; Oy (2)) by (F)

6 I o(kit)) =k Okym, (0(k2;th)) by the definition of 6, /k, O

Proof (of Proposition : A set of equations generates a congruence on a reach-
able Kripke model if it entails all the equations satisfied by that model).

In regard to the characterization of = (as per the item [P1)), the ‘if” part follows
immediately by the very definition of =. Therefore, we focus on the ‘only if’
part. To that end, suppose [t1] = [t2]. It follows that:

1 It} =4 th for some nominal £’ and terms by the definition of =
t1,th € Ty , such that [k] = [k'] and [t:] = [t}]

2 TI't+k=F since (W, M) =k =F
3 I Sm(th) =k Spp(th) by (W)

4 [t] = [ti] = [Owm(t)] since [k] = [K]

5 't =k 5k//k(t/i) W, M) =t; = 6k//k(t/i)
6 't =g to fromand by (Th)

Let us now show that = is a A-congruence on (W, M). For each nominal k, the
reflexivity, symmetry, and transitivity of =) are straightforward consequences
of the proof rules (R"), (5") and (T"), of the characterization given at and
of the fact that (W, M) is reachable. For instance, in regard to the reflexivity of
=x), for every 7€ My s we know there exists a term ¢ € T,fs such that 7 = [¢].
By (R"), we have I' - t = t, which implies, by that 7 =g, 7.

For the compatibility of = with the operations in F', assume that o € Fi,_
and 71,73 € My qr such that 71 =) 4 T2. There is no significant distinction
between the case where o is rigid and the case where ¢ is flexible. Therefore, we
choose to focus on the latter case, corresponding to o € F’ (fr_,s. We have:

1 I' - t1 =g, ar t2 for some tuples of terms by
t; e T;fw such that 7 = [{;]

2 TI'to(kt) =s o(k;ta) by the proof rule (Ff)
lo(k;t1)] =, [o(k;t2)] by the definition of =
4 Mpo (M) =), Mp),0(72) since [o(k; t1)] = Mk 0 (77)

It remains to check that (=) ) = (=[,,) for all nominals k, k" € T's» and
all rigid sorts s € S". This follows easily from and the proof rule (W"). O

C Proofs for results presented in Section

Proof (of Proposition : Atomic completeness extends to action completeness).

Let I" be a set of atomic sentences over A, and (WX, M) an initial reachable
model of I" as in Theorem [[5} Building on that result, it suffices to prove that

I'a(ky, ko) it (W, MDY & a(ky, ks)
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for all actions a € A" and all nominals kq,ks € Tx». As in the case of atomic
completeness, the ‘only if’ part follows with ease from the soundness of - and
the fact that (W1, MT) is a model of I'. Therefore, we only give a detailed
account for the ‘if” part of the statement.

We prove the result by induction on the structure of the action a. For the
base case, which corresponds to the fact that a is a modality, the conclusion
follows by Theorem [I5] Hence, it suffices to analyse the induction steps that
correspond to the composition, union, and transitive-closure operators.

[(WE, MT) & (ay; a2)(k1, k2) ] Tt follows that:

1 ([k1], [k2]) € Wi, by the definition of =
2 ([k1], [k2]) € Wi, s W, since Wy .o, = Wi, ; W1
3 ([k1],[k]) e WL and ([k], [k2]) € WL, since (W', M*) is reachable
for some nominal k € T'sn
4 (WP MDY E ai(k, k), az(k, k2) by the definition of =
5 I' ai(k1, k) and I' - az(k, k2) by the ind. hypothesis
6 Ik (a1;a2)(k1,ke2) by (Comp)
[(WE, MT) = (a1 U ag)(k1,ke) | Tt follows that:
1 ([k1], [k2]) € Wi G by the definition of =
2 ([k1], [k2]) € W,. for some i € {1,2} since Wi, Lo, = Wi, U W,
3 (W, M") = ai(ky, k2) for some i € {1,2} by the definition of =
4 I+ a;(ki, k2) for some i € {1,2} by the ind. hypothesis
5 ' (a1 v az)(k1, k2) by (Union)

