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Abstract

In this thesis we study the ordinary and the modular representation
theory of the symmetric group. In particular we focus our work on

different important open questions in the area.

1. FOUuLKES’ CONJECTURE

In Chapter 2 we focus our attention on the long standing open problem
known as Foulkes’ Conjecture. We use methods from character theory of
symmetric groups to determine new information on the decomposition

into irreducible characters of the Foulkes character.

2. FOULKES MODULES AND DECOMPOSITION NUMBERS

The decomposition matrix of a finite group in prime characteristic p
records the multiplicities of its p-modular irreducible representations as
composition factors of the reductions modulo p of its irreducible repre-

sentations in characteristic zero.

In Chapter 3 we give a combinatorial description of certain columns of the
decomposition matrices of symmetric groups in odd prime characteristic.
The result applies to blocks of arbitrarily high p-weight. It is obtained
by studying the p-local structure of certain twists by the sign character
of the Foulkes module H2"). This is joint work with Mark Wildon.

In Chapter 4 we extend the results obtained in Chapter 3 on the modular
structure of H®"), to the entire class of Foulkes modules H(@") defined
over any field F of odd prime characteristic p such that a < p < n. In par-
ticular we characterize the vertices of all the indecomposable summands
of H(@"),

3. VERTICES OF SPECHT AND SIMPLE MODULES

In Chapter 5 we study the vertices of indecomposable Specht modules for
symmetric groups. For any given indecomposable non-projective Specht
module, the main theorem of the chapter describes a large p-subgroup

contained in its vertex.

In Chapter 6 we consider the vertices of simple modules for the symmet-
ric groups in prime characteristic p. The main theorem of the chapter
completes the classification of the vertices of simple FS,-modules labelled

by hook partitions. This is joint work with Susanne Danz.



Notation

Throughout p denotes a prime number and IF,, denotes the finite field
of size p. Unless otherwise stated F denotes an arbitrary field of prime
characteristic p. Given a finite group G, we denote by FG the usual group
algebra. All FG-modules are intended to be finite dimensional right
modules, homomorphisms between modules are composed from right to

left.

Throughout n denotes a positive integer, and .S,, denotes the symmetric
group on the set {1,2,...,n}. We write S4 for the symmetric group on
the non-empty subset A C {1,2,...,n}. If n € N and p® is the highest
power of p dividing n then we write (n), = p® and we say that the p-part
of n is p®.

If 0 € S, is a permutation fixing exactly n — r elements of {1,2,...,n}
then we say o has support of size r and write | suppo| = r. In partic-
ular, the support of o is the subset of {1,2,...,n} consisting of the r
elements that are not fixed by 0. We also use the obvious extension of

this definition to subgroups of S,.

Finally we write A - n to indicate that X\ is a partition of n, that is

A=A, A2, .., M) where Ay > Ao > ... > A\ >Tand S8 N =n .
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Chapter 1

Introduction and background

results

1.1 Introduction and overview of main results

Let G be a finite group, F a field and n a natural number. A representation of GG over
[F of dimension n is an homomorphism ¢ from G to the group GL,(FF) of invertible
linear maps over an F-vector space of dimension n.

The representation theory of finite groups started with the mail exchange be-
tween Frobenius and Dedekind in Spring 1896. In the following years, many math-
ematicians such as Burnside, Schur, Noether and others laid the foundations of the
ordinary representation theory (i.e. F = C). Given a group G, a complex vector

space V and a representation
p:G— GL(V),
we have that p is uniquely determined by its ordinary character

x:G—C, x(g9) =tr(p(g))

We denote by Irr(G) the set of all the irreducible characters of G. An important
consequence of the fundamental Maschke’s theorem is that every ordinary character
of GG can be uniquely expressed as a linear combination of irreducible characters with
coefficients in N. The new ideas contained in this theory had a spectacular impact
on classical group theory. Problems considered not achievable were solved with the

new tools offered by representation and character theory. A famous example is



Burnside’s p®q® Theorem.

In 1935, Richard Brauer initiated the study of modular representation theory
(i.e. char(F) = p > 0). The situation, in this setting, is much more delicate in
respect to the ordinary case. A very important contribution of Brauer himself is
the introduction of Brauer characters. Unfortunately two different (non irreducible)
representations over the field F of prime characteristic p, can afford the same Brauer
character. More precisely, the Brauer character of an FG-module M determines
the simple composition factors of M and their multiplicities, but does not uniquely

identify the isomorphism class of M.

Symmetric groups have always played a central role in group theory. In repre-
sentation theory of finite groups they provide evidence for some of the important
modern local-global conjectures such as Alperin Weight conjecture, Donovan conjec-
ture, McKay conjecture and Broué’s abelian defect group conjecture. Moreover, the
importance of the study of the representations of symmetric groups transcends group
theory; in fact this topic has an important impact on the investigation of the rep-
resentation theory of related algebras like the Brauer algebra, the partition algebra,
the Hecke algebra of the symmetric group and the recently discovered Khovanov-
Lauda-Rouquier algebras (KLR algebras). Without adding any further detail about
the above listed objects, it is important to mention that these algebras are differ-
ent generalizations of the group algebra of the symmetric group, have a wide range
of applications in many distinct branches of mathematics (from combinatorics to
quantum mechanics) and many of the ideas and the sophisticated techniques used
to approach the study of them are already encoded in the classical representation
theory of the symmetric group.

Despite the numerous generalisations of the algebra of the symmetric group,
there are many fundamental open problems at the level of F.S,,. Motivated by some
of those questions, in this thesis we focus on the study of both the ordinary and the

modular representation theory of the symmetric groups.

1.1.1 Character theory

The ordinary representation theory of the symmetric group S,, was extensively stud-
ied since 1896. Remarkable results are now well known and largely understood. For
example, there is a well defined bijection between simple CS,,-modules and parti-
tions of n. The simple modules are known as Specht modules and the Specht module
corresponding to the partition A of n is denoted by S*. We write x* for the character

afforded by S*. The hook length formula describes combinatorially the dimension of
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any simple CS,,-module and the Murnaghan-Nakayama formula allows us to calcu-
late explicitly the character table. Unfortunately (or not!) we are far from having
an answer to all the possible questions. There are many interesting open problems

that seem definitely out of reach at the moment.

In this work, in particular in Chapter 2, we will focus our attention on the
long-standing open problem known as Foulkes’ Conjecture. Stated in 1950 by H.O.
Foulkes in [26] as a problem in invariant theory, significant advances towards a proof
of Foulkes’ Conjecture have been recently achieved via character theory of symmetric
groups. Apart from the obvious appeal of a sixty years old conjecture, the study
of this problem is interesting for the impact that the knowledge of the ordinary
structure of the Foulkes module has on other problems in different areas such as
modular representation theory and group theory.

We write QS(ab) for the ordinary character afforded by the Foulkes module of
parameters a and b (the reader may wish to refer ahead to Section 1.4 for the defini-
tion of the Foulkes module). The determination of the decomposition into irreducible
characters of qﬁ(ab) is of central importance in the study of Foulkes’ Conjecture. Our
main contribution on these lines is Theorem 2.1.3. There we determine a wide subset
of the irreducible characters of the symmetric group appearing with zero multiplicity
in qﬁ(“b). In particular we give sufficient conditions on the shape of a partition A of
ab in order to have the inner product between the characters d>(“b) and y* equal to
zero. Our results give a partial answer to Problem 9 of Stanley’s survey article on
positivity problems in algebraic combinatorics [72]. This chapter is based on the

paper [28].

1.1.2 Modular representation theory

The modular representation theory of the symmetric group is the main object of
this thesis. As already mentioned in the first general part of this introduction the
representation theory of a finite group over a field [F of prime characteristic p is much
more complicated compared to the characteristic 0 setting. This is the case also for
the symmetric group S,. Important and natural questions that have a complete
answer in the ordinary case, are obscure and apparently very hard to solve in the
modular setting. For example, while the hook length formula gives us a precise
combinatorial way to compute the dimension of any given simple CS,-module, the
dimension of the simple FS,-modules is in general not known. In Chapters 3, 4, 5
and 6 we will study various aspects of the modular structure of important families

of modules for the group algebra F.S,,.
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Chapter 3 is devoted to the long standing and fundamental open problem of
determining the decomposition matrix of the symmetric group. As explained in full
detail in Section 1.3.5, the decomposition matrix of the symmetric group records
the multiplicities of the simple FS,,-modules as composition factors of the Specht
modules S* defined over the field F.

Our main contribution in the study of this problem is Theorem 3.1.1, where we
completely describe a number of columns of the decomposition matrix labelled by
partitions of arbitrarily high p-weight. One of the key tools used in the proof of
Theorem 3.1.1 was the determination of the vertices of indecomposable summands
of some twists by the sign character of the family of Foulkes modules of parameters
2 and n (Theorem 3.1.2). For a detailed account of the definition and the basic
properties of vertices of indecomposable modules we refer the reader to Section

1.2.1. This chapter is based on the paper [29].

Motivated by the preliminary and specific result obtained in Theorem 3.1.2, in
Chapter 4 we study the more general problem of determining the possible vertices
of the family of the indecomposable summands of Foulkes modules H("). In par-
ticular in Theorem 4.1.1 we are able to completely describe both vertices and Green
correspondents of arbitrary indecomposable direct summands of H(@"), whenever
a < p < n. In this more general setting we are also able to draw corollaries on
the structure of the decomposition matrix of the symmetric group. In particular in
Theorem 4.1.2 we give upper bounds on some decomposition numbers in term of the
multiplicities of irreducible ordinary characters in the decomposition of the ordinary

Foulkes character ¢(¢"). This chapter is based on the paper [31].

In Chapter 5, we study the vertices of indecomposable Specht modules defined
over IF. As explained in the introduction of the chapter, this is an important open
problem in the representation theory of the symmetric group, largely studied by
mathematicians in the last fifty years.

In Theorem 5.1.2 we give a lower bound on the vertices of indecomposable Specht
modules. More precisely, for any given indecomposable Specht module S* we de-
termine a large subgroup necessarily contained in a vertex of S*. Theorem 5.1.2
generalizes an earlier result due to Wildon in [77].

We conclude Chapter 5 by describing a family of Specht modules with maximal
possible vertex. In particular, in Theorem 5.1.3 we give conditions on a partition A
in order to have the vertices of S* equal to the defect groups of the block where S*

lies. The first part of the chapter is based on the paper [30].
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As mentioned above, a very natural problem that lacks a satisfactory answer in
modular representation theory of symmetric groups is to determine the dimensions
of simple modules. As we will clarify in Section 1.2.1 below, the vertices of a simple
module D are local invariants encoding interesting information about the p-part of
the F-linear dimension of D. Motivated by this open problem, in Chapter 6 we focus
our attention on the study of the vertices of simple FS,-modules. Unfortunately a
characterisation of the vertices of the full family of simple modules seems to be a
very hard problem. Therefore we focus on the description of a more approachable
subfamily, namely the one composed by all the simple modules labelled by hook
partitions. As explained in the introduction of the chapter this family was largely
studied in the last fifteen years. Given a natural number n and a hook partition
A= (n—r,1"), the vertices of the simple F'S,,-module D* were already known except
when p > 3, 7 = p — 1 and n is congruent to p modulo p?. In Theorem 6.1.1 we
deal with this last unknown case. In particular we prove that if r = p — 1 and n is
congruent to p modulo p? then the vertices of D* are the Sylow p-subgroups of Sj,.
This is the last piece of information needed to completely classify vertices of simple
modules labelled by hook partitions. A compact statement of this classification is

given in Theorem 6.1.3. This chapter is based on the paper [14]

1.2 Background on modular representation theory

In this section we summarize without proofs some of the main results in the area of
modular representation theory of finite groups. We refer the reader to [1], [2] and
[62] for a complete and extensive account of the theory. Throughout this section we
let F be a field of prime characteristic p > 0, G a finite group and we denote by FG
the group algebra of G over F.

1.2.1 Relative projectivity and vertices

An FG-module U is a free module if it is isomorphic to a finite direct sum of copies
of the reqular representation FG naturally defined by linear extension of the action

of G on itself by right multiplication. If

U=FG®-- - 0FG,
S —

T

then we say that U is free of rank r. An FG-module V is a projective module if it is
a direct summand of a free module. In particular an FG-module is indecomposable

and projective if and only if it is an indecomposable direct summand of the regular
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module FG. The following theorem is a fundamental characterization of projective

modules (see [1, Section 5, Theorem 2]).

THEOREM 1.2.1 Let U be an FG-module. The following are equivalent:
1. U 1is a projective module.

2. If ¢ is a surjective FG-homomorphism of the FG-module V onto U then the

kernel of ¢ is a direct summand of V.

3. If ¢ is a surjective FG-homomorphism of the FG-module V' onto the FG-module
W and ¢ is an FG-homomorphism from U to W then there exists an FG-
homomorphism ¢ of U to V' such that ¢ = 1.

Let H be a subgroup of G. An FG-module U is called relatively H-projective if it
is a direct summand of Ind®(Resy U), namely the induction to G of the restriction
to H of U. This is a generalization of the notion of projectivity. In fact it is not too
difficult to realize that if H = 1 then U is relatively 1-projective if and only if it is
projective. The following proposition (see [1, Section 9, Proposition 1]) characterizes

relatively H-projective modules and it is an analogue of Theorem 1.2.1.

PropPOSITION 1.2.2 Let U be an FG-module and let H be a subgroup of G. The

following are equivalent:
1. U is a relatively H-projective module.

2. If ¢ is a surjective FG-homomorphism of the FG-module V' onto U that splits

as an FH-homomorphism then the kernel of ¢ is a direct summand of V.

3. If ¢ is a surjective FG-homomorphism of the FG-module V' onto the FG-
module W and ¢ is an FG-homomorphism of U to W then there exists an
FG-homomorphism ¢ from U to V' such that ¢¢ = 1, provided that there is an
FH-homomorphism from U to V with this property.

A natural question arising at this point is: given an FG-module U, for which
subgroups H of G is U relatively H-projective? The lemma below (see [1, Section

9]) is an important first step towards an answer.

LEMMA 1.2.3 Let H be a subgroup of G and let M be a relatively H-projective
FG-module. Let P be a Sylow p-subgroup of H. Then M is relatively P-projective.

Let now V be an indecomposable FG-module. A subgroup @ of G that is minimal
with respect to the condition that V' is relatively Q-projective is called a wvertex of

V. Introduced by J. A. Green in 1959 [33], vertices of indecomposable modules over

14



modular group algebras have proved to be important invariants linking the global
and local representation theory of finite groups over fields of positive characteristic.
Given a finite group G and a field F of characteristic p > 0, by Green’s result,
the vertices of every indecomposable FG-module form a G-conjugacy class of p-
subgroups of G. Moreover, vertices of simple FG-modules are known to satisfy
a number of very restrictive properties, most notably in consequence of Knérr’s
Theorem [52] below. We refer the reader to Section 1.2.2 for the definition of blocks
and defect groups of a block of the group algebra FG.

THEOREM 1.2.4 Let B be a block of the group algebra FG and let S be a simple
FG-module with vertex Q lying in B. If D is a defect group of B containing Q, then

Cp(Q) <Q<D.

The latter, in particular, implies that vertices of simple FG-modules lying in
blocks with abelian defect groups have precisely these defect groups as their vertices.
Despite this result, the precise structure of vertices of simple FG-modules is still
poorly understood, even for very concrete groups and modules.

Since an indecomposable module is projective if and only if its vertex is the
trivial subgroup we have that, roughly speaking, the vertex of an indecomposable
module V' measures the distance of the module V' from being projective.

If V has vertex Q and U is an indecomposable FQ)-module such that V is a direct
summand of Ind%(U), then we call U a source of V. The source U of V is unique
up to conjugation in Ng(Q). A fundamental result in the theory of vertices is the

following theorem.

THEOREM 1.2.5 (GREEN CORRESPONDENCE) There is a one-to-one correspondence
between isomorphism classes of indecomposable FG-modules with vertex ¢ and iso-
morphism classes of indecomposable FN¢g(Q)-modules with vertex Q. Moreover, if
V' is an indecomposable FG-module with vertex ) then the Green correspondent
U of V is the unique indecomposable summand of Resy,q)(V) having vertez Q.

Equivalently V is the unique summand of Ind® U having vertez Q.

We conclude the section by stating some well known results that we will exten-

sively use later on in the thesis.

THEOREM 1.2.6 Let Q be a subgroup of the p-group P. If U is an absolutely inde-
composable FQ-module then IndS(U) is absolutely indecomposable with vertex Q).

Proof: See Theorem 8 in [33]. O

An important consequence of theorem 1.2.6 is the following Theorem that relates

the F-linear dimension of an indecomposable module to the size of its vertex.
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THEOREM 1.2.7 Let V be an indecomposable FG-module. Let P be a Sylow p-
subgroup of G containing a vertex QQ of V.. Then

|P: Q| | dimp(V).

Theorem 1.2.7 is a very important tool that will be frequently used in Chapters
5 and 6.

1.2.2 Block theory

In this paragraph we recall the main definitions and some of the basic properties
concerning the block theory of group algebras. As usual let G be a finite group and
let F a field of prime characteristic p such that |G| is divisible by p. The group
algebra FG can be considered as an F(G x G)-module via the action defined by
a(g,h) = g tah, for a,g and h in G. We call p-blocks of G the indecomposable
summands Bj, ..., By of the F(G x G)-module FG. Equivalently

FG=B1 & -® By,

is the unique decomposition of the algebra FG as the direct sum of indecomposable
subalgebras. If V is an indecomposable FG-module, we say that V lies in the p-block
B; it VB; =V and VB; = 0 for all j # .

THEOREM 1.2.8 If B is a p-block of FG then B has vertex, as an F(G x G)-module,
of the form
6(D) ={(d,d) | d € D},

where D is a p-subgroup of G.

Proof: See [1, Section 13, Theorem 4] O

It is not too difficult to notice that the vertices of a p-block B form a conjugacy
class of p-subgroups of G. These are called the defect groups of G. If D is a defect
group of a block B and has order p? then B is said to be of defect d. The following
theorem (see [1, Section 13, Theorem 5]) sheds light on the relation between vertices

of indecomposable modules lying in B and B itself.

THEOREM 1.2.9 Let V' be an indecomposable FG-module lying in a p-block B. If Q)
is a vertex of V' then there exists a defect group D of B such that Q < D.

In fact by [1, Section 14, Corollary 5], for every p-block B there exists an indecom-
posable module V' lying in B having vertex equal to the defect group D of B.

16



The Brauer correspondence relates the p-blocks of FG to the p-blocks of sub-
groups of G. We define this important tool below.

DEFINITION 1.2.10 Let H be a subgroup of G, b a p-block of H and B a p-block of
G. We say that B corresponds to b and write B = bC if b, as an F(H x H)-module,
is a direct summand of the restriction of B to H x H and if B is the only block of
G with this property.

The following proposition underlines the connection between Brauer correspon-
dence for blocks and Green correspondence for indecomposable modules. Again

global and local information are closely related.

ProposITION 1.2.11 Let V' be an indecomposable FG-module with vertexr @ lying
in the p-block B of G. Let U be the Green correspondent of V', lying in the block b
of Na(Q). Then B =bC.

1.2.3 The Brauer homomorphism

Let V be an FG-module. Given a p-subgroup @ < G we denote by V< the set
Ve={veV:vg=uv foral geQ}

of Q-fixed elements. Tt is easy to see that V@ is an FNg(Q)-module on which Q
acts trivially. For a proper subgroup R of @, the relative trace map Trg VR 5 ve
is the linear map defined by

TiE(v) = vy,

geT

where the sum is over a set T' of right coset representatives for R in ). We observe
that

T9(V) = Y TRV H)
R<Q

is an FNg(Q)-module contained in V9. Moreover, for all R < P < @ we have that
T (V) = TR (Tl (V).

