SOME SINGULAR VALUE INEQUALITIES VIA CONVEXITY
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ABSTRACT. If ¢1(Z) > ... > ¢p(Z) denote the Euclidean lengths of the col-
umn vectors of any n X n matrix Z, then a fundamental inequality related to
Hadamard products states that

ZUZ(X YoB)<ch )ei(Y)o;(B) 1<k<n,

where o;(-) is the ith singular Value. In this paper, we shall offer a simple proof
of this result via convexity arguments. In addition, this technique is applied
to obtain some further singular value inequalities as well.

1. INTRODUCTION

Let us denote the ordered singular values of any n X n matrix A by o1(A4) >
. > op(A). For any A, B € M, (C), von Neumann’s trace inequality states that

n
(1.1) Tr AB| <> 0i(A)oyi(B).

i=1
One may consider the result as a matricial analogue of the rearrangement inequality
for reals [9]. Relying upon the polar decomposition of matrices, a straightforward
corollary is the following:

(1.2) Zm AB) < i

However, we know that a family of inequalities is valid here, in fact,
k k
(1.3) > 0i(AB) <Y 0i(A)oy(B)  forall 1<k<n,

(see e.g. [4]).
Now let o denote the Hadamard product of matrices; i.e. (Ao B);; = a;;b;5. The
following singular value inequality holds for Hadamard products as well:

k k
(1.4) Y 0i(AoB) <> 0i(A)oi(B)  forall 1<k<n.

We recall that several different proofs of this result can be found in the literature
[3], [10], [19], [22], furthermore, a unified approach to (1.3) and (1.4) was provided in
[12]. Singular value inequalities of Hadamard products have already attracted many
researchers, and a common improvement of scattered results was given by Ando,
Horn and Johnson in [2] and [11]. Their result says that if ¢;(Z) > ... > ¢, (2)
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denote the ordered Euclidean lengths of the column vectors of any n x n matrix Z,
then, for any decomposition A = X*Y

k
(1.5) ZUZAOB <> X oi(B) 1<k<n.
=1

This result is obviously much stronger than (1.4). For a general review and thorough
exposition on singular value inequalities, we refer the reader to [1], [4] and [11].

Our goal is to offer a new proof of the previous inequality (1.5) by means of
convexity arguments and exploit this technique to deduce further inequalities as
well. Briefly, the main idea here is to tackle a chain of convex optimization problems
over the unit balls of matrices with respect to different matrix norms. Then, with
an adequate description of the extreme points of these balls, we can readily establish
the above inequalities.

2. SOME WEIGHTED NORMS ON R™ AND M,

We say that an n-tuple w € R"} is a weight if its non-negative entries are ar-
ranged decreasingly w; > ... > w, > 0. Given a vector € R,,, denote |z;|* the
decreasingly ordered components of its entrywise modulus. For any x € R™, the
weighted vector k-norm is defined by

k
||$||}Uk) = Z wilalY,
=1

where w is a weight and w; > ... > wy > 0. We just simply write || - || for the
vector k-norm when wy = ... = wy = 1. We notice that the usual ¢7 and ¢ norms
now are denoted by || - ||y and || - ||(1), respectively. Determining the dual norm

| - HE’;C) of the weighted vector k-norm may be a bit tricky. For instance, this has
been done in the earlier papers [21], [15, Lemma 1], and particularly in [5]. In fact,

w [zl Nl ]l k—1) [l (n)
2|k~ = max , e ) :
w1 w1y + wo wy+ ...+ Wp—1 W1+ ...+ wg
For simplicity, we recall that || - ||k = max (|| - [|a), Il - [ln)), see [4]. These
observations may lead to a description of the extreme points of the unit ball B&)
in R™ with respect to || - [[{},. Indeed, we may infer that
-1 i -1

