ON HEREDITARILY JUST INFINITE PROFINITE GROUPS
WITH COMPLETE HAUSDORFF DIMENSION SPECTRUM

YIFTACH BARNEA AND MATTEO VANNACCI

ABSTRACT. We prove that the inverse limit of certain iterated wreath products
in product action have complete Hausdorff dimension spectrum with respect
to their unique maximal filtration of open normal subgroups. Moreover we can
produce explicitly subgroups with a specified Hausdorff dimension.

1. INTRODUCTION AND RESULTS

1.1. Introduction. The study of Hausdorff dimension in profinite groups was ini-
tiated by Abercrombie [Ab] and it has received considerable attention in recent
times. For instance, the set of possible Hausdorfl dimensions of closed subgroups,
the Hausdorff dimension spectrum, has been widely studied in pro-p groups (see
Section 2.1 for the definition). For example, it is proved in [BS, Theorem 1.1]
that a p-adic analytic pro-p group has finite Hausdorff dimension spectrum, con-
sisting only of rational numbers, with respect to its p-power filtration. One of the
main open questions about Hausdorff dimension asks whether the converse of [BS,
Theorem 1.1] holds. This has been recently confirmed for solvable pro-p groups
[KTZ].

Another natural question is: which groups have complete spectrum ([BS, Prob-
lem 5])? Some examples are (tF,[t],+) and (1 + tF,[t],-) with respect to their
t-power filtrations, see [BS, Lemma 4.1] and [BS, Lemma 4.2], but these are not
finitely generated. In fact, it is not even known whether the Hausdorff dimension
spectrum of a finitely generated free pro-p group is complete (see [Sh, Theorem 4.10]
and [BS, Problem 4]).

One of the very few families of examples of profinite groups with complete spec-
trum is given by automorphism groups of rooted trees with respect to the filtration
of the level-stabilisers. In [AV, Theorem 2| the authors prove that the Hausdorff
dimension spectrum of the full automorphism group of a rooted tree is complete,
nevertheless the proof relies on probabilistic methods and does not give explicit sub-
groups with a fixed Hausdorff dimension. Later various authors eventually found
explicitly subgroups of automorphisms groups of rooted trees with interesting prop-
erties (see [Su] and [Si]). On the other hand, in the special class of profinite branch
groups it is possible to construct explicitly subgroups of each given dimension as
observed by Klopsch and Rover [Kl, Chapter 8] and their construction is similar in
spirit to the proof of our Theorem A below.

Observe that the automorphism group of a rooted tree can be seen as an infinitely
iterated permutational wreath product. The goal of this work is to generalize [AV,
Theorem 2] to infinitely iterated wreath products in product action. These groups
arise as follows; see Section 2.2 for a more detailed description. Let S = (Sk)ken,
with S < Sym(€), be a sequence of finite transitive permutation groups. The
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inverse limit
wry(S) = @ wpa

of the inverse system W « W3* « ... of finite iterated wreath products
n

L )
W’r};a =50 (Sn—l @) ( O, SO)) < Sym(Qn) for Q,, = Q( not )

is called the infinitely iterated wreath product of type S w.r.t. product actions.

By [Re, Theorem 6.2] and [Val5], every infinitely iterated wreath product w.r.t.
product actions WP?(S), based on a sequence S of finite non-abelian simple permu-
tation groups, is a finitely generated hereditarily just infinite profinite group that
is not virtually pro-p for any prime p. In [Wi, Valb, Val6, KV] some embedding,
generation and presentation properties of such groups have been established, but
many of their features are not yet fully understood.

1.2. Results. The main result of this paper is that certain infinitely iterated
wreath products in product action have complete Hausdorff dimension spectrum
with respect to their unique maximal descending chain of open normal subgroups.
We start with some notation, let S = (S < Sym(£2;))ren be a sequence of finite
permutation groups. We say that S is good if there exists a constant A > 0 and a
natural number My such that |Sg| < |Sk+1|A for all k > Mj.

Theorem A. Let S = (Si < Sym(Q))ken be a good sequence of finite transitive
permutation groups and let G be the infinitely iterated wreath product in product
action of type S. Set Ny = ker(G — Si) for k € N and G = {Ny}ren. Then, for
every a € [0, 1] there is a closed subgroup H® of G such that dimy g(H®) = . In
particular Specy ¢(G) = [0, 1].