Therefore

(V) = Y TRVY),
PGQQ

where ¢ is the set consisting of all maximal subgroups of Q. If P € {)g then every
element g € @~ P has the property that {1, g, g, ..., gP~1} is a set of representatives

17



of the right cosets of P in Q; in particular, we get Trg(v) =v+uvg+--+uvgP
forve VP,
The Brauer quotient of V with respect to @ is the FNg(Q)-module V(Q) defined

by

V(@) =Ve > mEh).

R<Q

LEMMA 1.2.12 Let U and V' be two FG-modules and let P be a p-subgroup of G,
then

(U & V)(P) = U(P) & V(P)

as F(Ng(P))-modules.

Proof: Tt is easy to observe that (U ® V)Y = U @ VF. Moreover, if R is a maximal

subgroup of P and {1,g,¢% ...,97 1} is a set of representatives for the cosets of R
in P, then
p—1
Trp(U e V) = {) (w,v)d | (u,v) e U@V} = Tep(UF) @ Trp(VF).
i=0

Hence (U V)(P) =2 U(P)® V(P). O

The next proposition (see [9, (1.3)]) is fundamental for many arguments used

later in this thesis.

ProPOSITION 1.2.13 If V is an indecomposable FG-module and Q) is a p-subgroup
of G, then V(Q) # 0 implies that Q is contained in a vertex of V.

In the following example we show that the converse of Proposition 1.2.13 is not

true in general.

EXAMPLE 1.2.14 Let p be a prime, let G be the cyclic group of order p* and let o
be a generator of G. Let J be the F,G-submodule of F,G defined by

J:<Ui—1\i€{172,...,p2—1}>FP7

where the action of F,G is defined as the natural linear extension of the action of
G on itself by right multiplication. Since J is (p? — 1)-dimensional, Theorem 1.2.7
implies that G is the vertex of J. It is easy to see that J is a 1-dimensional module

linearly generated by v =1+oc+--- + oP* =1, Consider now the element u defined

by



Clearly u € J) and we have that
v = T7“<G(;p>(u).

Therefore we conclude that J(G) = 0.

The following proposition will be very useful for proving Theorem 6.1.1 in Chap-
ter 6. The proof is straightforward, and is thus left to the reader.

PROPOSITION 1.2.15 Let G be a finite group, let V' be an FG-module with F-basis
B, and let P be a p-subgroup of G. Suppose that there is some by € B satisfying the
following properties:

(i) bo e VP;

(ii) whenever Q@ <max P, u € VO and Trg(u) = > pepw(u)b, for ap(u) € F,
one has ap,(u) = 0.
Then by + TrP (V') € V(P) ~ {0}, and therefore V(P) # 0.

1.2.4 Brauer homomorphism and p-permutation modules

In this subsection we summarize the principal results from [9]. We start by defining
p-permutation modules and describing some of their basic properties. In particular
we focus on the behaviour of this family of modules under the Brauer map defined
in Section 1.2.3. The results presented in this section will be used extensively in
Chapters 3 and 4.

Let G be a finite group. An FG-module V is said to be a p-permutation module
if whenever P is a p-subgroup of G, there exists an F-basis B of V' whose elements
are permuted by P. In this case we say that B is a p-permutation basis of V with
respect to P, and write V' = (B). This definition immediately implies that the direct
sum of p-permutation modules is a p-permutation module. It is also easily seen that
if V has a p-permutation basis with respect to a Sylow p-subgroup P of G then
V is a p-permutation module. It is enough to observe that if @ is another Sylow
p-subgroup of G and g is an element of G such that QQ = PY, then the set B’ defined
by

B = {bg | be B}

is a p-permutation basis for V with respect to Q.
The following proposition characterizing p-permutation modules is proved in [9,
(0.4)]. Notice that if V' and W are FG-modules we write V' | W to indicate that V'

is isomorphic to a direct summand of W.
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PROPOSITION 1.2.16 An indecomposable FG-module V' is a p-permutation module
if and only if there exists a p-subgroup P of G such that V| IndIGp(]F).

Thus an indecomposable FG-module is a p-permutation module if and only if
it has trivial source. It follows that the restriction or induction of a p-permutation

module is still p-permutation, as is any summand of a p-permutation module.

LEMMA 1.2.17 Let F be a field of prime characteristic p. Let G be a finite group
and let K and H be subgroups of G such that K < H < G. Suppose that p does not
divide |H : K|. Then Ind%(F) is a direct summand of Ind$ (F).

Proof: From the hypothesis we deduce that a Sylow p-subgroup of H is contained in
K. Therefore the trivial FH-module Fp is relatively K-projective, by Lemma 1.2.3.
Hence

F | Ind(Resf (Fp)) = Ind2E(Fy).

The statement now follows by inducing up to G. O

The following theorem is proved in [9, 3.2(1)] and is the first and most impor-
tant evidence of the nice behaviour of p-permutation modules under the Brauer

homomorphism.

THEOREM 1.2.18 Let V be an indecomposable p-permutation FG-module and let Q
be a vertex of V.. Let R be a p-subgroup of G. Then V(R) # 0 if and only if R < Q9
for some g € G.

If V is an FG-module with p-permutation basis B with respect to a Sylow p-
subgroup P of G and R < P, then taking for each orbit of R on B the sum of the
elements in that orbit, we obtain a basis for V. The sums over vectors lying in
orbits of size p or more are relative traces from proper subgroups of R, and so V' (R)
is equal to the F-span of

{v+Tr®V) | ve B},

where B = {v € B |vg = v for all g € R}. Notice that, to ease the notation we will
sometimes equivalently denote B% by B(R). Thus Theorem 1.2.18 has the following
corollary, which we shall use throughout Chapters 3 and 4.

COROLLARY 1.2.19 Let V' be a p-permutation FG-module with p-permutation basis
B with respect to a Sylow p-subgroup P of G. Let R < P. The FNg(R)-module

V(R) is equal to (b+Tef* (V) | b € BE) and V has an indecomposable summand with
a vertex containing R if and only if B # @.

The next result [9, 3.4] explains what is now known as Broué correspondence.
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THEOREM 1.2.20 An indecomposable p-permutation module V' has vertex Q if and
only if V(Q) is a projective FN¢(Q)/Q-module. Furthermore

e The Brauer functor sending V' to V(Q) is a bijection between the set of in-
decomposable p-permutation FG-modules with vertex () and the set of inde-
composable projective F(Ng(Q)/Q)-modules. Regarded as an FNg(Q)-module,
V(Q) is the Green correspondent of V.

o Let V be a p-permutation FG-module and E an indecomposable projective
F(Ng(Q)/Q)-module. Then E is a direct summand of V(Q) if and only if
its correspondent U (i.e. the FG-module U such that U(Q) = E) is a direct

summand of V.

Some important consequences that we will use extensively in the thesis are stated

below.

COROLLARY 1.2.21 Let U be a p-permutation FG-module and let Q) be a p-subgroup
of G. Then U(Q) is a p-permutation FNg(Q)-module.

Proof: Let R be a Sylow p-subgroup of N¢g(Q) and let P be a Sylow p-subgroup
of G containing R. Denote by Bp a p-permutation basis of U with respect to P.
By Corollary 1.2.19 we have that the FN¢(Q)-module U(Q) has linear basis Bp(Q).
It is easy to observe that Bp(Q) is a p-permutation basis with respect to R. This
completes the proof. O

COROLLARY 1.2.22 Let G and H be two finite groups and let C be a subgroup of
G. Let U be an indecomposable p-permutation FG-module, V' be an indecomposable

p-permutation FH-module and W1, ..., Wy be indecomposable FC-modules. Then
o If Resc(U) = W1 @ --- @ Wy, then there is a verter R of U and vertices
Q1,...,Qr of Wh, ..., Wy respectively, such that Q; < R foralli € {1,2,...,k}.

e The indecomposable F(G x H)-module U X'V has a vertex containing @ x P,

where Q@ and P are vertices of U and V' respectively.

LEMMA 1.2.23 Let Q and R be p-subgroups of a finite group G and let U be a p-
permutation FG-module. Let K = Ng(R). If R is normal in Q then Resy, () U(Q)
and (U(R))(Q) are isomorphic as FNg(Q)-modules.

Proof: Let P be a Sylow p-subgroup of Ng(R) containing @ and let B be a p-
permutation basis for U with respect to P. By Corollary 1.2.19 we have U(Q) =
(B(Q)) as an FNg(Q)-module. In particular

Resn, (@ (U(Q)) = (B(Q))
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as an FNg(Q)-module. On the other hand U(R) = (B(R)) as an FNg(R)-module.
Now B(R) is a p-permutation basis for U(R) with respect to P. Since P contains

Q we have (U(R))(Q) = (B(R))(Q) = ((B(R))(Q)) = (B(Q)), as FNk (Q)-modules,

as required. O

LEMMA 1.2.24 Let G and H be finite groups and let U and U’ be p-permutation
modules for FG and FH, respectively. If Q < G is a p-subgroup then

URUNQ)=U@QEU,

where on the left-hand side Q is regarded as a subgroup of G X H in the obvious way.

Proof: This follows easily from Corollary 1.2.19 by taking p-permutation bases for
Uand U'. O

PROPOSITION 1.2.25 Let M be a p-permutation FG-module and P be a p-subgroup
of G. If M(P) is an indecomposable FNg(P)-module then M has a unique inde-

composable summand U such that P is contained in a vertex of U.

Proof: Suppose by contradiction that there exist Vi and V5 indecomposable sum-
mands of M with vertices Q1 and (2 respectively, such that P < Q1N Q2. Then by
Lemma 1.2.12 we have that

Vi(P) @ Va(P) | M(P).

This contradicts the indecomposability of M (P) since by Theorem 1.2.20 we have
that V;(P) #0 for i € {1,2}. O

LEMMA 1.2.26 Let M be an indecomposable p-permutation module and let P < G
be a vertex of M. Let Q) be a subgroup of P. Suppose that M lies in the block B of
FG. If M(Q), considered as an FNg(Q)-module, has a summand in the block b of
FNG(Q), then b% is defined and b& = B.

Proof: See [77, Lemma 7.4]. O

In Chapters 3 and 4 we will need the following well known Scott’s lifting theorem
for p-permutation modules (see for instance [2, Theorem 3.11.3]). We denote by Z,
the ring of p-adic integers. If M is an [F,G-permutation module with permutation

basis B, we denote by Mz, the canonical lift of M defined by
MZp:<b]b€B>Zp.
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THEOREM 1.2.27 If U is a direct summand of a permutation F,G-module M then
there is a Zy,G-module Uyz,, unique up to isomorphism, such that Uz, is a direct

summand of Mz, and Uz, @z, F, = U.

An argument that we shall use several times is stated in the lemma below:
LEMMA 1.2.28 If P is a p-group and Q is a subgroup of P then the permutation
module IndS(IF) s indecomposable, with vertex Q). O

Proof: This is a straightforward application of Proposition 1.2.6. O

We conclude the section by recalling the definition and the basic properties of
Scott modules. We refer the reader to [9, Section 2] for a more detailed account.
Given a subgroup H of G there exists a unique indecomposable summand U of the
permutation module Ind% (F) such that the trivial FG-module is a submodule of U.

This can be seen by observing that
dimg (Hompg (F, Ind% (F)) = dimp(Hompg (F,F)) = 1,

therefore the multiplicity of the trivial FG-module as a direct summand of the socle
of Ind%(F) is equal to 1. We say that U is the Scott module of G associated to H and
we denote it by Sc(G, H). The following theorem summarizes the main properties
of Scott modules (see [9, Theorems (2.1) and (3.2)]).

THEOREM 1.2.29 Let G be a finite group, H a subgroup of G and P a Sylow p-
subgroup of H. Then the Scott module Sc(G, P) is isomorphic to Sc(G, H) and is
uniquely determined up to isomorphism among the summands of Indg(F) by either

of the following properties:
e The trivial FG-module is isomorphic to a submodule of Sc(G, P).
e The trivial FG-module is isomorphic to a quotient of Sc(G, P).

Moreover, Sc(G, P) has vertex P and the Broué correspondent (Sc(G, P))(P) is
isomorphic to the projective cover of the trivial F(Ng(P)/P)-module.

1.3 Background on the representation theory of sym-
metric groups

In this section we collect the main results in both the ordinary and the modular

representation theory of the symmetric group.
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1.3.1 The combinatorics of partitions and tableaux

A composition £ of a natural number n is a finite sequence of non-negative integers
= (ly,...,L), such that Zle ¢; = n. The non-negative integers ¢1, /s, ..., {; are
called the parts of the composition. For example ¢ = (2,3,1,1,0) is a composition of
7. A partition X of a natural number n (denoted by A - n) is a composition of n whose
parts are strictly positive and non-increasingly ordered. For example A = (3,2,1,1)
is a partition of 7 and is called the underlying partition of £ = (2,3,1,1,0).

Let A = (A1,...,Ax) be a partition of a natural number n. For alli € {1,..., A1}
denote by \] the natural number defined by

A=A A =i}

Let s = A\ and define N = (M,...,\.) to be conjugate partition of A. Given
w = (p1,..., ) a partition of m, we say that X\ is a subpartition of p, and write
A C o, if B <tand A\j < py, for all j such that 1 <5 <k.

There is a natural partial order on the set of partitions of a positive integer n
known as the dominance order. Given A, i = n, denote by p(A) and p(x) the number
of parts of A and p respectively. We say A\ dominates p, and write A > p, if

J

J
Ai > Z Hi
i=1 i=1
for all j such that 1 < j < min(p(X), p(u)).

The Young diagram [A] of X is an array of boxes, left aligned, having A; boxes
in the j-row for all j € {1,... k}.

A A-tableau is an assignment of the numbers {1,2,...,n} to the boxes of the
Young diagram of A such that no number appears twice. We will denote by ¢(i, )
the number assigned to the box of ¢ in row 7 and column j. Given a A-tableau ¢, the
transposed tableau of t is the \-tableau obtained by assigning to the box in row i
and column j the value ¢(j,7). We will denote by ¢’ the transposed tableau of ¢.

The symmetric group 5, acts naturally on the set of A-tableaux by permuting
the entries within the boxes. We call row-standard any A-tableau having the entries
of each row ordered increasingly from left to right. Similarly a A-tableau is called
column-standard if the entries of each column are increasingly ordered from top to
bottom. When a A-tableau is both row-standard and column-standard it is called
standard. Given a A-tableau v we will denote by T the row-standard tableau obtained

from v by sorting its rows in increasing order. We will call © the row-straightening

of v.
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For example, if A = (3,2,1,1) then in Figure 1.1 below are represented a A-tableau

u and the row-straightening u of w.

g
I

~N | S| Ot | W
o | e

Figure 1.1: Two (3,2, 1, 1)-tableaux

There is a fundamental ordering on the set of standard A-tableaux known (again)
as the dominance order. In order to define it we must define the dominance order
on compositions. Let ¢ = (¢1,...,¢;) and b = (b1,...,bs) be compositions of the

natural number n. We say that £ dominates b, and write ¢ > b, if

zr:fi > z’": b;,
i—1 i—1

for all »r € N. (If r is larger than the number of parts of ¢ or b then take the
corresponding part to be 0). If ¢ is a standard tableau, then we denote by com (/)
the composition recording the number of entries < j in each row of ¢t. For example
if t = @, where u is as in Figure 1.1, then com(¢<7) = (3,2,1,1) and com(ts*) =
(3,1,0,0). Let A be a partition of n. If ¢ and v are standard A\-tableaux then we say
that ¢ dominates v if

com(tS7) > com(vY),

for all j with 1 < j < n. Notice, for example, that the tableau @ in Figure 1.1 is the
most dominant (3,2, 1, 1)-standard tableau. Following the usual convention, we will
re-adopt the &> symbol for dominance order on standard tableaux.

We conclude the section by defining a special subclass of partitions of a natural
number n that we will consider extensively in the rest of the thesis, in particular
in Chapters 2 and 6. Let k be a natural number smaller than n and let A be the
partition defined by

A=(n—k1,...,1) = (n—k,1%).
——
k
We realize that the Young diagram [\] has the shape of a hook. For this reason \ is

called a hook partition.
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1.3.2 Young permutation modules and Specht modules

We turn now to a brief account of the theory of Specht modules for S,,. We refer
the reader to [39] for further details and examples. We start by introducing the
following definition. Given a partition A = (A1,...,A\x) of n we denote by Sy the
subgroup of S, defined by

SA:SMX--'XS)\,C.

The subgroups Sy are called Young subgroups of S,, for all A partitions of n.

We say that two A-tableaux ¢ and u are row-equivalent if the entries in each
row of ¢ are the same as the entries in the corresponding row of w (for instance
the tableaux w and @ in Figure 1.1 are row equivalent). It is easy to see that this
defines an equivalence relation on the set of A-tableaux. We will denote by {t} the
row-equivalence class of ¢ and we will say that {t} is a A-tabloid. The symmetric
group S, acts naturally on the set of A-tabloids, therefore we can define M* to be
the S,,-permutation module generated as a vector space by the set of all A-tabloids.
The module M?* is called a Young permutation module. Since S, acts transitively
on the set of A-tabloids and since the stabilizer in S,, of a fixed A-tabloid {¢} is
conjugate to the Young subgroup Sy we have the following important isomorphism
of IFS,,-modules:

M* = Ind$"(F), for all At n.

Given any A-tableau t we denote by C(t) the column stabilizer of ¢, namely the
subgroup of S, that fixes the columns of ¢ setwise. The A-polytabloid corresponding
to the A-tableau ¢ is the following element of M*:

er= Y sen(g){t}g.

geC(t)

The Specht module S* is the submodule of M? linearly generated by the poly-
tabloids. When considered over the field of complex numbers, the family of Specht
modules

{S* | A+ n},

is a complete set of non-isomorphic simple CS,,-modules. For every partition A of n
we denote by 7 and x* the ordinary characters afforded by M* and S* respectively.

Notice that for all h € S,, we have that e;h = ey, for any given A-tableau t.
Moreover if g € C(t) then it is easy to observe that e;g = sgn(g)e;. Finally we will
say that e; is a standard polytabloid if t is a standard A-tableau. One of the main

theorems about the structure of Specht modules is the following Standard Basis

26



Theorem proved by James in [39]. Here we present it in its stronger version with

the contribution made by Wildon in [77, Proposition 4.1].

THEOREM 1.3.1 The set of standard A-polytabloids is a Z-basis for the Specht mod-
ule S defined over Z. Moreover if v is a column-standard \-tableau then its row-

straightening v is a standard A-tableau and
€y =€y + 2,

where x is a Z-linear combination of standard \-polytabloids e; such that v>t.

In particular we observe that the dimension of the Specht module S* equals
the number of standard A-tableaux. One of the nicest results in the representation
theory of symmetric groups is the hook length formula. The hook length formula is
a closed combinatorial formula which gives the dimensions of Specht modules. We
need to introduce a bit of notation in order to state the related theorem. Let b be a
box of the Young diagram of A. We denote by Hj the hook on b, namely the subset
of boxes of [A] lying either to the right or below b, including b itself. We define the
hook length hy to be the number of boxes in Hp,.

THEOREM 1.3.2 Let A be a partition of n, then

m($Y) = — "
dim(S7") = oo s

For example the dimension of (21 is % = 16.

We present below some fundamental results concerning the ordinary representa-
tion theory and the character theory of symmetric groups. We refer the reader to
[39] for the proofs of such well known theorems.

The theorem below gives important information concerning the decomposition

of Young permutation modules into irreducible Specht modules.

THEOREM 1.3.3 Let A and p be two partitions of n. If the CSy,-module S* is a

direct summand of M* then A dominates L.