[ (WE, MT) & a*(ky, ko) | By the definition of the satisfaction of a*(ky, ko), it
follows that ([k1], [k2]) € (WI)™ for some n € N. If n = 0, then:

1 [k1] = [k2] since (WI)° = idwr|
2 WU MO Eki=k by the definition of =
3 I'iki=hko by Theorem

4 T a*(k,ke) by (Refl)

On the other hand, if n > 0, then there exist nominals {l;}o<i<n such that
lo = ki, I, = ko, and ([l;], [lix1]) € W[ for all 0 < i < n. It follows that:

1 W5 M) Ea(liliyr) forall 0 < <n by the definition of =

2 TI'talliliyr) forall0<i<n by the ind. hypothesis

3 I'ta*(lo,ln) by (Star)

4 T+ a*(ki, ko) since lg = k1, I, = ko o

Proof (of Theorem : Initiality preserves formal deductions).

In what follows, we continue the case analysis on page [I3] for the proof of Theo-
rem [I9] The case that corresponds to the necessity operator is already discussed
in Section |5l Therefore, we focus on the remaining five cases.

[ [+ @ Qp v ] The conclusion follows from the list of inferences below:
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1
2
3
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I'- Q@ vy by (Rete) in Figure
(W0 M) = @y by the induction hypothesis
(W, M) = @ @y by Fact

[+ @ (A H=~)] What we need to show is that (W10, MT0) =¥ H implies
(Who, MTo) = 5, where w = W[°. So, suppose (W0, M'0) = H. Then:

© 00 O Ot ks W N

(Who, MDY = H by Fact|j

Io—-H by Proposition

I'y = H for some finite subset I'y < I since |- is compact

I'+—1TIy by the union property of
I'-H from and by transitivity
I'vHE Qgy by (Impg)

I'-Q~y fromandlEI, by cut

(W10, M) = @ v by the induction hypothesis
(Who, Moy v 4 by the definition of =

[T+ @ lz-v] We need to show that (W7o, MT0) % | 2., where w = W,/°.
To that end, we proceed as follows:

S O s W N

I'-@;0.r(y) by (Storeg)

(Who M) = @y 0,k (7) by the induction hypothesis
(Who M) ™ 0,k (y) by the definition of =

(WTo ppTo) o, E“ by the local sat. cond. for 6,
(Wl pMloyzew v by Fact

(Wl MTo) =% 2.y by the definition of =

[+ @, VX v ] Let w = W/°. We want to show that (W, M) % v for any
A[XJ-expansion (W, M) of (W10 MT0). Therefore, consider one such expan-
sion. Since the model (W0, M7T0) is reachable, by Proposition@ there exists
a substitution §: X — & such that (W1o MTo)}, = (W, M). It follows that:

T W NN =

1
2

I'-@,0(v) by (Substg)
(Who M) = @y 6(vy) by the induction hypothesis
(Who MY =2 6(y) by the definition of =
(Who MIoy, =Y 5 by the local sat. cond. for ¢
(W, M) ="~ since (W', M)y = (W, M)

[ '+ @ (0)v] Tt suffices to show that (W1o MT0) =¥ ~ where w = ch&)
I'+ @o(k) 0% by (NextE)
(W1 M) = Qi) Y by the induction hypothesis
(WF‘),MFO) =Yy sincew=WOIE(;€) O

3

Proof (of Corollary : The initial model of a set of Horn clauses encapsulates
the formal deduction of both atomic sentences and action relations).
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Let I" be a set of Horn clauses over A. For the first part of the corollary, recall
that, by Theorem (WTo MT0) is a reachable initial model of I}y. By sound-
ness, I' i Iy. Therefore, for every model (W, M) of I', we have (W, M) k& I.
By the initiality property of (W' M'?) we obtain a unique homomorphism
(Who MTo) — (W, M). All this means that, in order to prove that (W10 Af1o)
is an initial model of I, it suffices so show that (W!° M!0) = I'. To that end,
let ye I' and w € |[Wo|.