Remark. (1) We do not know if Theorem A still holds for non-good sequences.

(2) We would like to point out that in the proof of the Theorem A we explicitly

construct the subgroup H® of the given Hausdorff dimension. In fact, our
arguments are purely combinatorial.

(3) In general, the Hausdorff dimension of a profinite group might depend on
the chosen filtration. On the other hand, it is easy to see that the filtration G
considered above is the unique maximal filtration of open normal subgroups
of G.

(4) We also point out that, in general, the closed subgroups constructed in
Theorem A are not finitely generated.

As already mentioned, infinitely iterated wreath products in product action as-
sociated to sequences of finite non-abelian transitive permutation groups are hered-
itarily just infinite. So we readily obtain the following Corollary.

Corollary B. There are hereditarily just infinite profinite groups with complete
Hausdorff dimension spectrum.

2. PRELIMINARIES

2.1. Hausdorff dimension of profinite groups. Let G be a profinite group. A

filtration of G is a chain (G;);en of open subgroups G; of G such that ;. G; = 1.

Definition 1. Let G be a countably based profinite group and let H be a closed
subgroup of G. Fix a filtration G = (G, )nen of open normal subgroups G, of G.
The Hausdorff dimension of H (with respect to G) is the real number

_ . og|[HGy, : G
g (H) =l inf =
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In [BS] it is proved that the previous definition coincides with the usual definition
of Hausdorff dimension of a profinite group seen as a metric space with the metric
induced by the filtration G. See [BS] for more details on Hausdorff dimension of
pro-p groups.

Definition 2. Let G, H and G be as above. The spectrum of G (with respect to
G) is the set
SpecHg(G) = {dimp¢g(H) | H <. G}

It is clear that {0,1} C Specy ¢(G) C [0,1]. We will say that a profinite group
G has complete spectrum (with respect to G) if Specy ¢(G) = [0, 1].

2.2. Infinitely iterated iterated wreath products in product action. This
section is devoted to the definition of the family of hereditarily just infinite groups
introduced in [Val6]. All the actions considered will be right actions. A permutation
group is a subgroup of the symmetric group Sym(£2) on some set Q. For two per-
mutation groups A < Sym(Q) and B < Sym(A), we denote by AQB < Sym(Q/4))
the wreath product of A by B with respect to the product action.

Definition 3. Let S = (Si)ren be a sequence of finite permutation groups Sy <
Sym(£2;). Define inductively ﬁl = ; and ﬁnJrl = QJﬂfi' for n > 1. The nth

iterated wreath product WP* < Sym(Q,,) of type S, = (S1,...,Sn) with respect to
product actions is given by

WP = WP(S;) = 8, < Sym(),
WP = WP(Spp1) = Spp1 QWP < Sym(Q11)  forn > 1.

n

The infinitely iterated wreath product of type S with respect to product actions is the
inverse limit WP*(S) = lim W2* of the natural inverse system WP« WP« ..

A profinite group G is said to be just infinite if it is infinite and every non-
trivial closed normal subgroup is open. By [Gr, Theorem 3], a just infinite profinite
group is either a branch group or it is virtually a direct power of a hereditarily just
infinite profinite group. A just infinite group G is hereditarily just infinite if every
open subgroup of G is just infinite. While branch groups received a considerable
amount of attention in the past, comparatively little is known about hereditarily
just infinite groups. In particular, the only known examples of non-(virtually pro-
p) hereditarily just infinite groups are the groups defined above and the family of
examples described in [Lu]. Both these families of examples are obtained via inverse
limits of iterated wreath products.

3. NOTATION AND SOME LEMMATA

We start this section by fixing some notation.

Notation 1. For a number z € R we will write
lz] =max{ne€Z|n<z} and {z}=x-|z]
for the integer part and the fractional part of x, respectively.
Notation 2. Let T be a group, n € N and 1 < ¢ <n be an index. We will write
T ={(t1,...,tn) €T" | t; =efor j #1} <T",

that is the i-th coordinate subgroup of 7.

IThe product action of the wreath product can also be defined on functions 4, but identifying

a function f: A ={\1,...,An} = Q with the |[A|-tuple (f(A1),..., f(An)) gives an equivalence of
permutation groups.
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Before the proof of Theorem A we give a few ancillary lemmas. The following
lemma is straightforward.

