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Abstract

A digraph D = (V, A) has a good decomposition if A has two disjoint
sets Ay and Ag such that both (V, Ay) and (V, Ay) are strong. Let T be
a digraph with vertices u1,...,u; (t > 2) and let Hy, ... H; be digraphs
such that H; has vertices u;j;,, 1 < j; < n;. Then the composition
Q = T[Hx,...,H] is a digraph with vertex set {u;;,: 1 <17 <t,1<
ji < mn;} and arc set

AQ) = U§:1A(Hi)u{uijiupqp: wiup € A(T),1 < j; <n;,1 <gp <my}.

For digraph compositions @ = T[Hy,...H;|, we obtain sufficient
conditions for @ to have a good decomposition and a characterization
of @ with a good decomposition when T is a strong semicomplete
digraph and each H; is an arbitrary digraph with at least two vertices.

For digraph products, we prove the following: (a) if £ > 2 is an
integer and G is a strong digraph which has a collection of arc-disjoint
cycles covering all vertices, then the Cartesian product digraph GU*
(the kth power of G with respect to Cartesian product) has a good
decomposition; (b) for any strong digraphs G, H, the strong product
G X H has a good decomposition.

Keywords: strong spanning subdigraph; decomposition into strong
spanning subdigraphs; semicomplete digraph; digraph composition;
Cartesian product; strong product.
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1 Introduction

We refer the readers to [1,2, 6] for graph-theoretical notation and ter-
minology not given here. A digraph D = (V| A) is strongly connected (or
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strong) if there exists a path from x to y and a path from y to x in D for
every pair of distinct vertices x,y of D. A digraph D is k-arc-strongif D—X
is strong for every subset X C A of size at most £ — 1.

A digraph D is semicomplete if for every pair z,y of distinct vertices of
D, there is at least one arc between x and y. In particular, a tournament
is a semicomplete digraph, where there is exactly one arc between z,y for
every pair x,y of distinct vertices. A digraph D is locally semicomplete
if the out-neighborhood and in-neighborhood of every vertex of D induce
semicomplete digraphs.

An out-branching B} (respectively, in-branching By ) in a digraph D =
(V,A) is a connected spanning subdigraph of D in which each vertex x # s
has precisely one arc entering (leaving) it and s has no arcs entering (leaving)
it. The vertex s is the root of BY (respectively, By ).

Edmonds [9] characterized digraphs having k arc-disjoint out-branchings
rooted at a specified root s. Furthermore, there exists a polynomial algo-
rithm for finding k arc-disjoint out-branchings from a given root s if they
exist (see p. 346 of [1]). However, if we ask for the existence of a pair
of arc-disjoint branchings B}, B; such that the first is an out-branching
rooted at s and the latter is an in-branching rooted at s, then the problem
becomes NP-complete (see Section 9.6 of [1]). In connection with this prob-
lem, Thomassen [12] posed the following conjecture: There exists an integer
N so that every N-arc-strong digraph D contains a pair of arc-disjoint in-
and out-branchings.

Bang-Jensen and Yeo generalized the above conjecture as follows.! A
digraph D = (V, A) has a good decomposition if A has two disjoint sets A;
and Ag such that both (V, A1) and (V, Ag) are strong [4].

Conjecture 1.1 [5] There exists an integer N so that every N -arc-strong
digraph D has a good decomposition.

For a general digraph D, it is a hard problem to decide whether D has a
decomposition into two strong spanning subdigraphs.

Theorem 1.1 [5] It is NP-complete to decide whether a digraph has a good
decomposition.

Clearly, every digraph with a good decomposition is 2-arc-strong. Bang-
Jensen and Yeo characterized semicomplete digraphs with a good decompo-
sition.

Theorem 1.2 [5] A 2-arc-strong semicomplete digraph D has a good de-
composition if and only if D is not isomorphic to Sy, where Sy is obtained
from the complete digraph with four vertices by deleting a cycle of length 4
(see Figure 1). Furthermore, a good decomposition of D can be obtained in
polynomial time when it exists.

The following result extends Theorem 1.2 to locally semicomplete di-
graphs.

'Every strong digraph D has an out- and in-branching rooted at any vertex of D.



Figure 1: Digraph Sy

Theorem 1.3 [}] A 2-arc-strong locally semicomplete digraph D has a good
decomposition if and only if D is not the second power of an even cycle.

Let T be a digraph vertices ui,...,u; (t > 2) and let Hy,...H; be di-
graphs such that H; has vertices u;;,, 1 < j; < n;. Then the composition
Q =TI[Hy,...,His adigraph with vertex set {u; ;,: 1 <@ <t,1<j; <n;}
and arc set

A(Q) = UE:IA(Hi) U {uijiupqp: UjUp € A(T)7 1< ]7, < ny, 1< dp < np}'

In this paper, we continue research on good decompositions in classes of
digraphs and consider digraph compositions and products.