THEOREM 1.3.4 (BRANCHING THEOREM) Let p be a partition of n. Let A be the
set of all the partitions of n + 1 corresponding to the Young diagrams obtained
by adding a box to the Young diagram of p. Then the induced CSyi1-module

Ind®"+1(S*) decomposes as follows:

Ind5+1(5#) = @ S*.
AEA

27



The following theorems will be extensively used in Chapter 2. They are both
straightforward corollaries of the Littlewood—Richardson rule, as stated in [39, Chap-
ter 16].

THEOREM 1.3.5 Let k be a natural number such that k < n and let A be a partition
of n—k. If L is the set of all the partitions of n corresponding to the Young diagrams
obtained by adding k boxes, no two in the same column, to the Young diagram of X,

then

A n
(X" x 1Sk;)TSn_k><Sk = ZX#-
peL

THEOREM 1.3.6 Let k be a natural number such that k < n and let X\ be a partition
of n — k. Denote by sgn;, the sign character of the symmetric group Sy (i.e. the
character afforded by the Specht module S(lk)). If KC is the set of all the partitions
of n corresponding to the Young diagrams obtained by adding k boxes, no two in the

same row, to the Young diagram of X\, then

A Sn
O xsen) T g = D> X"
peKx

THEOREM 1.3.7 Let k be a natural number such that k < n, let A be a partition of

n —k, let u be a partition of k and let v be a partition of n. If
Sn v
<(><A x X" x > #0
then A, C v, and p(v) < p(\) + p(p).

1.3.3 The structure of Sylow p-subgroups of symmetric groups

We pause for a moment the study of the representation theory to recall the structure
of the Sylow p-subgroups of symmetric groups, as described for example in [45,
Chapter 4]. Then, after fixing a convenient notation we prove a number of properties
of the Sylow p-subgroups of S,, and their subgroups that we will use in Chapters 3, 4
and 6. In particular, in Section 6.3 we will also extend some of the results presented

in this section.

Let P, be the cyclic group ((1,2,...,p)) < S, of order p. Let further P, := {1}

and, for d > 1, we set

Ppav1 i= Pl Py :={(01,...,0p;7) 1 01,...,0p € Ppa, 7 € P}
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Recall that, for d > 2, the multiplication in P! P, is given by

(01, op; ) (07, ..y 0p T ) = (Jlazl)ﬂ, . ,Jpazp)ﬂ; '),

for (o1,...,0p;7), (01,...,0.;7') € Ppa.

We shall always identify P, with a subgroup of Sy« in the usual way. That
is, (01,...,0p;m) € P is identified with the element m € S,a that is
defined as follows: if j € {1,...,p%} is such that j = b+ p?~!(a — 1), for some
a€{l,...,p} and some b € {1,...,p%"'} then

() (o1, opim) = (b)aa +p* () —1).
Via this identification, P« is generated by the elements g1, ..., ga € Sy, where

pit
gi= [+ k+2p7 L k+(p-1p ) (1<i<d). (1.1)
k=1

With this notation, we have P, < P < --- < P41 < P4, and the base group of

P 2 p
the wreath product Pji-11 P, has the form

p—1
H g;’ “Ppaa - 9g-
=0

In particular, we can write Pa as

p—1

)
de = (de*1 X-Ppgc(lj—l Koo XPIEgil )Xl <gd>'
Since the order of a Sylow p-subgroup of S« equals the p-part of p?l, an easy

inductive argument is now enough to show that Py is a Sylow p-subgroup of S,
for all d € N.

DEFINITION 1.3.8 Let g1,...,ga be the generators of Py fived in (1.1). For j €
{1,...,d =1}, let

p—1

. —1 7
gigr1 = | [ 91959041,
=0

and forl € {1,...,d —j — 1}, we inductively set
p—1
94,341, 4+141 = H gj__iH_l * 95,541,541 'g}+l+1-

=0
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To ease the notation we denote the element g1 2 . ; by z; forall j € {1,2,...,d}.
In Section 6.3 we will extensively describe these elements. Here we want to focus on

the study of some propertles of the element zy = g1 2. 4. In particular we observe

1Ly

that for all j € {1,2,...,d — 1} we can express z; as

ST II]E~- ) ).

kj+1=0Fk;42=0

g+1 . ka
Moreover for all j € {1,2,...d—1} we have that g; commutes with y; := z(gj 9a")

for all kjy1,...,kq € {0,1,...,p — 1}. This follows by observing that ]supp(gj) N
supp(y;) = 0 unless k, = 0 for all » € {j + 1,...,d}, in which case y; = z; and
g; commutes with z; by construction. This implies that z; commutes with g; for
all j € {1,2,...,d} and therefore we deduce that (z4) is a central subgroup of P,a.

This fact will be used later in Chapters 3 and 4.

Now let n € N be arbitrary, and consider the p-adic expansion n = Y, nip*
of n, where 0 < n; < p—1for ¢ € {0,...,r}, and where we may suppose that
n, # 0. By [45, 4.1.22, 4.1.24], the Sylow p-subgroups of S,, are isomorphic to the
direct product [];_q(P,:)™. For subsequent computations it will be useful to fix
a particular Sylow p-subgroup P, of S, as follows: for i € {t € N | n; # 0} and
1< ji < ny, let k(j;) == f;(l) npt + (j; — 1)p® and

Now set
Pn =Py x - XPp,nl X o XPpr,l NEEE XPprvnT.

Notice that for i € {1,...,7} and j; € {1,...,n;}, the direct factor P, ; of P, is
determined by i and its support supp(P, j,)-

EXAMPLE 1.3.9 Suppose that p = 3. Then P3 = (q1), Po = (g1,92), Par =
(91,92, 93) and z3 € Z(Psy), where

g1 =(1,2,3),

g2 = (1,4,7)(2,5,8)(3,6,9),

g5 = (1,10,19)(2,11,20)(3, 12, 21)(4, 13,22) - - - (8, 17, 26)(9, 18, 27) ,

=012 = 01900 = (1,2,3)(4,5,6)(7,8,9),

23 = gras = 2202 = (1,2,3)(4,5,6)(7,8,9) - - - (22,23, 24) (25, 26, 27)
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MOT‘@OU(ZT’, P51 = Pg X P3 X Pg X Pg X P27.

The following Lemma, proved by Danz in [12], gives an interesting picture of the

lattice of subgroups of P,.

LEMMA 1.3.10 ([12, LEMMA 2.1, REMARK 2.2]) Let n be a natural number with
p-adic expansion n = Y. g n;p'. Let P < P, be such that P is S,-conjugate to
Pyi, for some i € {1,...,r}. Then P < Py j,
l—1

for some l € {i,...,r} and some
1 < ji < ny. Moreover, Py ; has precisely p'™" subgroups that are Sy-conjugate to

Py, and these are pairwise Py ; -conjugate to each other.

REMARK 1.3.11 Let again n € N with p-adic expansionn = ;_, nip'. Let P < P,
be such that P is Sy-conjugate to P, for somei € {1,...,7}, so that P < Py ;. for
somel € {i,...,r} and some 1 < j; < ny, by Lemma 1.3.10. Note that the subgroups
of Py j, that are Sp-conjugate to Py are uniquely determined by their supports. In
particular, if i = 1 then P is generated by one of the p-cycles (1,...,p),...,(n —
no—p+1,....,n—ng) € P,.

1.3.4 Blocks of symmetric groups

In the first part of Section 1.3.2 we gave an account of characteristic free properties
of the representations of symmetric groups. The last part of the section was focused
on the ordinary character theory. We now turn our interest to the modular case.

Let F be a field of prime characteristic p. The p-blocks of the symmetric group
algebra S, are described combinatorially by Nakayama’s Conjecture, first proved
by Brauer and Robinson in two connected papers [67] and [7]. In order to state this
result, we must recall some definitions.

Let A be a partition. A p-hook in A is a connected part of the rim of the
Young diagram of A consisting of exactly p boxes, whose removal leaves the diagram
of a partition. By repeatedly removing p-hooks from A we obtain the p-core of
A (usually denoted by 7(A)); the number of hooks we remove is the p-weight of A
(usually denoted by w(\)). When the prime p is clearly fixed, we will sometimes talk
about core and weight instead of p-core and p-weight. In general a p-core partition
is a partition that does not have removable p-hooks. The best way to understand
and perform these kind of operations on partitions is to use James’ abacus. We
refer the reader to [45, Chapter 2] for the definition and a detailed account of the

combinatorial properties of the abacus.

THEOREM 1.3.12 (NAKAYAMA’S CONJECTURE) Let p be prime. The p-blocks of Sy,

are labelled by pairs (v, w), where 7y is a p-core and w € Ny is the associated weight,
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such that |y| +wp = n. Thus the Specht module S* lies in the block labelled by (v, w)
if and only if A has p-core v and weight w. a

We denote the block of weight w corresponding to the p-core v by B(y,w). The
following description of the Brauer correspondence for blocks of symmetric groups
is critical to the proofs of Proposition 3.4.1 in Chapter 3 and Proposition 4.3.1 in
Chapter 4.

THEOREM 1.3.13 Let V' be an indecomposable p-permutation module lying in the
block B(y,w) of Sn. Suppose that R is a subgroup of a vertex of V' and that R
moves exactly the first rp elements of {1,...,n}; that is supp(R) = {1,...,rp}.
Then Ng, (R) = Ng, ,(R) X Sy—rp. Moreover,

(i) Ns,,(R) has a unique block, b say.

(ii) The blocks b ® B(vy,w —r) and B(vy,w) are Brauer correspondents.

(iii) As an FNg, (R)-module, V(R) lies in b®@ B(y,w — ).
Proof: Part (i) is an immediate corollary of Lemma 2.6 and the following sentence
of [10]. Part (ii) is stated in (2) on page 166 of [10], and then proved as a corollary
of the characterisation of maximal Brauer pairs given in Proposition 2.12 of [10]. In
order to prove part (iii) we let W be an indecomposable summand of V(R) lying in

the block ¢ of FNg, (R). By Lemma 1.2.26 we deduce that the Brauer correspondent
¢ is defined. Moreover, by part (i) we have that

c=b® B(7,1),

where b is the unique block of FNg, (R) and B(7,t) is a p-block of FS,, _,. By [73,
Exercise 27.4] V/(R) is a direct summand of Resyg (r)(V), therefore

0# W -c| Resny () (V) Resng (myxns, (r) (™)

In particular we deduce that V - ¢ # 0 and so that V lies in the block ¢%*. This
implies that ¢5» = B(v,w) and by part (ii) we obtain

B(y,w) = o = (b® B(7, t))S" =B#H,t+r).

Clearly we must have v =% and t = w — r, as required. O

We conclude the section stating the following important result (see [45, Theorem

6.2.45]) describing the defect groups of blocks of the symmetric group.
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THEOREM 1.3.14 The defect group of a block of the symmetric group of weight w
is a Sylow p-subgroup of Syp.

In particular Theorem 1.3.14 implies that a p-block B(v,w) of F'S,, has abelian defect
group if and only if w < p.

In [70], Scopes studied the Morita equivalence classes of blocks of symmetric
groups. In particular in [70, Theorem 1] it is proved that for any w € N there are
only finitely many distinct families of Morita equivalent blocks of p-weight w. It

follows immediately that the Donovan conjecture holds for blocks of the symmetric

group.

1.3.5 The decomposition matrices of symmetric groups

Let F be a field of prime characteristic p. A partition A of a natural number n is said
to be p-regular (X F, n) if it has at most p — 1 parts of any given size. The simple
FSy,-modules are labelled by the p-regular partitions of n. In particular we can find
each simple FS,-module D* as the top composition factor of the Specht module SI?

defined over F. More precisely, we have the following fundamental theorem.

THEOREM 1.3.15 Let T be a field of prime characteristic p. If \ is a p-regular parti-
tion of n then the F.S,,-module Sﬂf-‘ has a unique top composition factor, S@/rad(Sﬁ‘) =
D?A. Moreover, the set {D* | X\ I, n} is a complete set of non isomorphic simple
FS,,-modules.

A central open problem in the representation theory of symmetric groups is to
determine for all A = n and for all u =, n the multiplicity dy, of the simple F.5,-
module D* as a composition factor of the Specht module SIE)-‘. Such non-negative
integers dy, (equivalently denoted by [S* : DH]) are called decomposition numbers
of Sy,. Decomposition numbers are usually recorded in a matrix Dy, (p) known as the
decomposition matriz of the symmetric group .S, in prime characteristic p.

We collect below some of the main properties of decomposition matrices.

THEOREM 1.3.16 Let A be a p-reqular partition of n and let pu be a partition of n
that is not dominated by X. Then dyy =1 and d,) = 0.

Proof: See [39, Theorem 12.1]. O

Another easy and very important fact is implied by Theorem 1.3.12.

THEOREM 1.3.17 Let A be a p-reqular partition of n and let p be a partition of n.
Suppose that the p-core y(X) of A is not equal to y(u). Then d,\ = 0.
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Proof: By Theorem 1.3.12 we deduce that Sf and D* lie in different p-blocks of

FS,,. Therefore D* can not be a composition factor of Sg. O

We refer the reader to Chapter 3 for further properties of the decomposition
matrix and for a detailed account of the state of the art concerning the determination

of decomposition numbers.

1.4 Young modules and Foulkes modules

1.4.1 Motivation

An interesting problem in the representation theory of finite groups is the study of
the properties shared by indecomposable summands of permutation modules, namely
indecomposable p-permutation modules. In the case of the symmetric group the first
major achievement in this sense is the description of the indecomposable summands
of the family of Young permutation modules {M* | A F n}. Young permutation
modules were deeply studied by James in [40], Klyachko in [49] and Grabmeier in
[32]. In their work, they completely parametrized the indecomposable summands
(known as Young modules) of such modules and developed a Green correspondence
for those summands. Their original description of the modular structure of Young
modules was based on Schur algebras. More recently Erdmann in [18] described
completely the Young modules using only the representation theory of the symmetric
groups. (The proof of Lemma 3 of [18] contains some errors. A correction to that
proof was later given by Erdmann and Schroll in [19]). We would like to state here
Erdmann’s result. In order to do this we need to introduce the following definition.
Let A be a partition of a natural number n. We say that A is a p-restricted partition
if the conjugate partition )\ is p-regular. Moreover notice that if a partition \ is
not p-restricted, then there exist a unique natural number £ and unique p-restricted
partitions A(0), A(1),..., A(k) # 0, such that

k
A= Z A(m)p™.
m=0

The above expression is called the p-adic expansion of A. We will denote by 7, the
degree |A(m)| of A(m) for each m € {0,1,...,k}.

THEOREM 1.4.1 (THEOREMS 1 AND 2 OF [18]) Let n be a natural number and F
a field of prime characteristic p. There is a set of indecomposable F.Sy,-modules Y,

one for each partition i of n, such that the following holds for all partitions X of n.
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1. M is isomorphic to a direct sum of Young modules Y* with > X\ and with

Y appearing exactly once.
2. YA =Y if and only if X = p.

3. The Young module Y is projective if and only if \ is p-restricted.

k

m=0

4. Let \ be not p-restricted and suppose that X = > A(m)p™ s the p-adic
expansion of A. Consider p to be the partition of n which has ry, parts equal
to p™ for every m € {0,1,...,k}, where rp, = |\(m)|. Then Y has verter a

Sylow p-subgroup of S,.

In this thesis we will begin a systematic study of a new family of permutation
modules, the Foulkes modules. In this section we will give the definition and we will
describe the main properties of Foulkes modules. Motivated by the problem known
as the Foulkes Conjecture (see 2.1.1 for the statement), in Chapter 2 we will analyse
the ordinary character afforded by Foulkes modules. In Chapters 3 and 4 we will
study the modular structure of Foulkes modules. In particular in Chapter 3 we will
use some properties of this family of permutation modules to determine parts of the
decomposition matrix of S,,. On the other hand, in Chapter 4 we will focus on the
indecomposable summands of these permutation modules. More precisely we will
give a precise description of their vertices and Green correspondents. We will also
compare the obtained results with the known structure of Young modules; this will

allow us to disprove a modular version of Foulkes Conjecture, in Proposition 4.2.11.

1.4.2 Definitions and preliminary results

The purpose of this paragraph is to introduce the definition and some of the basic
properties of Foulkes modules. We will also introduce the main pieces of notation
that we will frequently use in Chapters 2, 3 and 4.

Let F be a field (of arbitrary characteristic) and a, n two non-zero natural num-
bers. Let Q%) be the collection of all set partitions of {1,2,...,an} into n sets of

size a. We will denote an arbitrary element w € Q(@") by
w = {w17w27 T 7wn}7
where w; C {1,2,--- ,an}, |wj| =a and w; Nw; =0 for all 1 <i < j < n. We will

call wj a set of w. For example the set partition {{1,2,3},{4,5,6}} is an element of

0B, Observe that given two natural numbers a and n we have that



The symmetric group Sgy, acts transitively in a natural way on Q") by permut-
ing the numbers in each set of every set partition. Let H (@) he the FS,,-permutation
module generated as a [F-vector space by the elements of Q") with the action of
Sqn defined as the natural linear extension of the action on Q") The module
H©") is called the Foulkes module of parameters a and n. Since the action of Sy, is
transitive on Q(@") and the stabilizer of any set partition w € Q") is isomorphic to
Sa 1Sy, it is finally easy to deduce that

n ~ San
H ") = IndZm (F).
An easy application of Lemma 1.2.17 clarifies the relation between the Foulkes

module H@") and the Young permutation module M* where p is the partition of

an having n parts of size a.

PROPOSITION 1.4.2 If the field F has characteristic O or it has prime characteristic
p strictly greater than n then the Foulkes module H") is a direct summand of the

Young permutation module M*.

Proof: 1f the characteristic of the field F is p > 0 then let K be the Young subgroup
of Sy, defined by

By definition M* is the module obtained by inducing the trivial FK-module to the
full symmetric group Sg,. Moreover p does not divide n! = |S, 1S, : K|, therefore
by Lemma 1.2.17 we deduce the statement. We leave the characteristic 0 case to

the reader. O

In particular we deduce that when the underlying field ' has prime characteristic
p strictly greater than n, then every indecomposable summand of H(") is a Young
module. In Chapter 4 we will show that the situation is completely different when
a < p < n. More precisely, in Corollary 4.2.10 we will prove that no non-projective

indecomposable summand of H(@") is a Young module.
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Chapter 2

Foulkes’ Conjecture

2.1 Introduction and outline

Foulkes” Conjecture is a long standing open problem in the areas of ordinary rep-
resentation theory of the symmetric group, algebraic combinatorics and invariant
theory. It was stated by H.O.Foulkes in 1950 as an invariant theoretic problem.
We need to introduce some notation and definitions to state an equivalent character
theoretical version of the conjecture.

As alredy mentioned in Chapter 1 (Section 1.4), for a and b natural numbers, we
denote by 0(") the collection of all set partitions of {1,2,...,ab} into b sets each
of size a. Throughout this chapter H (@) denotes the corresponding CS;-Foulkes
module. Let ¢(“b) be the permutation character of S, afforded by H (),

At the end of Section 1 of [26], Foulkes made a conjecture which can be stated

as follows.

CONJECTURE 2.1.1 (FOULKES’ CONJECTURE) Let a and b be natural numbers such
that a > b. Then the CSy,-module H@) 4s q direct summand of the CSy,-module
7.

The conjecture has been only proved to be true when b = 2 by Thrall (see [74]),
when b = 3 by Dent (see [15, Main Theorem]), when b = 4 by McKay (see [57,
Theorem 1.2]) and when b is very large compared to a by Brion (see [8, Corollary
1.3)).