Lemma 1. Let G < Sym(Q)) be a permutation group and set S be a subset of €.
Then S is G-invariant if and only if the complement of S in Q is G-invariant.

The next lemmas are of analytical flavour.

Lemma 2. Let (my)ren be a sequence of positive integers with my > 2 for every
k. Let my = my and myy1 = mpf, for k > 1. Then
(1) for every n € N, m,, > n. In particular, lim,,_,, m,, = 00;
(2) lim my_1/m, =0;
n—oo
(3) for every positive constant C there exists M = M(C) € N such that
Cmy—1 < my, for everyn > M.

Proof. (1) By induction on n. We have my; > 2 > 1. Suppose m,_; >n —1
for n > 2, then my "~ > 27n-1 > 2n=1 > p
(2) Let # = my_1, then 0 < z/mZ < /2% for every n € N. Passing to the
limits we obtain the claim.
(3) Clear from the above. O

The previous lemma describes the very fast growth of the function k& — my. The
next lemma is a standard result and it can be found in any basic text of Calculus.

Lemma 3. Let (an)nen and (bp)nen two bounded real sequences. Suppose that
(an)nen converges to 0, then

lim a,b, =0.

n— oo

4. PROOF OF THEOREM A

Set Nj, = ker(G — gk) for k € N, then G = (Ng)gen be the unique maximal
descending chain of open normal subgroups of G. Set dimpy = dimp,g. Clearly,
dimg({1}) = 0 and dimg(G) = 1. To prove the theorem it will be sufficient to
build subgroups H of WP?*, for n € N, such that H7, , projects onto Hy and

log |HY
1) og |Hy|

e log|G: N,|
for every a € (0,1).
For ease of notation, set my = ||, Mo = 1 and 7y = |]. Observe that the
equality mpy1 = m,ﬁ’j’l holds for every k& > 1.
Fix o € (0,1). We are going to define subgroups H? “layer by layer”, i.e.,
we will define subgroups K < S;-%j’l, for j = 2,...,n, and then we will set
HY = H?:z K¢. Remembering Notation 2, define ¢; = my, 0, = 1 and

la-my ]
Ky = [ (S2): < WP < Sym(Q).
i=1
By the definition of the product action, it is clear that K§ has co = m’;“*L”"C”'Ol =

TrL;m_LO"m1J orbits on §~22 and each orbit of K§ has the same cardinality o, =

la-er ] 01
2 .

Let n > 2 and assume that we defined subgroups K¢ of S;nj’l, for j =2,...,n,
such that:
(a) Kf has exactly ¢; orbits {O;(1),...,0;(c;)} for its action on SNZJ- and each
orbit has cardinality o;;
(b) m; =c; - 0j and
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laen]

(c) the subset O,, = U O, (i) C Qy, is K§-invariant.

Moy,
n+1

K= 11 (SnH) < WL < Sym(Qnp),
ico,,

Define a new subgroup K3, of S

By definition of product action, the number of orbits of K +1 on Qn+1 corresponds
to the number of possible choices for the coordinates of Qm”l that are not moved
by K&, that is (my,41)™~Ll@en]-on . Furthermore, the size of an orbit of K¢, | on
ﬁn-{—l will simply be

mn+1
(Mipgq)™n—Leven]-on

)I_owcn]on.

Op+1 = = (mn+ 1

Therefore Ky, | satisfies properties (a) and (b), we will prove that K, and Oy 41
also satisfy property (c). It is clear that O, is K2 1-invariant. Set C' =€, \O,.

n
By definition of Ky, |, for any orbit O of K¢, , on Qn+1 and for any ¢ € C there
exist f. € Q2,41 such that

0= {($1,~~,$mn) € Uiy | ze= 1o forceC}.