In Section 2, for a digraph composition @) = T[Hy,...H;], we obtain
sufficient conditions for @ to have a good decomposition (Theorem 2.2)
and a characterization of (Q with a good decomposition when 7' is a strong
semicomplete digraph and each H; is an arbitrary digraph with at least two
vertices (Theorem 2.3). Remarkably, in Theorem 2.3 as in Theorem 1.2,
there are only a finite number of exceptional digraphs, which for Theorem 2.3
is three. Thus, as Theorems 1.2 and 1.3, Theorem 2.3 confirms Conjecture
1.1 for a special class of digraphs.

In Section 3, for digraph products, we prove the following: (a) if & > 2
is an integer and G is a strong digraph which arcs can be partitioned into
cycles, then the Cartesian product digraph GP* (the kth power of G with
respect to Cartesian product) has a good decomposition (Theorem 3.4);
(b) for any strong digraphs G, H, the strong product G X H has a good
decomposition (Theorem 3.7). Necessary definitions of the digraph products
are given in Section 3.

Simple examinations of our constructive proofs show that all our decom-
positions can be found in polynomial time.

We conclude the paper in Section 4, where we pose a number of open
problems.

2 Compositions of digraphs

The composition of digraphs is a useful concept in digraph theory, see e.g.,
[1]. In particular, they are used in the Bang-Jensen-Huang characterization
of quasi-transitive digraphs and its structural and algorithmic applications
for quasi-transitive digraphs and their extensions; see e.g., [1,2,8].

Let us start from a simple observation, which will be useful in the proofs
of the theorems of this section.



Lemma 2.1 Let D be a digraph on t vertices (t > 2) and let Hy,...,H] be
digraphs with no arcs. If an induced subdigraph Q* of Q' = D[H{,..., H{]
with at least one vertex in each H, i € [t] has a good decomposition, then
s0 have Q.

Proof: Let {u;1,...,uin,} be the set of vertices of H] for every i € [t]. For
every i € [t], let HZ.(mi) be the subdigraph of H/ induced by {w; 1, .., Uim, }.
where 1 < m; < n;. Without loss of generality, let Q* = D[H§m1), e Ht(mt)]
and let @Q* have a decomposition into arc-disjoint strong spanning subdi-
graphs Q7F, Q3. To extend this decomposition to @', for every i,j, where
i € [t] and j € {1,2}, add to @ the vertices wim,41,...,u;ipn, and let them
have the same in- and out-neighbors as u; ;. (This way the inserted vertices
will keep Q7 and @5 strongly connected.) O

The following theorem gives sufficient conditions for a digraph composi-
tion to have a good decomposition. As in Theorem 1.2, S; will denote the
digraph obtained from the complete digraph with four vertices by deleting
a cycle of length 4.

Theorem 2.2 Let T be a digraph with vertices uy,...,us (t > 2) and let
Hy,...,H; be digraphs. Let the vertex set of H; be {u;;,: 1 < i <t,1<
Ji <n;} for everyi € [t]. Then Q = T[Hy, ..., H] has a good decomposition
if at least one of the following conditions holds:

(a) T is a 2-arc-strong semicomplete digraph and Hy, ..., Hy are arbitrary
digraphs, but Q is not isomorphic to Sy;

(b) T has a Hamiltonian cycle and one of the following conditions holds:

e t is even and n; > 2 for everyit=1,...,t;

e t is odd, n; > 2 for every i = 1,...,t and at least two distinct
subdigraphs H; have arcs;

e ¢ is odd and n; > 3 for every i = 1,...,t apart from one i for
which n; > 2.

(c) T and all H; are strong digraphs with at least two vertices.

Proof: For every i € [t], let H] be the digraph obtained from H; by deleting
all arcs. Let Q" = T[Hj, ..., H{]. We will prove parts of the theorem one by
one.

Part (a) If T is not isomorphic to Sy then we are done by Theorem 1.2 and
Lemma 2.1. Now assume that 7" is isomorphic to Sy, but @ is not isomorphic
to S4. Let the vertices of T be uq, uo, us, ug and its arcs

UTUZ, U2UT, U3U4, U4UZ, U U4, U2UZ, U4U2, U3U] -

Since () is not isomorphic to Sy, at least one of Hy, Ho, H3, H; has at least
two vertices. Without loss of generality, let H; have at least two vertices.



Consider the subdigraph Q* of @’ induced by {u11,u12,u21,u31,u4,1}
Then Q* has two arc-disjoint strong spanning subdigraphs: ()7 with arcs

{ur,1ug,1, w2 11,2, U1 2U4 1, Us1US, 1, U U1}

and ()5 with arcs

{ug,1u1,1, U1,1U4,1, Ua,1 U2, 1, U2, 1UZ 1, UB,1UL,2, UT,2U2 1 } -

It remains to apply Lemma 2.1 to obtain a good decomposition of " and
thus of Q.