(2.1) ext Bﬁc) U (Z wz> E; U (Z wz> E,,

1<j<k—1 i=1

where F; is the set of vectors in R™ with 4 non-zero coordinates which are +1 or —1
(see [15, Lemma 2]). A different approach to obtain ext B}, is presented in [17],
however, the inclusion (2.1) is enough for the rest of the paper.
Given an n X n matrix A, its ordered singular values are denoted by o1(A4) >
. > 0,(A). The weighted Ky Fan k-norms of A are defined by

lAlG, = Zwm

We recall that these norms are unitarily invariant; i.e. [|A[[f}) = [[UAV[{, for any
unitary U and V. The set of n x n partial isometries of rank-% is denoted by Ry.
From (2.1) and a simple application of the singular value decomposition, we readily
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get the inclusion

-1 K -1

(2.2) ext (k) U (Z ’LU1> Rj U <Z U)i> R,

1<j<k—1 \i=1

(see e.g. [17] and [6]). It is somewhat interesting that a very similar result holds
for a class of unitarily invariant norms defined through the s-numbers in infinite
dimensional Hilbert spaces [6]. We notice that the extreme points with respect to
the Ky Fan k-norms are given by

(23) ext %(k) = R1 U Rn/k',

see [4, Exercise IV.2.12].

In the next section we shall need another weighted norm on the linear space of
n x n matrices. For any matrix A, let ¢1(4) > ... > ¢,(A) be the decreasingly
arranged Euclidean norms of the column vectors of A. Then one can consider the
weighted norm of A by

‘AH(' E = szcl

To get a description of the extreme points of the unit ball B, with respect to the
norm || - [, let C, denote the set of n x n matrices which has exactly k non-zero
column vectors and each non-zero column vector is a (Euclidean) unit vector. Then
a simple reasoning gives the inclusion

—1 X -1
(2.4) ext B C U (Zw) C; U <Z wi> Ch.

1<j<k—1

Indeed, we need to check that if A € ext By, then c(A) = (c1(A),...,cn(4)) €
ext By, If c(A) = 3(z +y), where z,y € B}, let O; denote the rotation of the
Euclidean space R™ such that O;((0,...,0,c¢;(A),0,...,0)T) = ith row vector of
A. Now let X and Y denote the matrices such that their ith rows are given by
0;((0,...,0,7;,0,...,0)7) and O;((0,...,0,9;,0,...,0)T), respectively. Then it is
simple to see that A = %(X +Y)and X,Y € B¢\, Furthermore, we notice that

the extreme points with respect to the || - ||, norms (i.e. w = (1,...,1)) are given
by
(25) ext %c,k =C1 U Cn/k

3. PROOF OF THE ANDO—HORN—JOHNSON INEQUALITY

We start with two preliminary lemmas. We notice that these inequalities es-
sentially include the extremal cases in (1.5). Throughout the paper we say that
A € M,(C) is a contraction if oq(A4) < 1.

Lemma 3.1. Let X,Y be n x n matrices such that ¢;(X),c;(Y) <1 forall1 <i <
n. If S is contraction, then

o1 (X*Y 0 5) <1
Proof. First, assume that .S is unitary: S = U = (u;;). Then we need to check that

(XY o U)z2 < 2]l
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for all z € C™. Indeed, setting X* = (z} ... )T and Y = (1

<
S
S

2
I(X*Y o U)el3 =

Il
3
~/
Mﬁ
3
g
<.
QN
[\v)

:Z 2PNy, I3

j=1
< |Iz1l3.

Since every contraction S is the convex sum of unitaries, the proof is complete. [

We recall that Lemma 3.1 was settled in [14, p. 6] with a completely different
method.

Lemma 3.2. Let X,Y be n x n matrices such that ¢;(X) = ¢;(Y) = 1 for all
1 <i<n. If Q is a rank-one partial isometry, then

> (XY oQ) <1
=1

Proof. Let u and v be unit vectors such that QQ = uv*. Then
XYouw =(@®l)oX)*(7®1)oY).