It is also possible to restate Foulkes’ Conjecture as an inequality between mul-
tiplicities, namely that, for all @ and b natural numbers such that a > b and for all

partitions A of ab,

(60 < (603,
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where x? is the irreducible character of Sy, canonically labelled by A. From this
point of view the decomposition of the Foulkes module as a direct sum of simple
modules becomes central. Except in the case when a = 2 or b = 2 (see [74, Chapter
2] and [69]) and when b = 3 (see [15, Theorem 4.1]), little is known about the
multiplicities of simple modules in this decomposition. In [45, Theorem 5.4.34] an
explicit fomula is given for the specific case of simple modules labelled by two-row
partitions: in this case Foulkes’ Conjecture holds with equality. In [64] Paget and
Wildon gave a combinatorial description of the minimal partitions that label simple
modules appearing as summands of Foulkes modules.

In this chapter, we will prove a number of new results on when these multiplicities
vanish. We start in Section 2.2 below, by proving some properties of the Foulkes
character. In particular we will describe its restriction to the subgroups S, X Sgp_;
of Sup. In Section 2.3 we prove by using only the character theory of symmetric
groups the following result which shows that no Specht module labelled by a hook
partition (ab —7,1") is a direct summand of the Foulkes module H (@), The result
was already proved, with the language of Schur functions by Langley and Remmel

in [54]. We call r the leg length of the hook partition.

THEOREM 2.1.2 If a,b and r are natural numbers such that 1 < r < ab, then
<¢(“b),x(“b_“”)> = 0.

In Section 2.4 we extend this result, by giving a sufficient condition on a partition
A of ab for (¢(“b), x*) to equal zero.

We need the following notation: let & = (v, ..., ;) be a partition of m € N, let
k € N be such that k > ¢ and ab — k —m > a; + 1. Denote by [k : o] the partition
of ab defined by

k:a]=(ab—k—m,oqn +1,...,0; +1,1%7),

Notice that the value of ab will be always clear from the context. It is obvious that
every partition of ab can be expressed uniquely in the form [k : a]. We will call «
the inside-partition of [k : o] (see figure 2.1).

The main result of the chapter is as follows.

THEOREM 2.1.3 Let a,b and k be natural numbers and let [k : a| be a partition of

ab with o = (a,...,0¢) and t < k. Let n := Z§:2 aj. Suppose that k > n and
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ab—k—m

atFm

Figure 2.1: The shape of [k : o]

o1 < 5(k—n)(k—n+1). Then
<¢(ab)’x[k:a]> —=0.

Notice that for every simple CSg;-module labelled by A, a partition of ab sat-
isfying the hypothesis of Theorem 2.1.3, Foulkes’ Conjecture holds with equality.

Indeed for all @ > b we have
<¢(“b),xk> =0= <¢(ba), X/\> :

since there is not any restriction on @ and b in the statement of the theorem.

By Proposition 2.2.1 below, if <¢(“b), x*) # 0 then X has at most b parts. When
we consider only characters labelled by such partitions, it occurs that a significant
proportion of the characters appearing with zero multiplicity in qﬁ(ab) satisfy the hy-
potheses of Theorem 2.1.3. For example, computations using the computer algebra
package MAGMA [5] show that there are 1909 partitions A of 30 with at most 10 parts
such that (33", x*) = 0; of these 492 satisfy the hypotheses of Theorem 2.1.3.

For an important subclass of partitions to which Theorem 2.1.3 applies we refer

the reader to Corollary 2.4.4.
2.2 More on the ordinary Foulkes character

Here we present some properties of the Foulkes CSg;-module H (@) that will be

needed to prove the two main theorems.
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PROPOSITION 2.2.1 Let X be a partition of ab such that p(\) > b. Then
(6 3*) = 0.

Proof: By the characteristic 0 part of Proposition 1.4.2 we have that H (@") ig a direct
summand of M (@), Moreover by Theorem 1.3.3 we deduce that no Specht module
labelled by a partition with more than b parts can possibly be a summand of M (),

This concludes the proof. O

DEFINITION 2.2.2 Let r,a and b be natural numbers. We define P(r)% to be the set

of all partitions of r with at most b parts and first part of size at most a.

An element of Q2" can be denoted by {A1,..., Ay}, where for each 1 < j < b,
Aj is a subset of {1,2,...ab} of size a and for all 4, j such that 1 <14 < j < b it holds
that A; N A; = 0.

DEFINITION 2.2.3 Let r be a natural number such that v < ab and let X be in P(r)?.

We will say that an element
{Ay,..., 4} € Q")
is linked to X if the composition of r whose parts are
{1,2,....7} N 4| for1<i<b

has underlying partition .

DEFINITION 2.2.4 Let r be a natural number, such that r < ab and let X be in P(r)5.
We denote by O(N) the set of all the set partitions in Q@) linked to A and by VA the
transitive permutation module for (C(ST X Sab,r) linearly spanned by the elements of

o).

In the following proposition we show how the restriction
of the Foulkes module decomposes into a direct sum of transitive permutation mod-

ules. Such decompositions will be used in all the proofs of the main theorems of this

chapter.
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PROPOSITION 2.2.5 Let r be a natural number such that r < ab. Then

Ress, xs,,, (H)) = P v
AeP(r)b

Proof: Let G = S, X Sgp—. The restriction of H @) to G decomposes as a direct
sum of transitive permutation modules, one for each orbit of G on Q") Observe
that two set partitions P, Q € 0(") are in the same orbit of G on Q") if and only
if P and Q are linked to the same partition A € P(r)%. The result follows. O

An immediate corollary of Proposition 2.2.5 is the following result about the mul-
tiplicity of characters labelled by two-row partitions, proved by a different argument

in [45, Theorem 5.4.34].

COROLLARY 2.2.6 Let r,a and b be natural numbers. Then
1. <¢(ab)’ 7.[.(ab—r,r)> — <¢(b“),ﬂ.(ab—r,r)> _ ‘P(T)Z‘
2. (@), x(@7r)y = (¢, x(@b=rn)y = | P(r)s] — | P(r — 1)}

Proof: By definition of Young permutation module (see Section 1.3.2) we have that
ﬂ-(ab_T?T) = 1Sab—rXSr Tsab'

Therefore, by Frobenius reciprocity and Proposition 2.2.5 we have

<¢(ab)7 71-(abfr,r)> _ <¢(ab)l5ab_r><sr’ 1Sab—r><57->
= Z <XV*7 1Sab—r><5r>

AEP(r)d

= > 1= |Pe)

AeP(r)b

To complete the proof of part (i), it suffices to observe that the conjugation of
partitions induces a bijective map between P(r)? and P (r)g for all 7, a and b natural

numbers.

Part (ii) follows from (i) since x(@0="7") = glab=rr) _ plab=(r—1)r=1) =

We conclude this section with the definition and a description of a generalized

Foulkes module that will be used in the proof of Theorem 2.1.3.

DEFINITION 2.2.7 Letn = (alf, ...,ab) be a partition of n, where a; > az > ... >
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ar >0, and let G = Sg,p, X -+ X S, < Sp. We define

br

H" = Indg" (H(ail) K H) R .. ) O ))

We denote by " the character of the generalized Foulkes module H".

DEFINITION 2.2.8 Let n = (n1,...,my) be a partition of n. Define Q" to be the

collection of all the set partitions of {1,2,...,n} into r sets of sizes N1, M2, ..., Ny

The symmetric group S, acts naturally on 7 by permuting the numbers in each

set of any set partition. The proof of the following proposition is left to the reader.

PROPOSITION 2.2.9 Let n = (m1,...,nr) be a partition of n. Then H" = CQ", as
CS,,-modules.

2.3 The multiplicities of hook characters are zero

In this section we will prove that no Specht module labelled by a hook partition

(ab—r,1") appears in the Foulkes module H@),

DEFINITION 2.3.1 Let U be a CS,-module affording the character x. For all k € N
we denote by /\kU the k" exterior power of U, and by /\kx the corresponding

character.

Let sgn;, be the sign character of the symmetric group Sy for any natural number

k. We leave to the reader the proof of the following well known result.

LEMMA 2.3.2 Let n and k be natural numbers, then

k
/\ﬂ("_l’l) = (sgny, xln,k)TS".

LEMMA 2.3.3 Let n and k be natural numbers such that 1 <k <n. Then

k k
X(nfk,lk) _ /\X(nfl,l) and /\ﬂ,(nfl,l) _ X(nfk,lk) + X(nf(kfl),lk‘l)'

Proof: The first equality follows from [59, Proposition 2.3]. The second equality is
a straightforward application of Theorem 1.3.5. O

In the following proposition we will calculate the inner product between the
Foulkes character gb(ab) and the character /\k (=11 This is a fundamental step in

the proof of Theorem 2.1.2.
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PROPOSITION 2.3.4 Let a,b and k be natural numbers and let 1 := w(@=11  Then

Lk 0 ifk>2
<¢<a>,/\w> -

1 ifk=0,1.

Proof: Firstly consider the case k > 2. Let K = Sy xy X Sipy1,...ap) = Sk ¥
Sap—k < Sgp- By Lemma 2.3.2

<<z><“">,/k\¢> = (8", (sgny < Tapi) 150 ) = (8 dic, sgmg X Lapi )

The final inner product is not equal to zero only if there exist CK-submodules of
Res (H@)) whose associated character is sgny, x1g _,. By Proposition 2.2.5 it
suffices to show that if A € P(k)? then V* has no submodule affording the character
sgny, X14p—k. Suppose that u € VA spans such a submodule. Let u = > pcpP,
where the sum is over all set partitions P € O(\). Choose Q such that cg # 0.

If Ay > 1 then there exist x,y < k such that = and y appear in the same set
in Q. Hence Q(z y) = Q and u(x y) = —u, therefore cg = —cg = 0 which is a
contradiction. Therefore A = (1%).

If A = (1%) then

0= {{1,m%,...,xi},{Z,x%,...,mi ,...,{k,mg,...,xs ,}
for some :1:3 € {k+1,...,ab}. Taking 7 = (1 2)(x1 22)---(zL 22), we obtain a
contradiction again, since @7 = Q but ur = —u. Hence there are no CK-submodules

of ResK(H(“b)) having character sgn;, x1g, ,. The two cases k =0 and k =1 are

easy and are left to the reader. O

We are now ready to prove Theorem 2.1.2. This theorem follows at once from

Proposition 2.3.4, since, from Lemma 2.3.3 we have that
r T k
X(ab—r,l ) — /\X(ab—l,l) _ (_1)7“ Z(_l)k /\¢
k=0

We end this section with a corollary of Theorem 2.1.2 that will be needed in the
proof of Theorem 2.1.3. Recall that " is the character of the generalized Foulkes
module H", as defined in Definition 2.2.7.

COROLLARY 2.3.5 Letn = (alil, e ,ai’t) be a partition of n, where a1 > ... > a;. If
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r >t then

<¢777X(n—r7lr)> = 0.

Proof: From the definition of generalized Foulkes module, we can write 9" as a
character induced from
b1 by
¢(a1 ) X"'X¢(at )

_ s
(n=r1") a5 an

It follows from Theorems 1.3.7 and 2.1.2 that in order to obtain y
irreducible constituent of the induced character, we have to take the trivial character

in each factor. Therefore

<¢”,x(””"’”)> = <(1su1b1 X - X 1Satbt)TSn,X(nfr,1f)>.

Observe that the right-hand side is the multiplicity of x(»~"!") in the Young per-

atbt) a1b1,...,atby)

mutation character (161 . By Theorem 1.3.3, the constituents of
are labelled by partitions with at most ¢ parts, so we need ¢t > r+1 to get a non-zero

multiplicity. O

2.4 A sufficient condition for zero multiplicity

In this section we will prove Theorem 2.1.3 by an inductive argument. Part of the
section will be devoted to the proof of the base step of such induction.

Firstly we need to state two technical lemmas. Let 8 < ab be a natural number.
Denote by K the subgroup Sy12,... 53y X S{g41,...ab} = S5 X Sap—p. Let A be in P(B)?
and let V* and O()) be as in Definition 2.2.4. Then by a standard result on orbit

sums we have the following lemma.

LEMMA 2.4.1 The largest CK -submodule of V* on which Sg acts trivially is

U::<Z Po | 736(9()\)>C.

o€Sp

With the next lemma we will understand precisely the structure of this particular
module U.

LEMMA 2.4.2 Let A € P(B) and denote by Cs, the trivial CSg-module. If A =
(A,...yAp) then
U= (Csﬁ X H"

wheren = (a®®~") a—\,,...,a—)Xg,a—\1) and H" is a generalized C(Sap—p)-Foulkes
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module.

Proof: By Proposition 2.2.9 it suffices to show that the set

W:={)_ Po | PcON}

0’655

is isomorphic as a Sq,—g-set to the set 7 of all n-partitions of {5 +1,...,ab}.
Let X ={f+1,6+2,...,ab}. We define a map f) : O(A\) — Q" by

PhHh={ANX, AanX,...,A4NnX}

where P = {Ay,..., Ap}.

It is easy to see that fy is well defined since O(\) fx C Q" by definition of O(A).
The map f) is surjective, and for all P and Q in O(\) we have that Pfy = Qf) if
and only if P and Q are in the same Sg-orbit of O(\). It is easy to see that fy is an
Sap—p-map and that for all 7 € Sy g we have that (P7)f\ = Pf), since 7 fixes
the numbers greater than (.

To conclude the proof we define

oW —Qn

(Y. Po)Ax=Ph
O'ES/;;
for all P € O()\). The map fy is well defined and the surjectivity of fy follows

directly from the surjectivity of fy. The map f is also injective since

(ZPU)fA:(ZQU)fA@PfAZQfA@PZQTﬁ ZPU: EQO—

O’ESﬁ UESﬁ O'ESﬁ UESﬁ

for some 7 € Sg.
Finally f,\ is an Sy, g-map since fy is an Syp—g-map and o7 = 70 for all 0 € Sg

and 7 € Syp—pg. Therefore f)\ is the desired isomorphism. O

In the following proposition we use the notation [k : a] as defined in the in-
troduction of the chapter. In particular we consider partitions [k : a] of ab with
trivial inside-partition « (one row). The proposition is actually the base step of the

inductive proof of Theorem 2.1.3.
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PROPOSITION 2.4.3 Let a,b and k be natural numbers. For all B < 3k(k + 1) we

have

<¢<ab), X[k:(ﬁ)}> —0.

Proof: By Theorem 1.3.5 and Frobenius reciprocity, we have

ab . ab a ")
<¢( )’X[k (5)]> < <¢( ), (155 X X( b= (k+A).1 )TSgXSab /J‘>
- <¢(ab)l5ﬁ XSab—p’ Ls, x X 7(k+5)’1k)> '

Let K := Sg x Sa—g. By Proposition 2.2.5 we have:
Resg (H @ VA
AeP(B

Fix A = (AT, A02,...,A™) € P(B)b. Let r := Y 7, m; be the number of parts
of \. We are now interested in submodules U C V?* such that St12,.8y = Sp
acts trivially on U. By Lemmas 2.4.1 and 2.4.2, the largest submodule U of V* is
isomorphic to H" X Cg,, where n = (a®=7) (@ — Xs)™s, ..., (a — A\)™). From now
on we will denote ¢ = ((a — As)™, ..., (a — A1)™). Note that

U= H"KCg, = Id%¢ (H* ) K HS) K Cg,.

Hence

ab— k k
<XV/\7X( b=(k+8),1) o 15,3> <XU X (7R 1SB>

(a®=) Sab— _ k
(a )T b-B 1SB’X(ab (k+8),1%) 15B>

(@) )Tsab—ﬁ,x(ab—(k+ﬁ)71k)>

(o
(o

Sab—[ﬁ’ (ab—(k+6)71k)
ZM: <x x X7 x >

where x” is an irreducible character of S,(,—,) with non zero multiplicity in (ﬁ(“(b_r)),

x* is an irreducible character of Sg._s having non zero multiplicity in ¥, and
dy is the multiplicity of their tensor product in the decomposition of H"”. Notice
that the last sum is not equal to zero if and only if there exist v and p such that
(x” x x*) TS‘“’*B contains a hook character of Sy, g having leg length equal to & in its
decomposition. By Theorem 1.3.7, we have that both v and p must be subpartitions
of (ab — (k 4 B),1¥). This means that v and p are hooks or trivial partitions. In

particular we deduce from Theorem 2.1.2 that v = (a(b — r)). Hence, again from
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Theorem 1.3.7, we need p to be a hook with leg length at least k — 1 to have

v Sa — ao— k
<(X x )] 5o0=p ylab=(k+8) 1 )> £0.
On the other hand

¢C - ((b((a*Al)ml) X oeee X ¢((a7)‘5)ms))Tsar76

So by Corollary 2.3.5 we have that the hooks that have non-zero multiplicity in the
decomposition of 1/¢ have at most s parts, where s is the number of different parts
of \.

We observe that the smallest number 5 having a partition A with & different
parts is k(k;l), with A = (k,k—1,...,2,1). So under our hypothesis § < @ we
obtain that x* cannot be a hook character with leg length at least £ — 1. Hence for

all A € P(B)% we have that

_ k
<Xv>\,X(ab (k+8),1%) X 1SB> = 0.

This completes the proof. O
We are now ready to prove Theorem 2.1.3.

Proof: [Theorem 2.1.3] We proceed by induction on ¢, the number of parts of the

inside-partition a. If t = 1 then

<¢(ab)’ X[k(a1)]> =0
by Proposition 2.4.3.
Suppose now that ¢ > 1 and the theorem holds when the inside-partition has

less then t parts. Denote by v the partition defined by

V= (Oél, 9,3, ... ,Oét_l).
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By Theorem 1.3.5, Lemma 2.4.2 and Frobenius reciprocity we have that

<¢(ab),x[k:a}> < <¢(ab)’ (X[k:r/] % 1Sat)Tsab>
- <¢(ab)lsab_atxsatvx[kw] " 1Sat>

= ¥ <XW,XU«V]X15%>

AP (ar)

= ) <XU*7XU€:”] x 1Saz>
AEP(ar)g

= Z <(¢(a(b—P()\))) % ,gb(a—)\p(/\),...,a—)\l))Tsab_at7x[kzy]>
AEP(an)b

= 2 (T,

AEP(a)b G

where, for each A\ € P(ay)?, U? is the largest C(Sgp_a, X Sa,) submodule of V* on
which Sp, acts trivially and 3. | dé‘u(xC x x*) is the decomposition into irreducible
characters of the character qb(“(b*p(k))) X ¢(a—>\p(k>,..,a—h)'

For every A € P(a;)%, observe that every simple summand S* of H (@=2p()o

af)\p()‘),...,af)\l)

is a simple summand of the Young permutation module M ( . Hence by

Theorem 1.3.3 we have that the partition pu has at most p(\) parts; in particular it
has at most oy parts. It follows that, by Theorem 1.3.7, we need ( to have at least

k+ 1 — oy parts, and to be a subpartition of [k : v] in order to have

<(x< X x“)TS“b’“%x[k:”]> £ 0.

Therefore ¢ must be of the form

[k = B1F a(b = p(N)).

By Theorem 1.3.7 we must have that

d ﬂ: (ﬁlw'-aﬁs) glj, and

[ k‘c 2 k — Q.
We conclude proving that such a ¢ cannot label any irreducible summand of the
Foulkes character qb(“(bipw)).

Define n¢ := Zj-:Q Bj; if s = 1 then let ne = 0. We observe that such a partition

¢ has inside-partition 5 having s < t — 1 parts and it satisfies the initial hypothesis,

since
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© k¢ >k —a;>n—oa 2 ne, and

e i< <

~

(k=) (k=nt1) _ (ke=3imp ) (ke=Yjm3 a541) _ (ke=ng)(k—nc+1)
2 2 = 2 '

ab-p(\))

Hence x¢ has zero multiplicity in ¢! by induction. Therefore

<¢(ab)’x[k:a}> < Z (Zdz\u <(XC X X#)Tsab—at,x[kw]>) =0.