Part (b) Without loss of generality, assume that ujus ... wu; is a Hamil-
tonian cycle of T. Let U = Ule{ui,l, U2}

Case 1: t is even and n; > 2 for every ¢ = 1,...,t. The following arc
sets induce arc-disjoint strong spanning subdigraphs Q7, @3 of Q'[U] :

{uijuiprj: 1 <i<t—1,1<j <2} U{ugiur, ueauial; (1)
{wijuipryy: 1<i <t —1,1 <5 <2} U{ugiug 1, uaur 2}, (2)

where j/ = j + 1 (mod 2).
It remains to apply Lemma 2.1 to obtain a good decomposition of @)’ and
thus of Q.

Case 2: tisodd, n; > 2 for every i = 1,...,t and at least two distinct
subdigraphs H; have arcs. Let ¢,, ¢, be arcs in two distinct subdigraphs
H, and H,;. We may assume that both end-vertices of e, and e, are in U.
Observe that while @} (with arcs listed in (1)) is strong, Q% (with arcs listed
in (2)) forms two arc-disjoint cycles C' and Z. We may assume that the tail
(head) of e), (eq) is in C' and the head (tail) of e, (eq) is in Z (otherwise,
relabel vertices in {uy1,up2} and/or {ug 114, }). Thus, adding e, and e, to
Q5 makes it strong. To obtain two arc-disjoint strong spanning subdigraphs
of @ from Q7, @3, let every vertex u; j for j > 3 and 1 < i < ¢ have the same
out- and in-neighbors as u; 1 in @'

Case 3: t is odd and n; > 3 for every i € [t| apart from one i for
which n; > 2. Without loss of generality, assume that ny > 2 and n; > 3
for all i € {2,3,...,t}.

First we consider the subcase in which t = 3, n; = 2, and no = ng = 3.
Then @' has two arc-disjoint spanning subdigraphs Q% and Q% with arc sets

{u1,1u2,1, U3,1u1,1, U1,2U2,2, U1 2U2,3, U3,2U1,2, U3 3U1,2, U2,1U3 2, U2 2U3 1, u2,3u3,3},

{u1,1u2,27 U1,1U2,3, U3 2U1,1, U3,3U1,1, U1,2U2,1, U3,1U1,2, U2,1U3,3, U2 2U3 2, U2,3u3,1}7

respectively. Observe that )7 and Q5 are strong since they contain the
closed walks through all vertices, respectively:

U1,2U2,2U3,1UL,1U2,1 U3 2U 2U2 3U3,3U1 25 UL, 1U2 2U3 2U1 1U2 3U3,1UL 2U2,1U3 3UL 1.



Now we extend the previous subcase to that in which n;y = 2 and
n; = 3 for all i € {2,3,...,t}. First replace index 3 in every vertex of
the form us; by t in the two arc sets of the previous subcase. Then re-
place every arc of the form wg;uz; in Q7 by the path wo;us; ... us—1uz ;.
In @3, we replace ug 1us3 by the path usjuzous1us2. .. us—1,1us 3, replace
ug 2ut 2 by the path ug oug 1usous 1 ... uz—12us 2, replace ug 3us 1 by the path
U2,3U3,2U4,3U5,2 « - . Ut—1,3Ut 1, and ﬁnally add the path U2,2U3,3U4,2U5,3 « - . Ut—1,2-

Finally, we extend the previous subcase to the general one using Lemma
2.1.

Part (c) For j € {1,2}, let T} be the subdigraph of @ induced by vertex
set {u;;: 1 <i <t} Clearly, Ty = T =2 T and T; and T3 are strong.

Let @1 be the spanning subdigraph of @ with arc set A(Q1) = A(T1) U
(Ui_, A(H;)). Observe that Qy is strong since Ty and each H; are strong,
and 7T has a common vertex with each H;, where 1 < i <.

Let Q2 be the spanning subdigraph of @ with arc set A(Q2) = A(Q) \
A(Q1). To see that Q2 is strong, we only need to find a strong subdigraph
in ()2 which contains z and y for each pair of distinct vertices z and y in
Q2. We will consider two cases.

Case 1: = € V(T1). Without loss of generality, we assume that © = uj
and y € {u12,u21,u22}. We first consider the subcase that y = wug;.
Observe that there is at least one arc entering and one arc leaving u; 2 (ug2)
in T, and so there are two arcs, say a and b (¢ and d), with opposite
directions between x (y) and T in Q2. Then by adding the arcs a, b, c,d,
and the vertices z,y to T, we obtain a strong subdigraph 7% of Q2 which
contains both x and y, as desired. For the case that y € {uj2,u22}, we
just add the arcs a,b, and the vertex x to 7>, and then obtain a strong
subdigraph T4 of Q2 which contains both z and y.