It follows that there is a bijection between orbits of K, ; on Qn+1 and the set Q
By Lemma 1, property (c) yields that C is K$-invariant for every j =2,...,n — 1
and this implies that O, is K-invariant. Therefore Ky, | satisfies (c )

Set HY = K& and HY,, = H - K, for n > 2. By property (c), it follows
readily that HS is a subgroup of Wﬁa. Also, by construction, H;,; projects onto
He. Set H* = ILnHﬁ‘

The closed subgroup H® of G is our candidate to have Hausdorff dimension o
in G (with respect to G). In the rest of the proof we will prove that this is indeed
the case. An algebraic manipulation yields that

log |[HY| = log (H |SkLa'C’°1J'O’“1> = Z la-cp—1] - op—11og|Sk|
k=2 k=2
and, defining mo = 1,
log |G : N,,| = log (H |Sk|’"“> = iig_1log|Sk|.
k=1 k=1
We have to carefully study the asymptotics of the previous sequences. First we
determine the asymptotic behaviour of the sequence (|acy | 0n/My)n>1. Observe
that
la-cn]-0n  a-ch-on—{a-cp}-o, o {a-cp}-on

My, My, M,

and, by definition of ¢, and Lemma 2, ¢, > my ) > n(1=%) which tends to infinity
as n does. Moreover, remember that o, /m, = 1/¢,. Therefore

2) fim L0 Cnl 00 _
n— 00 My,
We are going to show next that

- Sors L cr—1] - op—1log|Sk|
n—00 |_Oé : Cn_lj 0p_1log |Sn‘

=1.

For the sake of brevity, set

ar = (amk_l log |Sk|)k22 and bk = (Lack_1j Ok—1 log ‘SkaZQ 5
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then it is clear that by < ag, for every k > 2. By (2), the sequence (b, /an)n>2
tends to 1 as n tends to infinity.

In the next series of claims we will show that (3>.)_, ax)n>2 “behaves asymptot-
ically” like (a,)n>2. Recall that we are assuming that there are My € Nand A > 0
such that, for all k > My, log |Sk| < Alog|Sk+1]-

Claim 1. For every real constant C > 0 there exists M (C) € N such that
(3) Cax—1 < ay for every k > M(C).
Proof. By Lemma 2, there exists a natural number L = L(C'A) such that C Amy_o <
my_1 for every k > L. Thus,

Cap—1 < CAamy_2log|Sk| < ax,
for every k > M(C) = max{L, My + 1}. O
Claim 2. For alln > M(2),

(4) > ap < 2a,.

Proof. This will be proved by induction on n. It is clear that ay2) < 2apz(2)-
Suppose by inductive hypothesis that ZZ;L(Q) ar < 2ap,—1, then (3) yields

Z Qg S 2an71 + An, S 2an7
k=M (2)

for n > M(2). O

Claim 3. For all n > M = max{M(2) + 1, M(M(2))},
(5) Zak < 3ay,.
k=2

Proof. By (3), M(2)ay(2) < M(2)an—1 < a, foralln > M. Using (4), we conclude
that

Y aw < M(2)an) +2an < 3an,
k=2
for every n > M. O

Finally, we use inequality (5) to see that

n—1

1 3a,_
(6) ogi.zakgg

In 15 n
for every n large enough. Since the sequence (log|S,—1|/log|Sn|)nen is positive
and bounded above by the constant A, it follows from Lemma 2 and Lemma 3 that

n— ~n— 1 Sn—
(7) lim @2l iy Pn2 18ISl

n—oo  a, n—o0o Mp_1  log|Sy]

and from (6) we deduce that,

= ag - g1 log | Sk
8 1 — =1 = T a1 —
®) dim > = m Y TSy
k=2 k=2

We will use equation (8) at the end of the proof.
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We now look at the asymptotics of the sequence (by)r>2. Again using (6) and
the fact that by < aj for all £ > 2, we have

n—1 n—1

0< ZZ—’“ -Z—ZSZ%S?’“M

k=2 "

n

9) lim — =1.

Let us now summarize everything in the proof of (1). As previously observed,
we can write the Hausdorff dimension of HY as:

n

> bk

k=2

> My—1log|Sk|
k=1

log |HE
(10) dimy (H®) = lim inf M = lim inf

Define a; = amglog|Si| and observe that lim,, ., a;/a, = 0. Collecting the
highest terms in the top and in the bottom of the fraction in (10), we get

n

dimg (H®) = lim inf ’“22
H T aoo Z": o M1
k=1 "
By (9) and (8), the limit of the first factor of the above product is 1 and, by (2), the
limit of second factor is a. Therefore dimyg(H®*) = «, as claimed. This concludes
the proof. O

oS
3 =

. I_Oé . Cn—lJ *Op—1

Remark. We would like to point out that in the proof of Theorem A all the limits
considered are actual limits and not inferior limits.
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