Notice that X = (G® 1) o X and Y = (v® 1) o Y have Hilbert-Schmidt norms at
most 1, because the Euclidean norm of all entries is at most 1. Thus von Neumann’s
trace inequality implies

Theorem 3.3. Let A= X*Y and B be n x n matrices. Then

ZaleB §Z o;(B)

holds for all 1 < k < n.
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Proof. From a continuity argument we may assume that ¢;(X) and ¢;(Y") are non-
zero reals. Let ¢(Z) denote the vector (¢1(Z), ..., cn(Z)) for any Z € M,,(C). Notice
that we need to prove

max{”X Y o Bljgy: B e B Y>} _,

for any fixed X and Y. Since the objective function is convex in B, we have the
following two cases relying on (2.4).

Case 1. B = (3°]_, ¢i(X)c;(Y)) ' B;, where Bj is a rank-j partial isometry and
1 <j <k —1. We check that

k

J
D oi(XYoB)) <> ci(X)ei(Y
=1

i=1
or equivalently,
max{”X Y o Byl X € ‘;BC(Y)} 1

for any fixed Y and B;.
First, if X = (22:1 c;i(Y))71 X, where 1 <1 < j—1, and X; € C), we have by
(2.5) that

I’IlaX{HXl*YOBjH(k)Z Y € %c,l} = max{HXl*Y BH(k) YeCiuQd, /l}

< max {IX/Y o Bj|lx): Y € Cy or X; € Cy }
l7

<1

where the last inequality follows from Lemma 3.1.
Secondly, if X = (>~7_; ¢i(Y))71X,, where X,, € C,, it is enough to see that

max {[| XY o Bj||4): Y € B ;} =max {|| XY o Bjl|x): Y € CLUC,/j} =1.
Again, if Y € C; we can simply apply Lemma 3.1. If Y =Y,,/j, where Y,, € C,,
note that B;/j has trace class norm 1. Hence it may be assumed that B;/j is a

rank-one partial isometry and Lemma 3.2 completes the proof.
Case 2. B = (Zle ci(X)e;(Y))71U, where U is unitary. We claim that

maX{HX*YoUH(k): X e %zg:)} =1.

If X = (Zz 1 ¢;(Y))71X;, where X; € C; and 1 <1 < k— 1, then the claim exactly
follows from the argument used in Case 1. Otherwise, from (2.4) we may assume
that X € (ZZ L6(Y) 71X, and X,, € C,,. Now by 2.5

max {[| XY o Bj|l): Y € Bep} = max {[| XY o Bj||(x): Y € CLUC,/k} =1.

Indeed, if Y € Cy, we can apply Lemma 3.1. Lastly, if Y =Y, /k, where Y,, € C,,,
we have

k
Z (XXY, 0U) < 01(X)Y, 0U) <

R‘\H

by Lemma 3.2.
The proof is complete now. (]
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4. REMARKS

4.1. von Neumann’s trace inequality. We note that an analogue reasoning
gives that the only extremal case in the von Neumann inequality (1.1) is when A =
zy* is a rank-one partial isometry and B is unitary. Indeed, we need to maximize
the convex function A — |Tr AB| over the unit ball 875 and consider (2.2) and

(n
the equality (2.3). Then we readily get |TrAB| = |(y, Bx)| < ||yll2||Bz||2 = o1(B),
and the proof is complete. Certain convexity arguments were also used in [8] to
obtain von Neumann’s fundamental result.

4.2. Unitarily invariant norms of bilinear forms. We also remark that using
the previous technique it is straightforward to get the inequality (1.3) as well.
However, we leave the proof to the interested reader and now turn to a result of
Horn, Mathias and Nakamura [12].

For simplicity, let @ denote a symmetric bilinear form on M,,(C) x M,,(C). Every
e defines a bilinear form e by

Tr(A eB)C = Tr(B e(C)A.
Then one has the following characterization [12, Theorem 1] of singular value in-

equalities related to e.