1 w = [k] for some nominal k € T’sn since (W'0, M'?) is reachable
2 'k Qg~y by (Ret)), since I' + v

3 (W, M) = @y by Theorem

4 (W MTo) v~ by the definition of =

For the second part of the corollary, we proceed as follows:

[=[2] From the definition of semantic entailment, since (W10, M10) = I
[@=1[3] Assume that (W7o MT0) satisfies p. In that case, we obtain:

1 Iokp by Proposition

2 Iy + p for some finite I'y < Ip since - is compact

3 I'k-1Iy by the union property of

4 TI'+p from [3| and 2| by transitivity
[[A=1[] By Proposition |

D Proofs for results presented in Section [6]

The following fact forms a semantic basis for Lemma [26] (also presented below),
which shows how the completeness of any of the entailment relations —) can
be generalized to situations where action relations can be used as premises for
formal reasoning. Lemma [26] has an important role in dealing with implications
and with the necessity operator in the proof of Theorem [23]

Fact 25. In HDFOLS, for each set I of sentences and any sentence -y, we have:

1. I'u {(Cll ; ag)(kl,kg)} A 7y implies I" U {al(kl,z), CLQ(Z,]CQ)} FEA[] 7
2. I' U {(ag U az)(k1,k2)} &=~y implies I" U {a;(k1,k2)} &=« for both i € {1,2};
3. I'u {a*(k1,k2)} E ~ implies I" U {a"(k1, k2)} = v for all n € N.

Lemma 26. Let x € {1,2,3}, and consider a finite set H of action relations
and a Horn clause v in HDFOLS®) such that I' = v implies I' =) ~ for all
sets I' of Horn clauses in HDFOLS Then I' U H = ~ implies I' 0 H &) .

Proof. We prove the statement by well-founded (Noetherian) induction on (m,n),

where m is the total number of occurrences of the transitive-closure operator in

H, and n is the total number of occurrences of the composition or union opera-

tors in H. We also denote these numbers by ntc(H) and ncu(H), respectively.
Notice that:

10 Note that, if z = 1, then H consists only of nominal relations.
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— nte(H) = ncu(H) = 0 when H is a set of action relations in HDFOLS™;
— nte(H) = 0 when H is a set of action relations in HDFOLS®.

For the base case, corresponding to ntc(H) = ncu(H) = 0, we have that H
consists only of atomic sentences. Therefore, I' U H is a set of clauses, which
means that we can use the hypothesis on 7 to infer I' U H () «.

For the induction step, suppose that the statement holds for all sets H
as above such that (ntc(H),ncu(H)) < (m,n), in lexicographic order; and
let H be a finite subset of action relations in HDFOLS® for which (0,0) <
(nte(H),ncu(H)) = (mm)E I'" an arbitrary set of Horn clauses in HDFOLS,
and v a Horn clause in HDFOLS™ such that:

Hi. I' & ~ implies I' —-®) ~ for all sets I" of Horn clauses, and
H2. I"UHE~.

It follows that H = H’ u {a(k1,k2)}, where a(ky, k) is a non-atomic action
relation. We proceed by case analysis on the topmost action operator in a.

[a=ay;as] In this case, we have:

1 I"uH u{(ar;a)(ki,k2)} Eay by the hypothesis

2 I"UH u{ai(k,2),a2(z,k2)} Eap v by Fact

3 I"UH ufai(k,2),a2(z,k)} P(AZ[)Z] 5y by the ind. hypothesis,
‘ H ‘ since ntc(H") = m, ncu(H") <n

4 " UH U {(a1 ) az)(kjl, kz)} I—(AI) ¥ by (Comp.)