Case 2: z ¢ V(T1). Without loss of generality, we assume that z = u 2
and y € {ui1,u21,u13,u22,u23} (if w13 and w3 exist). By Case 1 and
the fact that 75 = T is strong, we are done if y € {uj1,u22}. For the
case that y = wug 1, by adding the arcs ¢,d and the vertex y to T, we can
obtain a strong subdigraph 743" of Q2 which contains both = and y. With
a similar argument, we can get the desired strong subdigraph for the case
that y € {U173, ’LL273}.

Hence, we complete the argument and conclude that ) has a good de-
composition. O

We will use Theorem 2.2 to prove the following characterization for cer-
tain compositions T[Hj, ..., H;], where T is a strong semicomplete digraph.
In the characterization, Fp will stand for the digraph of order p with no
arcs. Also, 8k and ?k will denote the cycle and path with k vertices,
respectively.

Theorem 2.3 LetT be a strong semicomplete digraph ont > 2 vertices and
let Hy,...,Hy be arbitrary digraphs, each with at least two vertices. Then



Q =TI[H,...,H has a good decomposition if and only if Q is not isomor-

7 —
phic to one of the following three digraphs: 83[K2, Ky, K], 83[P2,K2, K.
Cs[F, T, Fs).

Proof: Let us first prove the ‘only if” part of the theorem, i.e. 83[72, Ko, Ko,
83[?2,?2, K> and 83[?2, K>, K3] do not have good decompositions. By

Lemma 2.1, it suffices to show that neither 83[?2, Ko, K] nor 83[?2, Ko, K3)
has a good decomposition. The proof is by reductio ad absurdum.

Suppose that Q = C'3[P, K3, Ks] has a decomposition into two strong
spanning subdigraphs D1, Ds. Since () has 13 arcs, without loss of generality,
we may assume that Dp is a Hamiltonian cycle of @. Since the arc of H;
cannot be in a Hamiltonian cycle of @), without loss of generality, let Dy =
U1,1U2,1U3,1U1 2U2,2u3 2u1,1. Then the remaining arcs of () form two disjoint
cycles u1 1ugouz 1u11 and wug 2u2 1u32u1 2 and a single arc between them, a
contradiction to the assumption that Dy is strong.

Suppose that QQ = 83[?2, K>, K3) has a decomposition into two strong
spanning subdigraphs D, Ds. Since ) has 16 arcs and has no Hamiltonian
cycle, each of Dy, Dy has 8 arcs. Since ) has only cycles of lengths 3 and
6 and D; is strong, without loss of generality, we may assume that D
consists of a cycle u1 u2 1u3,1u1 2u22u3 2u1,1 and a path ug juzzui 1. Then
D5 consists of two cycles uijug2us1ui1 and wugau21u3z2ur2 and a path
ug 2u3 3u1 2. Observe that Do is not strong, a contradiction.

Now we will show the ‘if” part of the theorem by reductio ad absurdum
as well. Assume that ) is not isomorphic to either of the three digraphs,
but has no good decomposition.

By Camion’s Theorem [7], T has a Hamiltonian cycle C' = ujusg ... usug.
Thus, Conditions (b) of Theorem 2.2 are applicable. By the conditions, ¢
must be odd and for at least two distinct indexes p,q € {1,2,...,t}, we have
ny =ng = 2.

Suppose t > 5. Then there will be arcs between H; and H;12 in @ for
every i = 1,2,...,t — 2. Recall Case 2 of Part (b) of the proof of Theorem
2.2. The arcs between H; and H;i o arcs can be used to make Dy strong
instead of arcs e, and e, used in Case 2 of Part (b) of the proof of Theorem
2.2. Thus, @ has a good decomposition, a contradiction. Hence, t = 3 and,
without loss of generality, ny = ny = 2 and n3 > 2.

Suppose that 1" has opposite arcs. One of these arcs will not be on the
Hamiltonian cycle C' of T and will correspond to four or more arcs in Q.
Now recall Case 2 of Part (b) of the proof of Theorem 2.2. Two of the
above-mentioned arcs can be used to make Dy strong instead of arcs e, and
eq used in Case 2 of Part (b) of the proof of Theorem 2.2. Thus, @ has a

good decomposition, a contradiction. Hence, T = 83.

Suppose that ng > 4. To get a contradiction, by Lemma 2.1 it suffices
to show that Q = C'3[K», Ko, K4] has a decomposition into two strong span-
ning subdigraphs D1, Do, where Dy consists of a cycle uy 1us 1u3,1u1,2u2 2u3 2U1 1
and two paths wugjuzsui1 and ug2uz3ui2 and Do consists of two cycles
U171UQ,21L371U1,1 and ul,guzlu&gum and two paths ”U,271'LL373U171 and U272u374'u172.
Thus, n3 < 3.