AEP(ar)b G

The theorem is then proved. O

As mentioned in the introduction, and as we will prove in the following corol-
lary, a consequence of our main theorem is that every Specht module labelled by a
partition having leg length equal to £ and at most k boxes inside the hook has zero
multiplicity, except when the k boxes are column-shaped (i.e. the inside-partition
is (1%)). In that particular case we are able to prove that the multiplicity equals
1, for all the values of k < b. The proof is similar to that of Proposition 2.4.3 and
is omitted. In [15, Lemma 3.3] Dent proved the same result in the specific case
k=b-—1.

COROLLARY 2.4.4 Let a,b,k and m be natural numbers. Let m < k and « be a

partition of m not equal to (1¥). Then
<¢(ab),x[kia]> -0
Proof: Let a be an arbitrary partition of m not equal to (1¥). Then
a=(a,a,...,0q).

Write n := Z;:Q aj. We will show that x[Fel satisfies the hypothesis of Theorem
2.1.3 that:

e k>mn,and
o a; < i(k—n)(k—n+1).

The first condition is trivial since
k>2m=a1+n.

To prove the second condition proceed by contradiction: suppose that

(k—n)(k—n+1)
5 .

WV

aq
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Then
(k—n)(k—n—kl).

k_
" 2

WV

This implies Kk —n = 0 or k —n = 1. The first situation is impossible because
0=%k—n > a; > 0. The second is also impossible because 0 < a1 < k—n =1

implies a; = 1 and oy +n = k with a = (1¥). O
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Chapter 3

The decomposition matrix of

the symmetric group

This chapter is based on the paper [29]. The results were obtained in collaboration
with my Ph.D. supervisor Dr Mark Wildon. We equally contributed to prove all the
main theorems of the chapter, except for Corollary 3.5.6 which was a very good idea

of Dr Mark Wildon alone.

3.1 Introduction and outline

A central open problem in the representation theory of finite groups is to find the
decomposition matrices of symmetric groups. The main result of this chapter gives
a combinatorial description of certain columns of these matrices in odd prime char-
acteristic. This result applies to certain blocks of arbitrarily high weight. Another
notable feature is that it is obtained almost entirely by using the methods of local
representation theory.

As already explained in Section 1.3.5, we recall that the rows of the decompo-
sition matrix of the symmetric group .S,, of degree n in prime characteristic p are
labelled by the partitions of n, and the columns by the p-regular partitions of n,
that is, partitions of n with at most p — 1 parts of any given size. The entry d,,, of
the decomposition matrix records the number of composition factors of the Specht
module S¥, defined over a field of characteristic p, that are isomorphic to the simple
module DY, first defined by James in [41] as the unique top composition factor of
Sv.

Given an odd number p, a p-core v and k € Ny, let wy(v) denote the minimum

number of p-hooks that when added to v give a partition with exactly k odd parts.
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Let Ek(y) denote the set of partitions with exactly & odd parts that can be obtained

from « by adding wy(7y) disjoint p-hooks. Our main theorem is as follows.

THEOREM 3.1.1 Let p be an odd prime. Let v be a p-core and let k € Ng. Let
n = |y| 4+ wi(v)p. If k > p suppose that

wi—p(7) # we(y) — 1.

Then E(7y) is equal to the disjoint union of subsets X1, ..., X, such that each X
has a unique maximal partition v; in the dominance order. Each v; is p-reqular and
the column of the decomposition matriz of S, in characteristic p labelled by v; has

1s in the rows labelled by partitions in X, and Os in all other rows.

We leave it as a simple exercise to show that wy () is well-defined. It may clarify
the main hypothesis in Theorem 3.1.1 to remark that since wy(y) < wr—p(7) + 1,
we have wy_p(7y) # wi(y) — 1 if and only if wy_,(v) > wi(y) — 1.

In particular Theorem 3.1.1 implies that if A is a maximal partition in &(7)
under the dominance order, then the only non-zero entries of the column of the
decomposition matrix labelled by A are 1s in rows labelled by partitions in Ex(7y).
We give some examples of Theorem 3.1.1 in Example 3.5.2.

Much of the existing work on decomposition matrices of symmetric groups has
concentrated on giving complete information about blocks of small weight. In con-
trast, Theorem 3.1.1 gives partial information about blocks of arbitrary weight. In
Proposition 3.5.4 we show that there are blocks of every weight in which Theo-
rem 3.1.1 completely determines some columns of the decomposition matrix.

We prove Theorem 3.1.1 by studying certain twists by the sign character of the
Foulkes module H2™). For m, k € Ny, let

HE™P = Idgmty (H®™ Rsgng,).
Thus when k = 0 we have HZ™#%) = H@™) and when m = 0 we have HZ"™¥) =
sgng, ; if k = m = 0 then H@™#) should be regarded as the trivial module for the
trivial group Sp. We call H2™#) a twisted Foulkes module. Tt is known that the
ordinary characters of these modules are multiplicity-free (see Lemma 3.2.1), but
as one might expect, when I has prime characteristic, their structure can be quite
intricate. Our main contribution is Theorem 3.1.2 below, which characterizes the
vertices of indecomposable summands of H(2™#*) when F has odd characteristic. The
outline of the proof of Theorem 3.1.1 given at the end of this introduction shows

how the local information given by Theorem 3.1.2 is translated into our result on
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decomposition matrices. This step, from local to global, is the key to the argument.

THEOREM 3.1.2 Let m € N and let k € Ng. If U is an indecomposable non-
projective summand of HZ"™®) | defined over a field F of odd characteristic p, then U
has as a verter a Sylow p-subgroup Q of (S2 U Sip) X S(r_at)p for some t € Ng and
r € Nwithtp < m, 2t <r and (r—2t)p < k. Moreover the Green correspondent of U
admits a tensor factorization VKW as a module for ]F((NSTP(Q)/Q) X 52m+k77~p),
where V and W are projective, and W is an indecomposable summand of the twisted

Foulkes module H®2™ k= (—20)p)

Theorem 3.1.2 is a significant result in its own right. For odd primes p, it gives
the first infinite family of indecomposable p-permutation modules for the symmetric
group (apart from Scott modules, which always lie in principal blocks) whose vertices
are not Sylow p-subgroups of Young subgroups of symmetric groups.

An important motivation for the proof of Theorem 3.1.2 is [18], in which Erd-
mann uses similar methods to determine the p-local structure of Young permutation
modules and to establish their decomposition into Young modules. Also relevant
is [63], in which Paget shows that H?™) has a Specht filtration for any field F.
Using Theorem 11 of [75], it follows that H(>™*) has a Specht filtration for every
k € Ny. The local behaviour of H®™) in characteristic 2, which as one would expect
is very different to the case of odd characteristic, was analysed in [11]; the projective

summands of H?"*) in characteristic 2 are identified in [61, Corollary 9].

Background on decomposition numbers

The problem of finding decomposition numbers for symmetric groups in prime char-
acteristic has motivated many deep results relating the representation theory of
symmetric groups to other groups and algebras. Given the depth of the subject we
give only a brief survey, concentrating on results that apply to Specht modules in
blocks of arbitrarily high weight.

Fix an infinite field F of prime characteristic p. In [48] James proved that the
decomposition matrix for S, modulo p appears, up to a column reordering, as a
submatrix of the decomposition matrix for polynomial representations of GL4(F) of
degree n, for any d > n. In [34, 6.6g] Green gave an alternative proof of this using
the Schur functor from representations of the Schur algebra to representations of
symmetric groups. James later established a similar connection with representations
of the finite groups GL4(F,), and the Hecke algebras Hp 4(Sy), in the case when p
divides g—1 (see [46]). In [17] Erdmann proved, conversely, that every decomposition
number for GL,4(FF) appears as an explicitly determined decomposition number for

some symmetric group.
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In [41] James proved that if D¥ is a composition factor of S# then v dominates p,
and that if p is p-regular then d,, = 1. This establishes the characteristic ‘wedge’
shape of the decomposition matrix of S, with 1s on its diagonal, shown in the
diagram in [39, Corollary 12.3]. In [65] Peel proved that the hook Specht modules
(n—r,1") are irreducible when p does not divide n, and described their composition
factors for odd primes p when p divides n. The p-regular partitions labelling these
composition factors can be determined by James’ method of p-regularization [44],
which gives for each partition p of n a p-regular partition v such that v dominates
p and dy, = 1. In [43] and [42], James determined the decomposition numbers
d,, for p of the form (n — r,r) and, when p = 2, of the form (n —r — 1,r,1).
These results were extended by Williams in [79]. In [47, 5.47] James and Mathas,
generalizing a conjecture of Carter, conjectured a necessary and sufficient condition
on a partition p for the Specht module S*, defined for a Hecke algebra Hp 4(Sy,) over
a field F, to be irreducible. The necessity of this condition was proved by Fayers [22]
for symmetric groups (the case ¢ = 1), building on earlier work of Lyle [55]; later
Fayers [21] proved that the condition was sufficient for symmetric groups, and also for
Hecke algebras whenever F has characteristic zero. In [51, Theorem 1.10], Kleshchev
determined the decomposition numbers dy, when p is a p-regular partition whose
Young diagram is obtained from the Young diagram of A by moving a single box.
In [78], Wildon proved that in odd characteristic the rows of any decomposition
matrix of a symmetric group are distinct, and so a Specht module is determined,
up to isomorphism, by its multiset of composition factors; in characteristic 2 the
isomorphism (SH)* = SH'where 1/ is the conjugate partition to u, accounts for all
pairs of equal rows in the decomposition matrix.

In [24] Fayers proved that the decomposition numbers in blocks of weight 3 of
abelian defect are either 0 or 1. This chapter includes a valuable summary of the
many techniques for computing decomposition numbers and references to earlier
results on blocks of weights 1 and 2. For results on weight 3 blocks of non-abelian
defect, and blocks of weight 4, the reader is referred to [25] and [23]. For further
general results, including branching rules and row and column removals theorems,

see [56, Chapter 6, Section 4].

Outline

The main tool used to analyse the structure of twisted Foulkes modules over fields
of odd characteristic is the Brauer correspondence for p-permutation modules, as
described in Section 1.2.4.

In Section 3.2 below, we collect the general results we need on twisted Foulkes
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modules. In particular, Lemma 3.2.1 gives their ordinary characters. The twisted
Foulkes modules H2") are p-permutation modules, but not permutation modules
(except when k£ < 1), and so some care is needed when applying the Brauer corre-
spondence. Our approach is to use Lemma 3.2.3 to construct explicit p-permutation
bases: for more theoretical results on monomial modules for finite groups the reader
is referred to [4].

The main part of the proof begins in Section 3.3 where we prove Theorem 3.1.2.
In Section 3.4, we prove Theorem 3.1.1, by filling in the details in the following
sketch. The hypotheses of Theorem 3.1.1, together with Lemma 3.2.1 on the ordinary
character of H™¥) imply that H@"*) has a summand in the block of Som+k with
p-core 7. If this summand is non-projective, then it follows from Theorem 3.1.2,
using Theorem 1.3.13 on the Brauer correspondence between blocks of symmetric

groups, that either H2"*—p)

has a summand in the block of Sy, 41—, with p-core 7,
or one of HZ""k) and HZ™*~2p) has a summand in the block of Som+k—2p With p-
core 7. All of these are shown to be ruled out by the hypotheses of Theorem 3.1.1.
Hence the summand is projective. A short argument using Lemma 3.2.1, Brauer
reciprocity and Scott’s lifting theorem then gives Theorem 3.1.1. We also obtain
the proposition below, which identifies a particular projective summand of H(2™#)

in the block of So,,+; with p-core 7.

PROPOSITION 3.1.3 Let p be an odd prime, let vy be a p-core and let k € No. Ifk > p
suppose that wy_p(7y) # wi(y) — 1. Let 2m + k = |y| + wi(y)p. If X is a mazimal
partition in the dominance order on Ei(y) then X\ is p-regular and the projective

(2™;k)

cover of the simple module D* is a direct summand of H , where both modules

are defined over a field of characteristic p.

In Section 3.5, we give some further examples and corollaries of Theorem 3.1.1
and Proposition 3.1.3. In Lemma 3.5.3 we show that given any odd prime p, any
k € No, and any w € N, there is a p-core y such that wy(vy) = w. We use these p-cores
to show that the lower bound cy) > w+1 on the diagonal Cartan numbers in a block
of weight w, proved independently by Richards [66, Theorem 2.8] and Bessenrodt
and Uno [3, Proposition 4.6(i)], is attained for every odd prime p in p-blocks of
every weight. Since the endomorphism algebra of each H2"*) is commutative (in
any characteristic), it also follows that for any odd prime p and any w € N, there
is a projective module for a symmetric group lying in a p-block of weight w whose

endomorphism algebra is commutative.
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3.2 Twisted Foulkes modules

Throughout this section let F be a field and let m € N, k& € Ny. Denote, as usual, by
Q™) the collection of all set partitions of {1,...,2m} into m sets each of size two.
We have already defined the Foulkes module H2™) to be the permutation module
with F-basis Q™) and the twisted Foulkes module HZ™#*) to be Indgm“" (H(2m) X

2m X Sk
sgnSk).

Let x* denote the irreducible character of S,, corresponding to the partition A
of n. When F has characteristic zero the ordinary character of H2™) was found by
Thrall [74, Theorem III] to be >_, x?* where the sum is over all partitions p of m
and 2p is the partition obtained from u by doubling each part.

LEMMA 3.2.1 The ordinary character of HZ™ %) s > X", where the sum is over

all partitions A of 2m + k with exactly k odd parts.

Proof: This follows from Theorem 1.3.6 applied to the ordinary character of H2™).
O

We remark that an alternative proof of Lemma 3.2.1 with minimal pre-requisites
can be found in [37]; the main result of [37] uses the characters of twisted Foulkes
modules to construct a ‘model” character for each symmetric group containing each
irreducible character exactly once.

In the remainder of this section we suppose that F has odd characteristic p and
define a module isomorphic to H2"¥) that will be used in the calculations in Section
3.2. Let Sx denote the symmetric group on the set X. Let A2™#) be the set of all

elements of the form

{{ilaill}a . '7{imai{m}v (jl, s a]k)}

where {i1,4], ... im, i, J1s -5 Jkt = {1,...,2m+k}. Given d € A@™5) of the form

above, we define

S(6) = {{ir, i1}, s {imy i } }
T0) = {Jj1s--Jr}-

The symmetric group So,, 1 acts transitively on ARk by

for g € Sopik. Let FA2™k) be the permutation module for FSy,,; with F-basis
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AQ@™HR) Tet K(2™k) be the subspace of FAZ™#) spanned by

{(5 —sgn(g)dg:d € AR™R) g e ST((;)}.

Since this set is permuted by Sa,k, it is clear that K (2™#)
of FAR™#) For § € AR™H) et § € F(AR™#) /K (2™#)) denote the image 6+ K (2"F)

of § under the quotient map. Let Q") be the subset of A2™#) consisting of those

is an F.S9,,+k-submodule

elements of the form above such that j; < ... < ji. In the next lemma we use
Q™K to identify F(AR™H) /K™K with HE™#),

LEMMA 3.2.2

(i) For each § € AP™F) there exists a unique w € QC™*) such that § € {w, —T}.
Moreover, for this w we have S(6) = S(w) and T(0) = T(w) and there exists a
unique h € Sy sy such that 6h = w.

(ii) The set {@ : w € Q™R is an F-basis for F(AR™#) JK(2™5k)),
(iii) The FSop,r-modules HC™*) and F(AC™#) /K™K are isomorphic.

Proof: For brevity we write K for K(2"#*) Let
8= {{in, i}y Limy i by Gty -y Gi) ) € ARTH),
The unique h € S7(5) such that 6h € Q2™:#) is the permutation such that
Jih < jaoh < --- < jih.

Set w = dh. Since S(w) = S(9) and T'(w) = T'(0) we have the existence part of
(i). Since & — sgn(h)dh € K, it follows that § = sgn(h)@, and that F(AG™#) /K) is
spanned by {@:w € Q@) Set 2 =h~ L If g € S7(s) then

§ —sgn(g)dg = —sgn(z) (w — sgn(z)wz) + sgn(z) (w — sgn(zg)wzg).
Since T(6) = T (w) we have x, xg € St(,,. It follows that K is spanned by

{w—sgn(y)wy :w € Q"M y € Sy},

Hence dim(F(AC™#) /K)) < [QF™F)] and dim K < |QC™#)|(k! — 1). Since

dim(FAC™#R)) = |QC™0)| (k1) |
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we have equality in both cases. This proves part (ii). Moreover, if @ = +u’ for
w,w’ € Q") then S(w) = S(w’) and T(w) = T(w'), and so w = w’. This proves
the uniqueness in (i).

For (iii), let
w={{1,2},....,{2m = 1,2m}, @2m +1,...,2m + k) } € Q®"*).

Write Sop X S for Sg1, . 2m) X S{2m+41,....2m+k}, thought of as a subgroup of Sa,4k-

-----

Given h € Sg1,. 2m) and T € Siopm1,.. 2m+k) We have wha = sgn(x)wh. By (ii) the
set {wh : h € Sy} is linearly independent. Hence the F(Ss,, x Si)-submodule of
F(AR™#) /K) generated by @ is isomorphic to H?™) X sgng, . Since

dim(F(AQ™H) /K)) = (@79 — (Qm; k) dim HZ")

and the index of So,, X S in So,, 4k is (2"?“]“), it follows that

F(AC™P) /) = Indgm s (H?™) Ksgng, )

Som XS,

as required. O

Since p is odd, Lemma 1.2.17 implies that

S31Sm) xS
Ind?siﬁsmiiA’; (F) = F(5215,1) x5, @ (Fos,,, Msgng,)

where Aj, denotes the alternating group on {2m+1,...,2m+k}. Therefore H?"¥) ig
a direct summand of the module induced from the trivial F((S2 ¢ Sm) x Aj)-module,

and so, by Proposition 1.2.16, H@™k) ig a p-permutation module.

In the following lemma we construct a p-permutation basis for H 275k).

LEMMA 3.2.3 Let P be a p-subgroup of Som+k-

i ere is a choice of signs s, € {+1,—1} forw & ) such that
i) Th hoice of for w € Q™) such th
{s,@ : w € Q"R

is a p-permutation basis for H2™) with respect to P.
(i) Letw = {{i1, &1}, {ims it} (1. -, 5k)} € QEH) and let g € P. Then @
is fiwed by g if and only if {{i1,i\},..., {im,ip}} is fiwed by g.
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Proof: For w € QC"#) let y(w) = (S(w), T(w)). Let
2"k — {y(w):we Q(zm?k)}.

Notice that the map
v QRTR) Ly p(275R)

associating to each w € Q"% the element ~(w) € I'®"#*) is a bijection. The
set 2™k is acted on by Som4k in the obvious way. Let vq,...,7. € @™k be
representatives for the orbits of P on I'"#). Foreach b € {1,...,¢c}, let wy € QE™k)
(2™m3k)

be the unique element such that v, = v(wp). Given any w € there exists a

unique b such that v(w) is in the orbit of P on T'(2"k)

containing 7. Choose g € P
such that y(w) = v59. Then w and wpg are equal up to the order of the numbers in
their k-tuples, and so there exists h € Sy, such that wygh = w. By Lemma 3.2.2(i)
we have

Wpg = SpuW

for some s, € {+1,—1}. If g € P is another permutation such that v(w) = g then
WpgG ' = +iwp. Hence the F-span of @y is a 1-dimensional representation of the cyclic

p-group generated by gg~!.