[a=a; Uay ] In this case, we have:

1 I"'UH U{(am vaz)(ki, k2)} =y by the hypothesis

2 I"UH u{ai(ki,k2)} = for bothie {1,2} by Fact

3 I"UH U{aik, k2)} —® 5 forie{1,2} by the ind. hypothesis,
T since ntc(H,) = m, ncu(H}') <n

4 T'"OH U{(a1ua)(k, k2)} - 5 by (Uniony)

[ @ =a¥ ] In this case, we have:

1 I"'UH u{af(ki,ke)} =y by the hypothesis

2 I"UH U{ab(k,k2)} = forall pe N by Fact 29

3 I"UH U{a}(ki,k2)} F® 5 for all pe N by the ind. hypothesis,
BT a— since ntc(H") <m

4 T'OH U{af(ks,k2)} @ 5 by (Star) o

Proof (proof of Theorem : Birkhoff completeness).

In what follows, we continue the case analysis on page [T for the proof of Theo-
rem The case that corresponds to universally quantified sentences is already
discussed in Section [6] Therefore, we focus on the remaining five cases.

1 Note that the ind. step is vacuously true for ), since no H in HDFOLS™" satisfies
(0,0) < (ntc(H), ncu(H)). A similar observation holds for —® and the case a = a¥.
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[ [ E QpQ v ] Then:

1 TI'EQy by Fact

2 I'rE® Qp, v by the induction hypothesis

3 '@ a,a, -y by Fact

[I'E Qg (A H= )] Then:

1 TUHEQ;y by the general properties of =

2 TUHEF® @~y by ind. hypothesis and
Lemma @

3 I'r®a,(AH=~) by (Imp)

[[EQglz-v] Let 0,: {z} » & be the A-substitution that maps the nom-
inal variable z to the (ground) term k. Then:

1 T'eEQyb.k(y) since Qg |z-v H Qk 0. k(7)
2 I @pb. x(y) by the induction hypothesis
3 I'rE®aglz-y by (Storey)
[ [ = Qg [a]y ] Then:
1 I'u{a(k,2)} Eap) Qv by the general properties of =
2 I'u{a(k,2)} I—(Aw[)z] @, v by ind. hypothesis and
Lemma
3 T'+% @y lay by (Nec))
[ I = Qf(0)y] Then:
1 I'= Qg y since Qg (0) v H Q) ¥
2 I'r® Qo) Y by the induction hypothesis
3 '@ @ (o)y by (Next)) m|

Proof (of Proposition .' HDCLS s not compact).

By the definition of compactness, it suffices to find a signature A, a set I' of
Horn clauses over A, and a clause v such that I' &= «, but Iy ¥ ~ for all
finite subsets I’y < I'. Therefore, let A be the signature that consists of only
two nominal constants, & and k', and only two modalities, A and «, and let
I = {\"(k,k') = a(k, k") | n € N}. We show that I" = A\*(k, k') = a(k,k’) and
I'y - X*(k, k') = a(k, k') for all finite subsets I'y < I'.

The first part follows easily from the definition of the satisfaction relation.
For the second part, let I’y be a finite subset of I', and n € N the largest natural
number such that the sentence \"(k, k") = a(k, k') belongs to I'y.

Now consider a A-model (W, M) that has n + 1 possible worlds — that is,
|W| = {w1,...,wp41} — and interprets k, k', X and « as follows: Wy, = wy,
Wi = wpi1, Wi = {(wi,wip1) | 1 <i < n},and W, = &.

In other words, we can regard (W, M) as a chain w; 2, wWo 2, w3+ Wy 2,
W 1. It is easy to check that (W, M) is a model of I'y (because it does not satisfy
(K, k"), for any 1 < i < n) and that it does not satisfy A\*(k, k') = a(k,k'). ©
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