Now consider the case of ny = no = 2 and ng = 3. Since @ is not
isomorphic to 83[72, Ko, K3), it has an arc in either Hy or Hy or H3, and by
Conditions (b) of Theorem 2.2, only one of Hy, Hs, H3 has an arc a. Without
loss of generality, assume that if H; has an arc then a = wj2uq,1, if Ho has
an arc then a = ug 1ug 2 and if H3 has an arc then a = u3 ou3 ;. Then () has
a decomposition into two spanning subdigraphs D, Dy, where D; consists
of a cycle uy ju2 1u3 1u1 2u2 2u3 2u1,1 and a path ug ju3 3u11 and Do consists
of two cycles U1,1U22U3,1UL 1 and U1 2U21U32UL 2, & path U2 2U3 3U1 2 and arc
a. Observe that both Dy and Dy are strong, a contradiction.

It remains to consider the case of ny = no = ng = 2. Since () is not
isomorphic to 83[?2, Ks, Ks), at least one of Hy, Hy and H3 has an arc.
By Conditions (b) of Theorem 2.2, only one of H;, H» and H3 has an arc.
Without loss of generality, assume that H; has an arc. Suppose that H;
has two arcs. Then H; = C'5. Then we can use the arcs of H; to make Do
strong instead of arcs e, and e, used in Case 2 of Part (b) of the proof of
Theorem 2.2. Thus, () has a good decomposition, a contradiction. Hence,
if Hy has an arc, it must have just one arc. This concludes our proof. O

3 Products of digraphs

The Cartesian product GLOH of two digraphs GG and H is a digraph with
vertex set V(GOH) = V(G) x V(H) = {(z,2'): z € V(G),2’ € V(H)}
and arc set A(GOH) = {(z,2")(y,y): xy € A(G), 2’ =4/, or x =y,2'y €
A(H)}. By definition, the Cartesian product is associative and commutative
(up to isomorphism), and GOH is strongly connected if and only if both G
and H are strongly connected [10]. We define the kth powers with respect
to Cartesian product as D% = pODO---OD.

k times

U1 4 G(v1) G(va) G(v3) G(wy)

+ 1
H(us)
Uus U3
G «

2)

=
G
i

o
|}
o

—
=

()

Figure 2: Two digraphs GG, H and their Cartesian product.

In the arguments of this section, we will use the following terminology
and notation. Let G and H be two digraphs with V(G) = {u;: 1 <i < n}
and V(H) = {v;: 1 < j < m}. For simplicity, we let w;; = (u;,v;) for
1 <i<mn1l<j<m. Weuse G(vj) to denote the subdigraph of GOH
induced by vertex set {u;;: 1 < i < n}, where 1 < j < m, and use H(u;)
to denote the subdigraph of GOH induced by vertex set {u;;: 1 < j < m},



where 1 < i < n. Clearly, we have G(v;) = G and H(u;) = H. (For
example, as shown in Figure 2, G(v;) =2 G for 1 < j <4 and H(u;) = H
for 1 <i <3.) For1 < ji # jo < m, u;; and u;j, belong to the same
digraph H(u;), where u; € V(G); we call u; ;, the vertex corresponding to
uij, in G(vj,); for 1 < iy # ip < n, we call u;, ; the vertex corresponding
to u;, j in H(u;,). Similarly, we can define the subdigraph corresponding to
some other subdigraph. For example, in Fig. 2(c), let P; (P) be the path
labelled 1 (2) in H(uy1) (H(ug)), then P, is called the path corresponding to
Py in H(ug).

Lemma 3.1 For any integer n > 2, the product digraph D = Bnmﬁn can
be decomposed into two arc-disjoint Hamiltonian cycles.

Proof: Let G = H = Bn; moreover G = ujus . .. uyu and H = vqvg ... v,01.
Let P, = G(vi) — tun—iiunt1—i; for 1 <i <n—1and P, = G(vy) — UnnUi n.
Let Qi = H(ui) =t n—itint1—i for 1 <i <n—1and Q, = H(up)—tnnln1.
Furthermore, let

n—1
D' = ( (P U {Un—i,iun—i,i—l—l})) U (Pp U {upntn1})
-1

)

and

n—1
D' - (U QU {ui,muiﬂ,m-})) U (@n U {tinntinn})
i=1
By the construction, the subdigraphs D’ and D" are Hamiltonian cycles of
D. For example, see Figure 3 for the case that n = 5 (the Hamiltonian cy-
cle D’ consists of five “vertical” paths P; of order five and five “horizontal”
arcs, D" consists of five “horizontal” paths Q; of order five and five “verti-

cal” arcs, furthermore, these two cycles are symmetric about the diagonal.)
O

D/

Figure 3: Two arc-disjoint Hamiltonian cycles for the case n = 5.

Note that deciding whether a digraph D has a collection of arc-disjoint cy-
cles covering all vertices of D can be done in polynomial time using network
flows. Indeed, assign lower bound 1 and upper bound min{d~ (z),d" (z)} to



every vertex x in D and lower bound 0 and upper bound 1 to every arc of D.
Observe that the resulting network has a feasible flow if and only if D has a
collection of arc-disjoint cycles covering all vertices of D. Observe that the
existence of a flow in a network with lower and upper bounds on vertices and
arcs can be decided in polynomial time, see e.g., Chapter 4 in [1]. Moreover,
we can compute such a flow in polynomial time (if it exists) and obtain
the corresponding collection of cycles in D. The following lemma may be of
independent interest.