The unique such representation is the trivial one, so
Wy = wg. The sign s,, is therefore well-defined. Now suppose that w, w’ € QZ"#)
and h € P are such that s,wh = +s,w’. By construction of the basis there exists

wp € Q™) and g, ¢’ € P such that s,@ = wyg and s,,w = @yg'. Therefore
Wpgh = s,wh = £s,w' = +whg’

and so wyghg' " = +w,. As before, the plus sign must be correct. This proves (i).
For (ii), suppose that Wg = @. Setting § = wg, and noting that 0 = w, it
follows from Lemma 3.2.2(i) that S(wg) = S(0) = S(w). Hence the condition in
(ii) is necessary. Conversely, if {{i1,\}, ..., {im,i},}} is fixed by g then g permutes
{j1,-..,jr} and so wg € {w, —w}. Since g € P, it now follows from (i) that wg = @,

as required. O

In applications of Lemma 3.2.3(ii) it will be useful to note that there is an

(™)

isomorphism of So,,-sets between €2 and the set of fixed-point free involutions

in Sy, where the symmetric group acts by conjugacy. Given w € Q2™ with
S(UJ) = {{ih 2/1}7 ceey {Zm7 Z;n}}, we deﬁne

T(w) = (i1,41) - (ims i) € S2met-
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By Lemma 3.2.3(ii), if ¢ € Sop+k is a p-element then g fixes @ if and only if g com-
mutes with Z(w). Corollary 1.2.19 and Lemma 3.2.3 therefore implies the following

proposition, which we shall use repeatedly in the next section.

ProproSITION 3.2.4 Let R be a p-subgroup of Somyx and let P be a Sylow p-subgroup
of Som+k containing a Sylow p-subgroup of Ng(R). There is a choice of signs s, €
{+1, -1} for w € QC™R) such that

{ssw:we Q™R T(w) e Csypin (R}

is a p-permutation basis for the Brauer correspondent H (2m?k)(R) with respect to
PN Ng(R).

3.3 The local structure of H?"k)

In this section we prove Theorem 3.1.2. Throughout we let F be a field of odd
characteristic p and fix m € N, kK € Nyg. Any vertex of an indecomposable non-

(2™;3k)

projective summand of H must contain, up to conjugacy, one of the subgroups

R, = (2122 2;)

where z; is the p-cycle (p(j — 1)+ 1,...,pj) and rp < 2m + k, so we begin by
calculating H®™#)(R,). In the second step we show that, for any t € N such
that 2t < r, the Brauer correspondent H (275(r—2t)p) (R,) is indecomposable as an
FNg,,(R;)-module and determine its vertex; in the third step we combine these

results to complete the proof.

First step: Brauer correspondent with respect to R,

Let » € N be such that rp < 2m + k. We define
T,={teNg:tp<m, 2t <r, (r—2t)p<k}.

For t € T let

w e Q(Qm;k)’z(w) € Csypan (Ry) }

Aoy = {* :
2 “ supp Z(w) contains exactly 2t orbits of R, of length p
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LEMMA 3.3.1 There is a direct sum decomposition of FNg, ., (R;)-modules

H"P(R,) = D) (Az).

teTy

Proof: By Proposition 3.2.4 the FNg, ., (R,)-module H®™k)(R,) has as a basis
A={w:we Q" T(w) e Coynirn(Rr)}-

Let w € Q™% be such that Z(w) € Cs,,pii (Rr). Then Z(w) permutes, as blocks
for its action, the orbits of R,. It follows that the number of orbits of R, of length
p contained in suppZ(w) is even. Suppose this number is 2¢. Clearly 2¢t < r and
2tp < 2m. The remaining r — 2t orbits of length p are contained in 7 (w). Thus
(r—2t)p<k,andsote€T, and w € Ay.

Let the p-cycles corresponding to the 2t orbits of R, that are contained in
suppZ(w) be zj, ..., 2j,. Let g € Ng, ., (R,). Let w* ¢ Q™) be such that
w* = +wg. The p-cycles 27 2J

i By, correspond precisely to the orbits of R, con-

tained in suppZ(w*). Hence w* € Ay, and so the vector space (Asg;) is invariant

under g. Since A = UteTT Ao; the lemma follows. O

There is an obvious factorization Ng,, ., (Rr) = Ns,,(R) X Sgrpy1,. 2m+k}- The
next proposition establishes a corresponding tensor factorization of the Ng,, ., (R;)-
module (Ay). The shift required to make the second factor H®@" 7ik=(r=20p) 4

module for FSy,, 11 2m4k) is made explicit in the proof.

PROPOSITION 3.3.2 Ift € T, then there is an isomorphism
(Agy) = HETHr=20p) (R )y ™ Tik—(r=20)p)

Of]F(NSrp (Rr) X S{rp+1,...,2m+k})'mOdUZeS'

Proof: In order to simplify the notation we shall write K for the F.Ss,,  x-submodule
K@™k) of FAR™#) defined just before Lemma 3.2.2. Recall that if w € Q2™#) then,
by definition, W = w + K. Let J = K@75=20p) Tt follows from Proposition 3.2.4,

in the same way as in Lemma 3.3.1, that H27:("=20p)(R, ) has as a basis
(Wt J:we Q=200 7(y) € Cg,, (R}

Define A* by shifting the entries in each of the elements of AR k=(r=2t)p) by rp,
so that FA™ is an FS(, 11, om+xy-module, and similarly define Q" C A™ by shifting
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Q@™ h=(r=20p) and J*+ C FA* by shifting the basis elements of K2™7:k=(r=2t)p)
Then, by Lemma 3.2.2, H" = FA"/J" is an FS{,, 41, 2m4r)-module with basis

{wr+Jwm e Q')

We shall define a linear map f : (Ay) — HZP0—20P) ) [+, Given w+ K € Ay,

where
w={{i1, 1} L}y (1, - i)} € Q)

and the notation is chosen so that

{ilailla s 7itpai:§p7j17 s aj('r—Qt)p} = {17 s ,Tp},

we define (w+ K)f = (a+ J) ® (a* + J*) where

a = {{7!17@,1}’ sy {itpa iwlip}’ (jl’ s 7j(r—2t)p)}
O[+ = {{ithrlv Z.;p—l—l}a ceey {imp7 Z.;np}a (j(r—Zt)p—I—la cee ’]k)}
This defines a bijection between Asg; and the basis for H2”:("=20r)(R, )R H™* afforded
by the bases for HZ":(=20P)(R,) and H™ just defined. The map f is therefore a
well-defined linear isomorphism.
Suppose that w € Q™) is as above and let g € Ngypin(Br). Let h € Sy
be the unique permutation such that (jigh,...,jkgh) is increasing. Let w* = wgh,

so w* € Q™k) and Wg = sgn(h)w*. Since g permutes {1,...,rp} we may factorize

h as h = za" where ¥ € S7(qg) and 2" € Sy (,+4). By definition of f we have

atg)
(" + K)f = (ago+J) @ (atga* +J°).

Hence

(w+ K)gf = sgn(h)(w* + K) f
= sgn(h) sgn(z) sgn(z)(ag+ J) ® (aTg + J)

= W+ K)fyg.

The map f is therefore a homomorphism of FNg, . (R;)-modules. Since f is a

linear isomorphism, the proposition follows. O
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Second step: the vertex of H?":—20r)(R,)

Fix r € N and t € Ny such that 2¢ < r. In the second step we show that the
FNs,,(R;)-module H (2%:(r=20p) (R,.) is indecomposable and that it has the subgroup
Q¢ defined below as a vertex.

To simplify the notation, we denote H(Qtp?(r_Qt)p)(Rr) by M. Let C and E; be
the elementary abelian p-subgroups of Ng,, (R;) defined by

C = (z1) X (22) X - - X {2r),

Et = <let+1> X - X <Zt22t> X <22t+1> X - X <27’>7

where the z; are the p-cycles defined at the start of this section. For i € {1,...,tp},
let i = i+ tp, and for g € Sgy_ 4y, let ¢ € Sppia,. 2y be the permutation
defined by i'g’ = (ig)’. Note that if 1 < j <t then z; = 2j14. Let L be the group
consisting of all permutations gg’ where g lies in a Sylow p-subgroup of S{1,...tp}
containing the group (z1, ..., z), chosen so that z; - - - z; is in its centre. Let L™ be a
Sylow p-subgroup of Stay41.... rp} containing the group (z9¢41, - -, 2;), chosen so that
Zoty1 -+ - Zr is in its centre. (The existence of such Sylow p-subgroups follows from the
construction of Sylow p-subgroups of symmetric groups described in Section 1.3.3.
In particular we have that zj---2z; is a product of the central elements identified
after Definition 1.3.8. Moreover we observe that the non-zero powers of zo141, ..., 2,

are the unique p-cycles in Lt, by Remark 1.3.11.) Let
Qt =L x L+.

Observe that @Q; normalizes C' and so (C, Q) is a p-group contained in Cg, (R,).
Let P be a Sylow p-subgroup of Cg,  (R,) containing (Q;, C). Since there is a Sylow
p-subgroup of S, containing R, in its centre, P is also a Sylow p-subgroup of S,,,.
Clearly Ey < C and

R, <E <@ <P<Cg,(R).

If £ = 0 then M is the sign representation of Ng, (R;), with p-permutation basis
B = {w} where w is the unique element of Q@%7P)_ Tt is then clear that M has the
Sylow p-subgroup Qo of Cg, ,(R,) as a vertex. We may therefore assume that ¢ € N
for the rest of this step.
By Proposition 3.2.4 there is a choice of signs s, € {+1, -1} for w € Q@7i(r=2t)p)
such that
B = {s,0:we Q@200 7)) € Cg, (R,)}
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is a p-permutation basis for M with respect to P. Let

Oj:{(j_l)p+17"'7jp}

be the orbit of z; on {1,...,rp} of length p. If Z(w) € Cg,,(R;) then Z(w) permutes

these orbits as blocks for its action; let

Zo(w) € Sqo....0.}

be the involution induced by the action of Z(w) on the set of orbits.

PROPOSITION 3.3.3 The FNg, ,(R,)-module M is indecomposable and has a vertex

containing Ey.

Proof: For each involution h € S(p, ... 0,} that fixes exactly r — 2¢ of the orbits Oy,

-----

and so moves the other 2¢, define
B(h) = {sww € B : To(w) = h}.
Clearly there is a vector space decomposition

M = EP(B(h)).
h

If g € C then Zp(wg) = Zo(w) since g acts trivially on the set of orbits {0y, ..., O, }.
Therefore C' permutes the elements of each B(h).
Let
W = (01,0141) - (O, Ox) € Sio, .0}

and let s,~w* € B(h*) be the unique basis element such that

I(w*) = (1,tp+1)(2,tp+2) - -~ (tp, 2tp)
(Equivalently, Z(w*) is the unique involution in Sy, that preserves the relative orders
of the elements in O; for 1 < j < 2t and satisfies Zp(w*) = h*.) By Lemma 3.2.3(ii)

we see that the stabiliser of w* in C is the subgroup E;. Let ss6 € B(h*), then
Z(d) = Z(w*) = h*. Without loss of generality we have that

I<5) = (17i1)(2’ 7;2) T (tp, itp)y
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where {i(;_1)p41,i(j—1)p+2s - - bjp} = Opyj for all j € {1,...,t}. Hence, there exist
ki,ka, ... ke €{0,1,...,p— 1} and a permutation

_ k1 k2 k¢
9= 211”127 Rops

such that (tp+(j—1)p+1)g = i(j_1)p41 forall j € {1,...,t}. Since s56 is fixed by R,
it follows that s,+w*g = ss0. Therefore any basis element in B(h*) can be obtained
from w* by permuting the members of Opy1, ..., Oz by an element of C. It follows
that B(h*) has size p' and is equal to the orbit of s,+w* under C. Therefore there
is an isomorphism of FC-modules (B(h*)) = Ind%, (F). By Lemma 1.2.28, (B(h*))
is an indecomposable FC-module with vertex Ej.

For each involution h € Sip, .. 0,}, the FC-submodule (B(h)) of M is sent to
(B(h*)) by an element of Ng, (R,) normalizing C. It follows that if U is any sum-
mand of M, now considered as an FNg,  (R,)-module, then the restriction of U to C
is isomorphic to a direct sum of indecomposable p-permutation FC-modules with
vertices conjugate in N, (R;) to E;. Applying Theorem 1.2.18 to these summands,
we see that there exists g € N, (R;) such that U(E}) # 0. Now by Theorem 1.2.18,
this time applied to the FNg, (R,)-module U, we see that U has a vertex contain-
ing EJ. Hence every indecomposable summand of M has a vertex containing F;.

We now calculate the Brauer correspondent M (E;). Let s,w € B. It follows
from Lemma 3.2.3(ii) that @ is fixed by E} if and only if Zp(w) is the involution h*.
Hence, by Corollary 1.2.19 and Lemma 3.2.3, we have M (F;) = (B(h*)). We have
already seen that (B(h*)) is indecomposable as an FC-module. Since C' normalizes
E; and centralizes R, it follows that M (F;) is indecomposable as a module for
the normalizer of E; in Ng, (R;). We already know that every indecomposable
summand of M has a vertex containing Fj, so it follows from Corollary 1.2.25 that

M is indecomposable. O

Note that if w* is as defined in the proof of Proposition 3.3.3, then Q; is a
Sylow p-subgroup of Cg,, (I (w*)) = (S20Stp) X S(yr—a4)p- Using this observation and
the p-permutation basis B for M it is now straightforward to prove the following

proposition.

PROPOSITION 3.3.4 The indecomposable FNg, (R;)-module M has Q; as a vertex.

Proof: By Corollary 1.2.19, if Q is a subgroup of P maximal subject to BY # &
then @ is a vertex of M. By Lemma 3.2.3(ii), a basis element s, € B is fixed by a
p-subgroup @ of P if and only if @ < Cg,, (Z (w)) Taking w = w* we see that there
is a vertex of M containing @);. On the other hand, Cg,, (I(w)) is conjugate in S,
to Cg,, (Z(w*)), and so if Q < Cg,, (Z(w)) then |Q| < |Qy|. It follows that Q; is a
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vertex of M. O

Third step: proof of Theorem 3.1.2

For the remainder of the proof we shall regard S, _oy), as acting on {2tp+1,...,7p}.
We denote by D; the p-group C'N N, (Q:). Notice that (Dy, Q) is a p-group since
it is a subgroup of (C,Q;) < P. We shall need the following lemma to work with
modules for Ng, (Q¢).

LEMMA 3.3.5 The unique Sylow p-subgroup of Ng, ,(Q¢) is the subgroup (Dy, Qy) of
P.

Proof: Let x € Ng,,(Q). If 2t +1 < j < r then the conjugate zj of the p-cycle
zj € Ey; is a p-cycle in (). Since )¢ normalizes Ej, it permutes the orbits O, ...,
O, of E; as blocks for its action. No p-cycle can act non-trivially on these blocks,
so z7 € (2241, ..-,2r). Hence if 1 < j <t then (zjzj44)" € (212441, .., ze22t). It

follows that Ng, (Q:) factorizes as

Nsrp (Qt) = NS2tp (L) X NS(T_Qt)p (L+)

where L and LT are as defined at the start of the second step. Moreover, we see
that Ng,,(Q¢) permutes, as blocks for its action, the sets O1 U Og11,...,0¢ U O
and Og41,...,0,.

Let h € Ng,,(Q¢) be a p-element. We may factorize h as gg* where g € Ng,, (L)
and g € Ng,_,, (L") are p-elements. Since (L",g") is a p-group and L™ is a Sylow
p-subgroup of S(, _a),, we have g* € L*. Let

X ={01UOi41,...,0,UOn}.
The group (L, g) permutes the sets in X as blocks for its action. Let
m:(L,g) = Sx

be the corresponding group homomorphism. By construction L acts on the sets
O1,...,0¢ as a Sylow p-subgroup of S, .. 0,}; hence L7 is a Sylow p-subgroup of
Sx. Since (L, g) is a p-group, there exists § € L such that gr = gr. Let y = g§—'.

Since y acts trivially on X, we may write
Yy=91---G¢
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where g; € So,u0,,, for each j. The p-group (L,y) has as a subgroup (2;2j+¢,y)-

J+t
The permutation group induced by this subgroup on O; UOj 4, namely (z;2;+t, g;),
is a p-group acting on a set of size 2p. Since p is odd, the unique Sylow p-subgroup of
So;u0,,, containing z;z;¢ is (25, 2j4¢). Hence g; € (2, 2j4¢) for each j. Therefore
y € (21,52 241, -+ 22t) < C. We also know that y € (L,g) < Ng,,, (L) <
N, ,(Q¢). Therefore y € Dy, and since g € @y, it follows that g € (Dy, Q). Hence
h=gg" € (D,Qr) < (C,Q) < P.

Conversely, the subgroup (Dy, Q;) is contained in N, ,(Q;) because both D; and
Q¢ are. It follows that (Dy, Qy) is the unique Sylow p-subgroup of Ng,_ (Q;). O

We are now ready to prove Theorem 3.1.2. We repeat the statement below for

the reader’s convenience.

THEOREM 3.1.2 Let m € N and let k € Ng. If U is an indecomposable non-
projective summand of HZ™®) | defined over a field F of odd characteristic p, then U
has as a verter a Sylow p-subgroup Q of (S22 Sip) X S(r—ar)y for some t € No and
r € Nwithtp <m, 2t <r and (r—2t)p < k. Moreover the Green correspondent of U
admits a tensor factorization VR W as a module for F((Ng,,(Q)/Q) X Sopmtk—rp),
where V. and W are projective, and W is an indecomposable summand of the twisted

Foulkes module H®™ ™ "k—(r=2t)p)

Proof: Let r € N be maximal such that the subgroup R, is contained in a vertex of U.
Let K = Ng,,(R;). By Lemma 3.3.1 and Proposition 3.3.2 there is an isomorphism
of Ng,, ., (R)-modules

H"HR)(R,) = @ (H(T”;(T—?t)p) (R,) K H(T"*t”;k—(?“—?t)p))
teT,

compatible with the factorization N, ., (R;) = K X Somykr—rp, where we regard
Som4k—rp as acting on {rp+1,...,2m+k} and shift each module HE@™ k= (r=2t)p)
appropriately.

For t € T,, let M; = H(2tp;(7"_2t)p)(Rr). By Proposition 3.3.4, each M; is inde-
composable as an FK-module. Hence, by the Krull-Schmidt Theorem, there is a
subset T' C T, and for each t € T’, a non-zero summand W; of H@™ Tik—(r=2t)p)
such that

U(R,) = @ M, X W;
teT"
as F(K x Sopm4k—rp)-modules. By Proposition 3.3.4, M; has @Q; as a vertex for each
non-zero t € T'. Tt is clear that My = sgng_(R,) has vertex Qo as an FNg, (R,)-

module. Let ¢ be the least element of T”. If ¢ > ¢ then @; does not contain a
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conjugate of the subgroup Ey of Qy. Hence, by Theorem 1.2.18, we have M;(Qy) = 0.
It now follows from Lemmas 1.2.23 and 1.2.24 that there is an isomorphism of
F(Nk(Qr) X Samyk—rp)-modules

U(Qr) = (U(R))(Qr) = My(Qe) X W.

Since M, has Qg as a vertex, we have M;(Qy) # 0. It follows that U has a vertex @
containing Q.

Let B be the p-permutation basis for M, defined in the second step. Since B
is permuted by the Sylow p-subgroup P of K, it follows from Corollary 1.2.19 and
Lemma 3.3.5 that C = B?¢ is a p-permutation basis for the FNx (Qy)-module My(Q,)
with respect to the Sylow p-subgroup (D, Q) of Nk (Q). Since W, is isomorphic

@7 Pk—(r=20p) it has a p-

to a direct summand of the p-permutation module H
permutation basis C* with respect to a Sylow p-subgroup Pt of S{rpt1,...2m+k}
Therefore

CxCr={vev :vel v  eC}

is a p-permutation basis for M;(Qy) X W, with respect to the Sylow subgroup
(Dy, Q) x Pt of Ni(Qr) X Samtk—rp-

Suppose, for a contradiction, that ¢ strictly contains (Qy. Since () is a p-group
there exists a p-element g € Ng(Q¢) < Ng,,,,(Qr) such that g € Q,. Now Q, has
orbits of length at least p on {1,...,rp} and fixes {rp +1,...,2m + k}. Since g
permutes these orbits as blocks for its action, we may factorize g as ¢ = hh™ where
h € Ns,,(Q¢) and h™ € Sy yk—rp. By Lemma 3.3.5 we have that (Qg, h) < N (Qy).