Theorem 4.1. Let A and B n X n matrices. Then
k

k
> 0i(AeB) <Y oi(A)oi(B) forall 1<k<n
=1

i=1

if and only if
01(A eB) < 01(A)o1(B) and 01(A egB) < 01(A)o1(B).
; -1
Proof. '<=": First, let A = <Z O'i(B)> A;, where A; is a rank-j isometry and
1 <3 <k —1. Notice that =
max{||A; eBl): B € B} = max{||A; eB||4): B=U/j for some unitary U
or B rank-1 partial isometry}
= max{||A; eB||(x): A; or B is rank-1 partial isometry}.
But, for any rank-1 partial isometry X and contraction Z,
X oZ||(xy = Tr X(Z egY) < 01(Z egY) < 01(Z2)o1(Y) <1,

where Y € By~

i -1
Lastly, if A = <Z ai(B)) U, where U is a unitary, we get
i=1

max{||U eB||x): B € By} = max{||U eB||: B € R1UR,/k}
= max{||U eB||x): B € R}
Vmax{c(U eB): B € R, }
< max{o1(B)o1(U egX): B€ R1,X € B~}
Vmax{o1(U eB): B € R,}
<1

o(B)

The function A — ||A eBl|(;) is convex on the unit ball B ;)

at hand the proof is complete.

, hence with (2.2)
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'—": We need to check that o1(A egB) < 01(A)o1(B) follows. In fact,
01(A egB) = max{Tr (A egB)X: X € Ry}
= max{Tr A(B ¢X): X € R}

< 01(4) Y k(X oB)
k=1

< 01(A)o1(B),
where the first inequality comes from von Neumann’s inequality. O

4.3. Fan products. Given A and B n x n matrices, the Fan product is defined by
(AxB)i; = {

see [13]. Then it is simple to check that Tr (A x B)C = Tr A(BT x C). Moreover,
one has the inequalities

Jl(A*B)Sdl(A)Ul(B) and Ul(AT*B)SO'l(A)O'l(B).

This can be directly proved by the method of [14]. In fact, for any x € R", define
the map

—a;iby; it i =,

ai;bsj otherwise,

O(z) = diag(—z1, 2, ..., x,) € M,(C).
If A= (ay,...,a,) and B=(by,...,b,), let
®(4) = (©(a))]---19(a,))

-—n

and

U(B)=b®...0,.
Then

AxB = ®(A)¥Y(B).
Additionally, ® and ¥ are contractive, hence o1 (P(A)¥(B)) < 01(P(A))o1 (¥ (B)) <
01(A)o1(B). Now Theorem 4.1 implies that we have a family of inequalities (1.4)
related to the Fan product. Simple counterexamples show that Lemma 3.1 does
not hold with *, hence (1.5) either: for instance, X =Y = 1/4/3(1 ® 1), where
1=(1,1,1)T € R? and U is the unitary

1 2 1 2
U:§ -2 2 1
1 2 -2

4.4. Some open problems. The above examples show that one can deduce sin-
gular value inequalities if an adequate description of extreme points is at hand. In
general, however, such a catalog is not available and we cannot apply our tech-
nique. The motivation of the present paper partly was to develop a method to
settle down a sharp Leibniz-type inequality for the singular values of Hermitian
products. Namely, for any n x n Hermitians A and B, we conjecture that the weak
majorization relation holds:

o (AB - TllTr(AB)) <w 01(A)o <B - TllT?"B) +01(B)o (A - iTrA) .

It seems that there has been a recent interest in Leibniz-type inequalities in the
theory of non-commutative metric spaces (see e.g. [20]) and PDEs well (see e.g.
[8] and [18]). Interestingly enough, we suspect that the same phenomena holds for
the singular values of (centered) Hermitian products as well. The statement would
be a straightforward corollary of the following problem. We recall that below Try
denotes the partial trace.
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oblem 1. Let A, B be n x n Hermitian matrices. Does it follow that

[Tr1 (AT +T@A) (BRI —1®B)| 4 < 201(A)|Trs (BRI 13 B)|w
all 1 <k <n?

We finish with a stronger statement.

oblem 2. Let A, B be n x n Hermitian matrices. Does it follow that

k

ITry (AR T+T@A) (BRI —-I®B)]|4) <2 0i(A)os(Tr1 (BRI —I® B))

for

i=1

all 1 <k <n?

It is known that if the Hermitians A and B are commuting then the previous

inequalities hold, hence we can prove Leibniz-type rules in the commutative case

as

1]

it can be seen in [15], [16].
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