Lemma 3.2 Let G be a strong digraph with at least two vertices which has
a collection of arc-disjoint cycles covering all its vertices. Then the prod-
uct digraph D = GUG has a good decomposition. Moreover, such a good
decomposition can be found in polynomial time.

Proof: By the arguments in the paragraph before this lemma, we may
assume that we are given a collection (P, Pi, Pa,---,Py,) of arc-disjoint
cycles covering all vertices of G. For each h € {0,1,2,--- ,p}, let G}, denote
the digraph with vertices U?:o V(P;) and arcs U?:o A(P;). Now we will
prove the lemma by induction on the number of cycles in the collection.

For the base step, by Lemma 3.1, we have that GolGy = PyldF, can be
decomposed into two arc-disjoint strong spanning subdigraphs.

For the inductive step, we assume that GG, (0 < h < p—1) can be de-
composed into two arc-disjoint strong spanning subdigraphs D), and Dj/. We
will construct two arc-disjoint strong spanning subdigraphs in Gp4+10Gh 1.

If V(Gr) C V(Ppy1), then Ppyq is a Hamiltonian cycle of Gp 41, and we
are done by Lemma 3.1. If V(Pyy1) C V(G},), then Gy, is a strong spanning
subdigraph of Gj41, and we are also done by the induction hypothesis.

In the following argument, we assume that V(Gp) \ V(Pry1) # 0 and
V(Pri1) \ V(Gr) # 0. Without loss of generality, for the first copies of
Gp, and Ppiq in GROGy, and Py 10Py, 1, let V(Gh) = {Uz 1 < < t},
V(Phy1) = {ui: s <i</¢}. We have 1 < s <t < (. For the second copies
of Gj, and Py, 41 in GRUGy, and Pp 0P, 11, we will use v;’s rather than u;’s.

By Lemma 3.1, in G}+10Gh41, the subdigraph P, 100P;, 1 can be de-
composed into two arc-disjoint strong spanning subdigraphs 5% and bz.
Observe that

V(GhDGh) mV(Ph+1DP}L+1) 2 {Utﬂg} and A(GhDGh)ﬁA(P}H_lDP}H_l) = @

For 1 < j < s—1, let Gy ; be the subdigraph of G(v;) corresponding to
Ppiq. Fort+1 < j </, let Gy j be the subdigraph of G(v;) corresponding
to Gj. For 1 <i <s—1, let Hy; be the subdigraph of H(u;) corresponding
to Ppy1. Fort+1 <i < /¢, let Hy,; be the subdigraph of H(u;) corresponding
to Gh-

Now let D; | be a union of the following strong digraphs: D, b;l, Hy ;i
and G, ; for all t +1 < 4,5 < £. Observe that D;L+1 is a strong spanning

subdigraph of Gj,+10GRr41 since E;L has at least one common vertex with
each of Dy, Hy; and Gy ; for all t +1 < 4,5 < {. Let Dj | be a spanning
subdigraph of G4 10G} 1 with A(Dy ;) = A(Gr10Gh;1) \A(D}, ). Ob-

serve that Dy, is the union of Dy, EZ, Hyp;and Gy j forall 1 <i,j <s—1.
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And Dy has at least one common vertex with each of ﬁg, Hj,; and G, ; for
all 1 <i,j <s—1, thus Dy, is strong.

Hence, we complete the inductive step and conclude that D = GOG can
be decomposed into two arc-disjoint strong spanning subdigraphs. More-
over, by the above argument, these subdigraphs can be found in polynomial
time. O

Lemma 3.3 For any two strong digraphs G and H, if G has a good decom-
position, then the product digraph D = GOH has a good decomposition.

Proof: Let V(G) = {u;: 1 < i < n},V(H) = {v;: 1 < j < m}, and
G contain two arc-disjoint strong spanning subdigraphs G; and Gs. For
1<i<2and 1< j <m,let G;; be the subdigraph of G(v;) corresponding
to G;. As shown in Figure 4, let D’ be the union of H(u;) and G, for
all 1 < j < m, and let D" be a subdigraph of D with V(D") = V(D) and
A(D") = A(D)\ A(D’). Note that D" is the union of H(u;) and G ; for all
2<i<n,1<j<m. Since H(u;), Gij and G (1 <i<n,1<j<m)
are strong, both D’ and D" are strong spanning subdigraphs of D. This

completes the proof. a
Gii Gig Gim Go1  Gag Gam
H(u) O——Tol == : e ok
° ° ° H(’LLQ) ° ° °
L] Lo lo] H(un) [ ° °
Dl D//

Figure 4: Two arc-disjoint strong spanning subdigraphs in Lemma 3.3.