Corollary 1.2.19 now implies that (C x C*){Qu9 £ & Let v @ vt € C x C* be
such that (v ® vt)g = v @ v*. Then v € B{QM . But Q is a vertex of My, so it
follows from Corollary 1.2.19 that h € ;. Hence h* is a non-identity element of Q.
By taking an appropriate power of h™ we find that @) contains a product of one or
more p-cycles with support contained in {rp+1,...,2m + k}. This contradicts our
assumption that r was maximal such that R, is contained in a vertex of U.

Therefore U has vertex ;. We saw above that there is an isomorphism U(Qy) =
My(Q¢) X W, of F(Ng(Q¢) X Somk—rp)-modules. This identifies U(Qy) as a vec-
tor space on which Ng, . (Q¢) = Ns,, (Qr) X Semik—rp acts. It is clear from the
isomorphism in Proposition 3.3.2 that Ng,,(Q¢) acts on the first tensor factor and
Som+k—rp acts on the second. Hence the action of Ng (Qg) on My(Q¢) extends to an
action of Ng, ,(Q¢) on M;(Qy) and we obtain a tensor factorization V X W, of U(Qy)
as a Ng,,(Qr) X S2m4k—rp-module. An outer tensor product of modules is projective

if and only if both factors are projective, so by Theorem 1.2.20, V is a projective
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F(Ns,,(Qr)/Qe¢)-module, Wy is a projective FSa,4,—rp-module, and U(Qy) is the

Green correspondent of U. O

3.4 Proofs of Theorem 3.1.1 and Proposition 3.1.3

In this section we prove Proposition 3.1.3, and hence Theorem 3.1.1. It will be
convenient to assume that H2™#) is defined over [F,. Proposition 3.1.3 then follows
for an arbitrary field of characteristic p by change of scalars. We assume the common
hypotheses for these results, so v is a p-core such that 2m + k = |y| + wg(v)p and if
k > p then

wi—p(7y) # wi(y) — 1.

Let A be a maximal element of £;(y) under the dominance order.

Write H(gm;k) for the twisted Foulkes module defined over the rational field. This
module has an ordinary character given by Lemma 3.2.1. In particular it has x* as
a constituent, and so the rational Specht module S@ is a direct summand of Hgm;k).
Therefore, by reduction modulo p, each composition factor of S* (now defined over
[F,) appears in H (2™3k) . In particular H2™*) has non-zero block component for the
block B(7,wg(y)) with p-core v and weight w(y). We now use Theorem 3.1.2 to

show that any such block component is projective.

PROPOSITION 3.4.1 The block component of H?™) for the block B(vy,wy(v)) of

Som+k 1S projective.

Proof: Suppose, for a contradiction, that H2™) has a non-projective indecompos-
able summand U in B(y,wg(v)). By Theorem 3.1.2, the vertex of U is a Sylow
subgroup @ of (S2Sy) X S(;_ap), for some r € N and ¢ € Ny such that tp < m,
2t <rand (r—2t)p < k.

Suppose first of all that 2¢ < r. In this case there is a p-cycle g € @Q);. Replacing
Q; with a conjugate, we may assume that ¢ = (1,...,p) and so (g) = R; where
R, is as defined at the start of the first step in Section 3.3. By Lemma 3.3.1 and
Proposition 3.3.2, we have that £ > p and U(R;) is a direct summand of

HE"®)(Ry) = sgng ((g)) B HE"*P),
Hence there exists an indecomposable summand W of HZ"#=P) such that

sgng, ((9)) ®W [ U(Ry).
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By Theorem 1.3.13, W lies in the block B(y,wr(y) — 1) of Sopqr—p. In particu-
lar, this implies that H™#~P) has a composition factor in this block. Therefore
there is a constituent y* of the ordinary character of H2"#*=P) guch that S* lies in
B(~,wg(y)—1). But then, by Lemma 3.2.1, u is a partition with p-core v having ex-
actly k—p odd parts and weight wg(y) —1. Adding a single vertical p-hook to u gives
a partition of weight wy(y) with exactly k£ odd parts. Hence wy_,(v) = wi(v) — 1,
contrary to the hypothesis on wy_, (7).

Now suppose that 2t = r. Let g = (1,...,p)(p+ 1,...,2p). Then g € Q; by
definition and (g) = R2. By Lemma 3.3.1 and Proposition 3.3.2 we have that U(R2)

is a direct summand of

HE™(Ry) = (H®(g)) w HE™ ") @) (senss,, ((9)) 8 HE"H=20))

where the second summand should be disregarded if k < 2p. It follows that either

there is an indecomposable summand V of H@" ") such that
H®) () BV | U(Ry),

or k > 2p and there is an indecomposable summand W of H2"#=2P) such that
sgng,, ((9)) MW [ U(Ry).

Again we use Theorem 1.3.13. In the first case the theorem implies that V lies
in the block B(y,wy(y) — 2) of Sgp4k—2p. Hence there is a constituent x* of the
ordinary character of H" i) such that p is a partition with p-core v and weight
wk(y) — 2 having exactly k odd parts. This contradicts the minimality of wg(7y). In
the second case W also lies in the block B(7y,wy(y) — 2) of Sa;4k—2p and there is
a constituent x* of the ordinary character of H(2"*=2P) such that p is a partition
with p-core v and weight wg(y) — 2 having exactly & — 2p odd parts. But then
by adding a single vertical p-hook to p we reach a partition with weight wy(v) — 1

having exactly k — p odd parts. Once again this contradicts the hypothesis that
wi—p(7) #w(y) —1. O

For v a p-regular partition, let P” denote the projective cover of the simple mod-
ule D¥. To finish the proof of Proposition 3.1.3 we must show that if A is a maximal
element of £,(7) then P? is one of the projective summands of H2"#) in the block
B(vy,wg(7)). For this we need a lifting result for summands of the monomial mod-
ule H®") which we prove using the analogous result for permutation modules, as

stated in Theorem 1.2.27. Let Z, denote the ring of p-adic integers and let ngm;k)
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denote the twisted Foulkes module defined over Z,.

LEMMA 3.4.2 If U is a direct summand of HQ@™K) then there is a Ly Som+1.-module
)

Uz,, unique up to isomorphism, such that Uz, is a direct summand of Hgm;k and

Uz, ®z, Fp 2 U.

Proof: Let Ay denote the alternating group on {2m + 1,...,2m + k}. Let M =
Indii%ﬁx Ay (Fp) be the permutation module of Sy,,+ acting on the cosets of Sz
Sm X Ay and let Mz, = Indgzzgjx Ay (Zy) be the corresponding permutation module

defined over Z,. Since p is odd, the trivial Zy,(S2 1Sy, x Si) module is a direct

20Sm X Sk

o A (Zp). Hence, inducing up to Sap4x (as in the remark after

summand of Indg
Lemma 3.2.2), we see that Mz, = Hgm;k) <) M%p where Mip is a complementary
ZpSam+r-module, and M = H@™K) @ M’ where M’ is the reduction modulo p
of MZ;,;

By Scott’s lifting theorem (see Theorem 1.2.27), reduction modulo p is a bijection
between the summands of Mz, and the summands of M. By the same result,
this bijection restricts to a bijection between the summands of the permutation
module Mip and the summands of M’. Since U is a direct summand of M there is

a summand Uz, of Mz, unique up to isomorphism, such that Uz, ®z, F, = U. By

the remarks just made, Uz, is isomorphic to a summand of Héim;k). O

Let pr be the Z,-free Z,S2,+1-module whose reduction modulo p is P”. By

Brauer reciprocity (see for instance [71, §15.4]), the ordinary character of Py is
W= dux. ()
m

By Theorem 1.3.16, we have that if d,,, # 0 then v dominates p. Therefore the sum

above may be taken over those partitions u dominated by v.

Proof: [Proposition 3.1.3] We have seen that each summand of H?™*) in the
block B(7v,wg(y)) is projective and that there is at least one such summand. Let
P"1, ..., P¥ be the summands of H?™*) in B(y,wg(v)). Using Lemma 3.4.2 to lift
)

these summands to summands of Héim;k we see that the ordinary character of the

)

summand of ngm;k lying in the p-block of Sy, 4 with core v and weight wy () is

Y"1t + - 4+ ¥, By Lemma 3.2.1 we have

Y= Yy ()

pe€k(v)

By hypothesis A is a maximal partition in the dominance order on (), and by (%)

each ¥" is a sum of ordinary irreducible characters x* for partitions p dominated
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by v;. Therefore one of the partitions v; must equal A, as required. O

We are now ready to prove Theorem 3.1.1. We repeat the statement below for

the reader’s convenience.

THEOREM 3.1.1 Let p be an odd prime. Let v be a p-core and let k € Ny. Let
n = |v|+ wi(v)p. If k > p suppose that

wr—p(7) # wr(y) — 1.

Then E(y) is equal to the disjoint union of subsets Xi, ..., X, such that each X;
has a unique mazimal partition v; in the dominance order. Each v; is p-reqular and
the column of the decomposition matriz of Sy, in characteristic p labelled by v; has

1s in the rows labelled by partitions in Xj, and Os in all other rows.

Proof: Suppose that the indecomposable projective summands of H (273k) lying in
the block B(y,wg(v)) are P*1, ..., P”. Then by (}) above, £(vy) has a partition
into disjoint subsets &7, ..., A. such that v; € &; and

Y=y Xt

HEX)

for each j. It now follows from (%) that the column of the decomposition matrix of
Sy, in characteristic p labelled by v; has 1s in the rows labelled by partitions in X,

and Os in all other rows. O

3.5 Applications of Theorem 3.1.1 and Proposition 3.1.3

We begin with a precise statement of the result on diagonal Cartan numbers men-

tioned in the introduction of this chapter after Proposition 3.1.3.

THEOREM 3.5.1 ([66, THEOREM 2.8] OR [3, PROPOSITION 4.6(1)]) Let v be a p-
reqular partition of n such that v has weight w; then d,, # 0 for at least w + 1

distinct partitions p.

If |€:(7)| < 2wg(y) + 1 then it follows from Theorems 3.1.1 and 3.5.1 that E(v)
has a unique maximal partition, say A, and the only non-zero entries of the column
of the decomposition matrix of 5, labelled by A are 1s in rows labelled by partitions

in (7). In these cases Theorem 3.1.1 becomes a sharp result.
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EXAMPLE 3.5.2 Firstly let p =3 and let v = (3,1,1). We leave it to the reader to
check that wo(y) = 3 and

Eo(v) =1{(8,4,2),(6,6,2),(6,4,4),(6,4,2,2)}.

Hence the column of the decomposition matriz of Si2 in characteristic 3 labelled
by (8,4,2) has 1s in the rows labelled by the four partitions in Ey(vy) and no other
non-zero entries.

Secondly let p = 7 and let v = (4,4,4). Then ws(y) = 2 and E(y) = X U X’

where

X ={(11,4,4,3,1%),(11,4,4,2,1%), (10,5, 4, 3, 1), (10, 5,4,2,1%)},

X'=1(9,5,5,5,1,1),(9,5,5,4,1,1,1),(8,5,5,5,1,1,1)}.

The partitions in X and X' are mutually incomparable under the dominance order.
Thus Theorem 3.1.1 determines the columns of the decomposition matrix of Sag in
characteristic 7 labelled by (11,4,4,3,1%) and (9,5,5,5,1,1).

Finally let p=5 and let v = (5,4,2,1%). Then wg(7y) = 3, and

Eo() = (15,9,2,1%), (15,6,5,1%), (13,11, 2,1%)
6\7) = (13,6,5,3,13),(10,9,7,14),(10,9,5,3,13) |

It is easily seen that wi(vy) > 2. (In fact wi(vy) = 8.) Therefore Theorem 3.1.1
determines the column of the decomposition matrix of S3g in characteristic 5 labelled

by (15,9,2,14).

We now use the following combinatorial lemma to prove that the bound in The-
orem 3.5.1 is attained in blocks of every weight. Note that when p = 3 and e = 2

the core used is (3,1, 1), as in the first example above.

LEMMA 3.5.3 Let p be an odd number, let e € Ng, and let v be the p-core represented
by the p-abacus with two beads on runner 1, e+1 beads on runner p—1, and one bead

on every other runner. If0 < k < e+1 then wi(y) = e+1—k and |Ex(y)| = wi(y)+1.

Proof: The p-core + is represented by the abacus A shown in Figure 3.1 overleaf.
Moving the lowest e + 1 — k beads on runner p — 1 down one step leaves a partition
with exactly k odd parts. Therefore wi(v) <e+1— k.

Suppose that A is a partition with exactly k odd parts that can be obtained by a
sequence of single step bead moves on A in which exactly e — r beads are moved on

runner p — 1 and at most e + 1 — k moves are made in total. We may suppose that

73



0 1 2 p—1
row 0 ‘ ‘
row 1
e + 1 beads
Trow € l

Figure 3.1: Abacus A representing the p-core v in Lemma 3.5.3.

r = k and that the beads on runner p — 1 are moved first, leaving an abacus A*.
Numbering rows as in Figure 3.1, so that row 0 is the highest row, let row ¢ be the
lowest row (i.e. labelled by the greatest number) of A* to which any bead is moved
in the subsequent moves. Let B be the abacus representing A that is obtained from
A* by making these moves. The number of spaces before each beads on runner p—1
inrows ¢, {+1, ..., r is the same in both A* and B, and is clearly odd in A*. Hence
the parts corresponding to these beads are odd. Therefore £ > r — k + 1.

If B has a bead in row £ on a runner other than runner 1 or runner p — 1, then
this bead has been moved down from row 0, and so has been moved at least £ times.
The total number of moves made is at least (e—r)+¢ > e—k+1, andso ¢ = r—k+1.
But now B has beads corresponding to odd parts of A on runner p — 1 in row 0, as
well as rows £, £+ 1, ..., r, giving k + 1 odd parts in total, a contradiction.

It follows that the sequence of bead moves leading to B may be reordered so that
the first e — r moves are made on runner p — 1, and then the lowest bead on runner
1 is pushed down r — k times to row r — k + 1. The partition after these moves has
k 4+ 1 odd parts. Moving the bead on runner 1 down one step from row r — k + 1
reduces the number of odd parts by one, and is the only such move that does not
move a bead on runner p — 1. Therefore () contains the partition constructed at

the start of the proof, and one further partition for each r € {0,1,...,e — k}. O

Given an arbitrary weight w € N and k € Ny, Lemma 3.5.3 gives an explicit
partition A satisfying the hypothesis of Theorem 3.1.1 and such that wg(vy) = w.

We use this in the following proposition.

PROPOSITION 3.5.4 Let p be an odd prime and let k, w € Ny be given. There exists
a p-core v and a partition A with p-core v and weight w such that A has exactly k
odd parts and the only non-zero entries in the column of the decomposition matriz

labelled by X are 1s lying in the w + 1 rows labelled by elements of Ex (7).
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Proof: If w = 0 and k = 0 then take A = (2). Otherwise let v be the p-core in
Lemma 3.5.3 when e = w + k — 1. By this lemma we have wg(y) = w. Moreover,
if £ > p then w,_p(y) = w + p. Taking A to be a maximal element of & (y), the
proposition follows from Theorem 3.1.1 and Theorem 3.5.1. O

We now turn to an application of Proposition 3.1.3. Write H ](;?m;k) for the twisted

Foulkes module defined over a commutative ring R. Since the ordinary character

of Hgm;k) is multiplicity-free, the endomorphism algebra of H]ézm;’“) is commutative

whenever the field F has characteristic zero. Hence the endomorphism ring of Hgm;k)
is commutative. This ring has a canonical Z-basis indexed by the double cosets of
the subgroup S2 1 .Sp, X Sk in Sop4x. This basis makes it clear that the canonical
map

27n;k 2T’L;k
EndZSQm+k (Hé )> — Ende52m+k (HIE(‘,, ))

is surjective, and so Endpg,,, ., (Hgm;k)) is commutative for any field F. This fact

has some strong consequences for the structure of twisted Foulkes modules.

PROPOSITION 3.5.5 Let U and V be distinct summands in a decomposition of H2™#),
defined over a field F, into direct summands. Then Endgs,, ., (U) is commutative

and Homgg,,, (U, V) =0.

Proof: Let my be the projection map from H®™#) onto U along V and let iy
and ¢y be the inclusion maps of U and V respectively into H2"*). Suppose that
¢ € Hompg,, (U, V) is a non-zero homomorphism. Then ¢y ¢y does not commute
with vy, Moreover sending 6 € Endpg,,, ., (U) to wyfmy defines an injective mul-
tiplicative (but not unital) map from Endps,,, ., (U) into the commutative algebra

Endgs,, , (H®"#®). O

Proposition 3.5.5 implies that if ) is a p-regular partition and P is a direct sum-
mand of H@™*) defined over a field of characteristic p, then there are no non-zero

(2™k) " Thus every composi-

homomorphisms from P* to any other summand of H
tion factor of H2™#) isomorphic to D* must come from P*. We also obtain the

following corollary.

COROLLARY 3.5.6 Let F be a field of odd characteristic. Given any w € N there
ezists n € N and an indecomposable projective module P* for FS,, lying in a block

of weight w such that Endps, (P*) is commutative.

Proof: Let v be the p-core in Lemma 3.5.3 when e + 1 = w. Taking k = 0 we see
that wo(y) = w. If A is a maximal element of & () then, by Proposition 3.1.3, P*
is a direct summand of H®™) where 2m = || and both modules are defined over

the field F. The result now follows from Proposition 3.5.5. O
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Chapter 4

The modular structure of the

Foulkes module

4.1 Introduction and outline

The main goal of this chapter is to generalize part of the work done in Chapter 3
on the permutation module H2"), in order to obtain a complete description of the
Green vertices and Green correspondents of the complete family of Foulkes modules
H@") for any n € N and any a < p where p is the fixed prime characteristic of the

underlying field F. In particular in Section 4.2 we will prove the following theorem:

THEOREM 4.1.1 Let p be an odd prime and let a and n be natural numbers such that
a <p<n. Let U be an indecomposable non-projective summand of the FSy,-module
H@") and let Q be a vertex of U. Then there exists s € {1,2,..., L51} such that Q
is conjugate to a Sylow p-subgroup of S, 1Ssp. Moreover the Green correspondent of
U admits a tensor factorization VIR Z as a module for F((Ns,,,(Q)/Q) X San—sp))s
where V' is isomorphic to the projective cover of the trivial F(Ns,,,(Q)/Q)-module

and Z s an indecomposable, projective summand of H@" "),

This result is a generalization of Theorem 3.1.2. The structure of the proof is
similar to the one given in Section 3.3 but different ideas and ad hoc arguments will
be needed in this case.

In Section 4.3 we will use this new information on the modular structure of the
Foulkes modules to derive corollaries on the decomposition matrices of the symmetric
groups. To present our main result we need to introduce the following definition.
Let v be a p-core partition and let ¢(@") be the ordinary character afforded by the
Foulkes module H(®"). Denote by Fy (7) the set containing all the partitions u of an
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such that the p-core () of p is equal to v and such that the irreducible ordinary
character of Sy, labelled by p has non-zero multiplicity in the decomposition of ¢(@")
as a sum of irreducible characters. In general, for any s € {0,1,..., L%J} denote by
Fop(7) the set defined by

Fsp(v) ={pnkFa(n—sp) : v(u) =~ and <X“,¢(a”75p)> #0}.

The new results obtained in Theorem 4.1.1 will lead us to prove the following

theorem.