By the definition of DY*, associativity of the Cartesian product (up to iso-
morphism), and Lemmas 3.2 and 3.3, we can obtain the following result on
GF for any integer k > 2.

Theorem 3.4 Let G be a strong digraph of order at least two which has
a collection of arc-disjoint cycles covering all its vertices and let k > 2 be
an integer. Then the product digraph D = G* has a good decomposition.
Moreover, for any fized integer k, such a good decomposition can be found
i polynomial time.

The strong product G X H of two digraphs G and H is a digraph with
vertex set V(GX H) = V(G) x V(H) = {(z,2"): v € V(G),2’ € V(H)}
and arc set A(GRH) = {(z,2')(y,y): zy € A(G),2' =/, or x =y,2'y €
A(H), or zy € A(G), 2’y € A(H)}. By definition, GOH is a spanning
subdigraph of GX H, and GX H is strongly connected if and only if both G
and H are strongly connected [10]. In the following argument, we will still
use the terminology and notation introduced earlier in this section, since
GOH is a spanning subdigraph of GX H.

11



Lemma 3.5 For any two integers n,m > 2, the product digraph D = Bn X
m has a good decomposition.

Proof: Let 8n = ujus ... uyu1 and 8,” = V102 ... Uy,. Let D’ be the span-
ning subdigraph of D which is the union of G(v;) for 1 < j < m and the
following additional m arcs: {upjuijt1: 1 < j < m — 1} U {ug muai}.
Observe that D’ is strong. Let D” be a spanning subdigraph of D with
A(D") = A(D) \ A(D"). To see that D" is strong, observe that it contains
H(u;) for 1 <i<mnand arcs {u;1uiy12: 1 <i<n—1}U{upmui}. O

We will use the following decomposition of strong digraphs.

An ear decomposition of a digraph D is a sequence P = (FPy, Py, Pa, -+ , P}),
where P, is a cycle or a vertex and each P; is a path, or a cycle with the
following properties:

(a) P; and P; are arc-disjoint when i # j.

(b) For each i = 0,1,2,--- ,¢: let D; denote the digraph with vertices
U;:o V(Pj) and arcs U;:o A(P;). If P; is a cycle, then it has precisely
one vertex in common with V(D;_1). Otherwise the end vertices of P; are
distinct vertices of V' (D;_1) and no other vertex of P; belongs to V(D;_1).
(©) U'_o A(P;) = A(D).

The following result is well-known, see e.g., [1].

Theorem 3.6 Let D be a digraph with at least two vertices. Then D is
strong if and only if it has an ear decomposition. Furthermore, if D is strong,
every cycle can be used as a starting cycle Py for an ear decomposition of
D, and there is a linear-time algorithm to find such an ear decomposition.

Theorem 3.7 For any strong digraphs G and H with at least two vertices,
the product digraph D = G X H has a good decomposition. Moreover, such
a decomposition can be found in polynomial time.

Proof: By Theorem 3.6, G has an ear decomposition P = (Fy, Pi, P2, - -+ , Pp)
and H has an ear decomposition Q = (Qo, Q1,Q2, -+ ,Qy), such that Py is
a cycle of G and @) is a cycle of H. Let (G; denote the subdigraph of G with
vertices U;:O V(Pj) and arcs Ué‘:o A(Pj) and let H; denote the subdigraph
of H with vertices szo V(Q;) and arcs Ué‘:o A(Qj).

We will prove the theorem by induction on r € {0,1,...,p + ¢}. For the
base step, by Lemma 3.5, we have that PyX @y can be decomposed into two
arc-disjoint strong spanning subdigraphs. For the inductive step, we assume
that r=h+g <p+q (h<p,g <q)and G, ¥ Hy can be decomposed into
two arc-disjoint strong spanning subdigraphs D’ and D”.

Since strong product is a commutative operation, without loss of gener-
ality it suffices to prove that Gp11 ¥ Hy (h < p) can be decomposed into
two arc-disjoint strong spanning subdigraphs. Let V(Gp) = {u1,ua, ..., ue},
V(Hgy) = {vi,v2,...,vn} and vivs € A(Hy). Let Pyyq; be the subdigraph
of G(vj) corresponding to Ppy; for 1 < j < m. We will consider two cases.
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Case 1: Py, is a cycle. Let P11 = wptigs1 ... upug. Observe that every
Pyiq,j for 1 < j < m shares vertex ug; with D’. Thus, the union U; of D’
and Pj41; for 1 < j < m is a strong spanning subdigraph of Gj1 X H,,.
Let V(Ug) = V(Gthl X Hg) and A(UQ) = A(Gh+1 X Hg) \ A(Ul)

Observe that A(Us) contains A(D"), A(H(u;)) for £ +1 < i < n and
{winuis1,s: € <1 <n—1} U{upiups}t. Thus, Uy is strong.

Case 2: Py is a path. Let P,y1 = wpugyq ... up—1ug, where t < /.
Let U; be the union of D’ and Py for 1 < j < m. Observe that U
is a spanning subdigraph of Gj,11 W H, and strong since every Pj4q; for
1 < j < m shares its end-vertices with D’. Let V(Ua) = V(Gp41 K Hy)
and A(Uz) = A(Gp4+1 X Hy) \ A(Uy). Observe that A(Usz) contains A(D”),
A(H (u;)) for 41 <i<n—1and {ujjuit1s: £ <i <n—2}U{up—11uts}
Thus, U, is strong.

Hence, we complete the inductive step and conclude that D = G K H
can be decomposed into two arc-disjoint strong spanning subdigraphs. Fur-
thermore, by Theorem 3.6, the proof of Lemma 3.5, and the argument of
this theorem, we can conclude that these two strong spanning subdigraphs
can be found in polynomial time. a

The lexzicographic product GoH of two digraphs G and H is a digraph with
vertex set V(GoH) =V (G)x V(H) = {(z,2'): v € V(G),2’ € V(H)} and
arc set A(Go H) = {(z,2")(y,v"): zy € A(G), or x =y and 2’y € A(H)}
[10]. By definition, GK H is a spanning subdigraph of Go H, so the following
result holds by Theorem 3.7: For any strong connected digraphs G and H
with orders at least 2, the product digraph D = G o H can be decomposed
into two arc-disjoint strong spanning subdigraphs. Moreover, these two arc-
disjoint strong spanning subdigraphs can be found in polynomial time. In
fact, we can get a more general result.

A digraph is Hamiltonian decomposable if it has a family of Hamiltonian
dicycles such that every arc of the digraph belongs to exactly one of the
dicycles. Ng [11] gives the most complete result among digraph products.

Theorem 3.8 [11] If G and H are Hamiltonian decomposable digraphs,
and |V (G)| is odd, then G o H 1is Hamiltonian decomposable.

Theorem 3.8 implies that if G and H are Hamiltonian decomposable
digraphs, and |V(G)| is odd, then G o H can be decomposed into two arc-
disjoint strong spanning subdigraphs. It is not hard to extend this result as
follows: for any strong digraphs G and H of orders at least 2, if H contains
£ > 1 arc-disjoint strong spanning subdigraphs, then the product digraph
D = G o H can be decomposed into £ + 1 arc-disjoint strong spanning
subdigraphs.

4 Open Problems

We have characterized digraphs T[Hj, ..., H;], where T is strong semi-
complete and every H; is arbitrary with at least two vertices, which have a
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good decomposition. It is a natural open problem to extend the character-
ization to all such digraphs, where some H;’s can have just one vertex. Of
course, the extended characterization would generalize also Theorem 1.2.

A digraph Q is quasi-transitive, if for any triple x, y, z of distinct vertices
of @, if xy and yz are arcs of ) then either xz or zx or both are arcs of Q.
For a recent survey on quasi-transitive digraphs and their generalizations,
see a chapter [8] by Galeana-Sénchez and Herndndez-Cruz. Bang-Jensen
and Huang [3] proved that a quasi-transitive digraph is strong if and only
if @ = T[Hy,...,H], where T is a strong semicomplete digraph and each
H; is a non-strong quasi-transitive digraph or has just one vertex. Thus, a
special case of the above problem is to characterize strong quasi-transitive
digraphs with a good decomposition. This would generalize Theorem 1.2 as
well.

We believe that these characterizations will confirm Conjecture 1.1 for
the classes of quasi-transitive digraphs and digraphs T[Hy, ..., Hy], where T
is strong semicomplete. In the absence of the characterizations, it would still
be interesting to confirm the conjecture at least for quasi-transitive digraphs.

In Lemma 3.2, we show that GLJH contains a pair of arc-disjoint strong
spanning subdigraphs when G = H. However, the following result implies
Lemma 3.2 cannot be extended to the case that G 2 H, since it is not hard
to show that the Cartesian product digraph of any two cycles has a pair
of arc-disjoint strong spanning subdigraphs if and only if it has a pair of
arc-disjoint Hamiltonian cycles.

Theorem 4.1 [13] The Cartesian product C—ng)'q is Hamiltonian if and
only if there are non-negative integers dy, ds for which di+dy = ged(p, q) > 2
and ged(p, d1) = ged(q,da) = 1.

However, Lemma 3.2 could hold for the case that G 2 H if we add other
conditions. As shown in Lemma 3.3, we know GUH contains a pair of arc-
disjoint strong spanning subdigraphs when one of G and H contains a pair of
arc-disjoint strong spanning subdigraphs. So the following open question is
interesting: for any two strong digraphs G and H, neither of which contain
a pair of arc-disjoint strong spanning subdigraphs, under what condition
the product digraph GUH contains a pair of arc-disjoint strong spanning
subdigraphs?

Furthermore, we may also consider the following more challenging ques-
tion: under what conditions the product digraph GOH (G X H) has more
(than two) arc-disjoint strong spanning subdigraphs?
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