THEOREM 4.1.2 Let a and n be natural numbers and let p be an odd prime such
that a < p < n. Let X be a p-reqular partition of na. Denote by ~ the p-core of
A. Suppose that for all s € {1,2,...,[7]}, Fsp(v) = 0. If X is mazimal under the
dominance order in Fo(7y), then the only non-zero entries in the column labelled by A
of the decomposition matrix of Sgy are in the rows labelled by partitions u € Fo(7).

Moreover

5 Y < (60 0,
Dealing with partitions of small p-weight we obtain the following sharper result.

COROLLARY 4.1.3 Let a and n be natural numbers and let p be an odd prime such
that a < p < n. Let X be a p-regular partition of na such that A has p-weight w < a.
Denote by ~y the p-core of . If X is mazximal in Fo(y), then the only non-zero entries
in the column labelled by A of the decomposition matriz of Sy are in the rows labelled

by partitions p € Fo(vy). Moreover
(5 : DY < (8, x).

Theorem 4.1.2 and Corollary 4.1.3 allow us to detect new information on decom-
position numbers from the study of the ordinary structure of the Foulkes character.
In particular the study of the zero-multiplicity characters in the decomposition of
#(@") leads to some new non-obvious zeros in certain columns of the decomposition

matrix of S,, (see Corollary 4.3.2 and Example 4.3.3).

4.2 The indecomposable summands of H(@")

This section is devoted to the proof of Theorem 4.1.1. We start by fixing some
notation. Let p be an odd prime number and let ¢ and n be natural numbers such

that a < p < n. Let F be a field of prime characteristic p and let S, .5, be the
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subgroup of S, acting transitively and imprimitively on {1,2,...,an} and having

as blocks of imprimitivity the sets
Ty={jn+j2n+j,....,(a—1n+j}

for all j € {1,...,n}. In this setting we have that for any Sylow p-subgroup P of
Sa 1Sy there exists a Sylow p-subgroup @ of Sy . 1, such that P is conjugate to

Q={z|ze€Q},

where (j + kn)T = (j)x + kn for all j € {1,...,n} and all k € {0,1,...,a — 1}.
Let p be an element of order p in S, ! .S,. By the above remarks there exists
s € {1,2,...,[}]} such that p has sa orbits of order p and a(n — sp) fixed points in
its natural action on {1,2,...,an}.

For all j € N such that pj < an let z; be the p-cycle of S, defined by

zj=@0U-D+1Lp0 -1 +2,...,pj)

Denote by Ry the cyclic subgroup of S, of order p generated by z129---2p. We
will call Oy,...,0Op the p-orbits of R; in order to have O; = supp(z;) for all j €
{1,2,...,¢}.

In the following lemma we will study the Broué correspondence for H@") with

respect to Ry.

LEMMA 4.2.1 Let a and n be natural numbers and p an odd prime such that a <
p < n. Let ¢ be a natural number such that €p < an. If £ = as for some natural
number s, then

n—sp)

H(an) (Ras) ~ H(asp) (Ras) < H(a
as FNg,, (Rqs)-modules. If £ is not an integer multiple of a then H®")(R,) = 0.

Proof: We already noticed that the number of p-orbits of an element of order p in
Sa 1Sy, must be a multiple of a. Therefore if £ is not an integer multiple of a then
Ry is not conjugate to any subgroup of S, ¢.S,. This implies that H (an)(Rg) =0 by
Theorem 1.2.18.

Suppose now that £ = as for some s € N. Let w = {w1,ws,...,wp} € Q") be

fixed by Rgs. Then there exist wj,...,w;j,, sets of w such that

sp
U wj, = supp(Ras)
i=1
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since no set of a fixed set partition can contain two numbers z and y such that
x € supp(Rys) and y ¢ supp(Rgs). So we can write each fixed set partition w €

Q(“n)(Ras) as w = u, U v, where

uy = {wj,, ..., wj,, } € Q) (Ry,s),

)

and v, is a set partition in Q(fnisp , that is the collection of all the set partitions

of {asp+1,...,an} into n — sp sets of size a. We will also denote by H(fn_sp) the
FS{usp+1,....any-permutation module generated by Qg(fn_sp) as a vector space. The
map
01 Q) (Ryg) — Q) (Ryg) x Q4"

that associates to each w € Q(“")(Ras) the element u,, X v, € Q(“SP)(RQS) X ngnisp) is
a well defined bijection. This factorization of the linear basis of H®")(Rys) induces
an isomorphism of vector spaces between H(*")(Rys) and H(")(R,,) X Hsran_sp),
that is compatible with the action of Ng,, (Ras) = Ng,.,(Ras) X Sq(n—sp)- Therefore

asp

we have that
nfsp)

H(an)(Ras) ~ H(@Sp)(Ras) X HJ(ra
as F(Ns,, (Ras))-modules. The proposition follows after identifying S{qspy1,....an}

with S, and H(fnisp) with H@" ™). 0O

(n—sp)

Lemma 4.2.1 allow us to restrict for the moment our attention to the study of the
Broué correspondent H(*")(R,,) of H™"). In particular we will now give a precise
description of its canonical basis Q") (R,) constitued by the set partitions fixed
under the action of R,s. In order to do this we need to introduce a new important
concept.

Let § = {d1,02,...,05} be a set partition of {1,2,...,as} into s sets of size a
(namely § € Q). Let Ay, Ay,..., As be subsets of {1,2,...,asp} of size a such
that

1 if j€6;.
|Aiﬂ0j| =

0 if j¢ 0

In particular each set A; contains at most one element of a given orbit of Rgs.

Consider now w to be the element of Q@) (R,) of the form
w={A1, A0, A10>, ... AyoPT Ay, Ao VA, .. AgoPT1Y

where 0 = 2129+ z45. In this situation we will say that the set partition w is of
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type §. Notice that from the type we can read how the orbits of R, are relatively
distributed in the sets of the set partition w.
In the following lemma we will show that the set partitions of Q") that are

fixed by the action of R,s are precisely the ones of the form described above.

LEMMA 4.2.2 Let the set partition w = {wi,...,wsp} be an element of Q@)

Then w is fited by Rg.s if and only if there exists a corresponding set partition
6={01,...,05} € Q) and s sets Ay,..., Ay of w such that

[4i N O;| =
0 if j¢d
and
w={A1, A0, A10?, ..., AyoPT Ay, Ao VA, .. AgoPT1Y

where 0 = 2129+ Zgs.

Proof: Suppose that w is fixed by R.s = (). Let O; be an orbit of R for some j €
{1,2,...,as} and let wj,,wj,, . ..,w;, be the sets of w such that w;; NO; # 0. Clearly

I < p because |O;| = p. Since wo = w we have that for all z € {ji,...,7;} there
exists y € {j1,...,J1} such that w;, 0 = w;, and no wy, is fixed by o because a < p. In
particular we have that R, acts without fixed points on the set {w;,,wj,,...,wj},

therefore there exists a number £ > 1 such that

kp = ‘{wjlijzw-ijl}‘ =1<p.

This immediately implies that [ = p and therefore that |w;; N O] = 1 for all i €
{1,2,...,1}. This argument holds for all the R,s-orbits 01,03, ...,O.s. Hence for
all z € {1,2,...,sp} the set w, of w contains a numbers no two of which are in the
same R,s-orbit. Consider one of those sets, say Aj, of w. Define the correspondent
set 91 of size a as follows: foralli € {1,2,...,as} leti € §; if and only if |A;NO;| = 1.
Observe that since wo = w we have that A, Ao, ..., A1oP~! are p distinct sets of

w such that for all k£ € {0,1,...,p — 1} we have that

1if jedy
|A1o* N O;| =
0 if j¢d.
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We repeat now the above construction by considering a set A of w such that Ay #
Ajo® for any k € {0,1,...,p — 1} and defining the corresponding set d exactly as
above. After s iterations of the process we obtain the claim, where the set partition
§ € Q@) corresponding to w is § = {01,02,...,0s}.

The converse is trivial since an w of the form described in the hypothesis is

clearly fixed by the action of . O

From Lemma 4.2.2 we obtain that every w € Q") (Rg) is of a well defined type
6 € Q) In the next lemma we will fix a § € Q") and we will calculate explicitly

the number of set partitions of type & in Q@) (R,,).

LEMMA 4.2.3 For every § € Q) there are exactly p\®V* distinct set partitions in
Q) (Rys) of type .

Proof: Define 6* € Q(@°) by
F={{1,1+s,...,1+(a—1)s},{2,2+s,...,2+ (a—1)s},--- ,{s,2s,...,as}}.

By Lemma 4.2.2 we have that given any set partition w = {wy,...,ws} € QEF)(Ry)
of type 0*, each set w; contains exactly one element lying in {1,2,..., sp}, the union
of the first s orbits O1,0s, ..., Os of Rys. Therefore, without loss of generality, we
can relabel the indices of the sets of w in order to have w = {wi,...,wsp} and for
all j € {1,2,...,sp}
2 afl}

)

Y |
wj = {j,l‘j,l‘j,...,l'j

i
J
Notice that this implies that there are p possible different choices for each x; If

where z% is a number lying in the Rys-orbit of j + isp for all i € {1,2,...,a — 1}.
we fix j € {1,2,...,sp} such that j is not divisible by p then there exist unique
natural numbers ¢ and k in {0,1,...,s — 1} and {1,2,...,p — 1} respectively, such
that j = tp + k. Moreover, by definition of ¢ it follows that ((t + 1)p)o* = j. Since

wok = w, we must have W(t+1)p0k = wj. Therefore for all i € {1,2,...,a — 1} we
have that
i i k
Tj = T(t41)p9
Hence the set partition w is uniquely determined by its sets wy,wap, ..., ws. This

implies that there are exactly p(~1s different set partitions of type 6* in (@) (Ras)-
It is an easy exercise to verify that, changing the labels, the argument above works

for any other type 6 in Q). O
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Consider now the subgroup C of Ng, . (R4s) defined by

C = (z1) X (22) X ... X (2qs) -

Notice that C' preserves the type in its action on Q") (Rg,). Therefore we have
that the subvectorspace K5 of H (“Sp)(Ras) generated by all the fixed set partitions
of type ¢ is an FC-submodule of H (“Sp)(Ras) for any given . Moreover, we deduce

the following result:

PROPOSITION 4.2.4 The following isomorphism of FC-modules holds:

Resc (H(“Sp)(Ras)) = GB Ks.
5eQ(a®)

Proof: For any given § € Q@) denote by B; the subset of Q(asp)(Ras) consisting of
all the set partitions of type §. Clearly H (“Sp)(Ras) decomposes as a vector space
into the direct sum of all the Kj for § € Q(@°). Moreover we observe that the orbits
of Con {1,2,...,asp} are exactly the same as the orbits of R, therefore if w € By
then wc € By for any ¢ € C. This implies that

as FC-modules, as desired. O

We will now define three p-subgroups of S,s, that will play a central role in the
next part of the section. For all j € {1,2,...,s} denote by m; the p-element of C
given by

Mj = ZjZj+s%j+2s """ Zj+(a—1)s

Let E; be the elementary abelian subgroup of C of order p® defined by

Es = (m) X+ X (7).

Let Ps be a Sylow p-subgroup of Sy . 4,y with base group (z1,.. ., z;), chosen so
that 2129 - - - 25 is in its centre. (The existence of such Sylow p-subgroup follows from
the construction of Sylow p-subgroups of symmetric groups described in Section
1.3.3. In particular we have that ziz9---zs is a product of the central elements
identified after Definition 1.3.8. Moreover we observe that the non-zero powers of
21,22, ..., 2s are the unique p-cycles in Ps, by Remark 1.3.11.)

Let @5 be the group consisting of all permutations g where g lies in P;. For
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the reader’s convenience we recall that for all £ € {0,1,...,a — 1} and all j €

{1,2,...,sp}, we have that

(j + ksp)g = (j)g + ksp.

In particular we observe that this implies that § = gog1--- ga—1, where for all
k€ {0,1,...a — 1}, gy is the element of S, that fixes all the numbers outside
{ksp+ 1,ksp + 2,...,(k + 1)sp} and such that (j + ksp)gr = (j)g + ksp for all
je{1,2,...,sp}. In particular we have that z; = m; for all i € {1,2,...,s}. Notice
that Qs has Fs as normal subgroup by construction and clearly R,s < Es; < C and
Ras < Qs.

We are now very close to deduce the indecomposability of H(**)(R,,) as an
FNs,,,(Ras)-module. In order to prove this we need to observe an important struc-

tural property of the FC-modules Kj for all § € Q(@°).

PROPOSITION 4.2.5 For any § € Q%) there exists g € Ns,., (Ras) such that
K; = Indf, (F)
Proof: As usual, define 6* € Q") by
6 ={61,09,...,0s},

where 0; = {i,i + s,i+2s,...,i+ (a — 1)s} and let w* be any fixed element of By-.
Then by Lemma 4.2.2 we have that

* -1 ~1 -1
w*={A1,A10,...,A10P7" A9, Ago, ... AgoP T L. JAg, Aso ... AgoP T}

for some sets Ay, Ao, ..., As such that

1if jeor
[Ai N O] =
0 if j¢ o

This implies that we can equivalently rewrite w* as
-1 -1 -
w*:{Al,Alﬂ'l,...,Alﬂf ,Az,AQT(Q...AQT[‘g g ,AS,...,ASTI'E 1}.
Therefore w* is fixed by the action of E;. Moreover if we denote by L the stabilizer
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in C of w* we have that as FC-modules
Ks« = Ind¥ (F)

since C' acts transitively on the elements of Bgs.
Lemma 4.2.3 implies that dimp(Ks+) = p*@=1 therefore by [1, Corollary 3, page
56] we have that
psle=h) = |C: L| <|C: Eq = pla=l),

Hence E; = L and K;+ = Ind%, (F) as FC-modules. Since Ng
full symmetric group on the set {01, Os, ..., Ous}, we obtain that for any § € Q)

asp(Ras) acts as the
there exists g € NSQSP(RQS) such that any set partition of type J in Q(asp)(Ras) s
fixed by EZ. With an argument completely similar to the one used above we deduce
that Ks & Indg,(F). O

The following corollary of Proposition 4.2.5 will be extremely useful in the last

part of the section.

COROLLARY 4.2.6 Ewvery indecomposable summand of H\*")(Rys) has vertex con-

taining Fs.

Proof: Let U be an indecomposable summand of H (asp)(Ras). By Lemma 1.2.28,
Proposition 4.2.4 and Proposition 4.2.5 we observe that the restriction of U to C
is isomorphic to a direct sum of indecomposable p-permutation FC-modules with

vertices conjugate in Ng,  (Rss) to Es. Therefore by the first part of Corollary

asp (

1.2.22 we obtain that E; is contained in a vertex of U. O

It is now possible to prove that H (asp)(Ras) is indecomposable and to determine
a vertex of H(“‘gp)(Ras) as an FNg, _ (R,s)-module.

asp(

PROPOSITION 4.2.7 The FNg,,, (Rqs)-module H'"")(Ry,) is indecomposable and
has verter Qs € Syl,,(Sa 1 Ssp)-

Proof: Let 6* be the set partition of Q") defined at the beginning of the proof of
Proposition 4.2.5. Since w € Q@)(R,,) is fixed by Fj if and only if w € Bs« and
since Fs < C, we have that

Resc ((H")(Rus))(Es)) = Resc (H @) (Rys)) (Es) = Ks+ (Es) = Ind%, (),

as FC-modules. By Lemma 1.2.28 we have that Resc ((H@™)(Ry,))(Es)) is inde-
composable, hence also (H*")(Rys))(Es) is indecomposable. Therefore by Propo-
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sition 1.2.25 there exists a unique summand of H(*")(R,,) with vertex containing
E,, but this implies that H(*)(Ry,) is indecomposable by Corollary 4.2.6.

Let @ < Ng,,,(Ras) be a vertex of H(@?)(R,,). Consider w* to be the set
partition in Q@) (R,s) defined by

w* ={wi,wa,...,wep},

where w;j = {j,7 + sp,j + 2sp,...,j + (a — 1)sp}, for all j € {1,2,...,sp}. By
construction we have that Qs fixes w*. Therefore a conjugate of Qs is a subgroup
of Q. On the other hand by Corollary 1.2.19 there exists w € Q) (R,,) such that
Q fixes w. Since the stabilizer of w in Sy, is isomorphic to S, 1 Ssy,, we deduce that
Q is isomorphic to a subgroup of a Sylow p-subgroup of S, 1.Ss,. In particular this
implies that |Q| < |Qs| and therefore we obtain that Q, is a vertex of H@")(R,,).
O

COROLLARY 4.2.8 The Foulkes module H®") has a unique indecomposable sum-
mand U with vertex Q¢ € Sylp(Sa 1 Ssp). Moreover, any other indecomposable sum-
mand of H*") has vertex conjugate to a subgroup of Q. In particular, U is the

Scott module Sc(Sasp, Sq 1 Ssp) and we have that
H")(Qs) = U(Qs) = Py

as F(Ns,,,(Qs)/Qs)-modules, where Pg denotes the projective cover of the trivial

module.

Proof: Since H(®*) is isomorphic to the permutation module induced by the action
of Susp on the cosets of S, 1 Sy, it is clear that any vertex of an indecomposable
summand is contained in a Sylow p-subgroup of S5, and therefore is conjugate to a
subgroup of Q,. From Proposition 4.2.7 we have that H @) (Rgs) is indecomposable.
Therefore by Proposition 1.2.25 we deduce that exists a unique indecomposable
summand U of H(@") such that R, is contained in a vertex of U. We know that
R,s < Qs and for sure the Scott module Sc(Sgsp, Sa ! Ssp) = Sc(Sasp, @s) is an
indecomposable summand of H("), with vertex Q,. Therefore U = Sc(Sasps Qs)
and by Theorem 1.2.29 we have that

H(asp)(Qs) = U(Qs) = P,

as F(Ns,,,(Qs)/Qs)-modules. O
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In order to prove Theorem 4.1.1 we need the following technical lemma. Denote
by D the group C' N Ng,,,(Qs).

LEMMA 4.2.9 Let p be a prime and let a and s be natural numbers such that
a < p. Then the unique Sylow p-subgroup of Ns,,,(Qs) is the subgroup (Ds,Qs)
Of NSasp(Ra5>'

Proof: Keeping the notation introduced after Proposition 4.2.4, for j € {1,2,...,as}
let O ={(j—1)p+1,...,75p} and for k € {1,...,s} let

a—1
X = | Ovasn:
1=0
Since (s normalizes FEs, it permutes the sets Xi,..., X as blocks for its action.
Moreover given z € Ng,,,(Qs) we have that 77 € (m1,...,7ms) for all j € {1,...,s}

(this follows from Remark 1.3.11). Therefore also Ng,,,(Qs) permutes as blocks for
its action the sets Xy,..., X;.

Let g be a p-element of Ng,  (Qs). The group (Qs,g) permutes the sets in
X :={Xy,..., X} as blocks for its action. Let

m:(Qs,9) = Sx

be the corresponding group homomorphism. By construction Qs acts on the sets
X1,...,Xs as a Sylow p-subgroup of Six, . x,); hence Qs7 is a Sylow p-subgroup
of Sx. Therefore, since (Qs, g) is a p-group, there exists § € Qs such that gr = gm.

Let y = gg—!. Since y acts trivially on the sets in X, we may write

Yy=49g1...-9s

where g; € Sx; for each j. The p-group (Qs,y) has as a subgroup (7;,y). The per-
mutation group induced by the subgroup on X, namely (7, g;), is a p-group acting
on a set of size ap. Since p > a, the unique Sylow p-subgroup of Sx; containing 7; is
(2js Zjtss -+ -5 Zj4(a—1)s). Hence gj € (2j, Zjts, .-+, Zj4(a—1)s) for each j € {1,...,s}.
Therefore y € (21,22...,24) = C. We also know that y € (Qs,9) < Ng,,,(Qs).
Therefore y € Ds, and since § € Qs, it follows that g € (D, Qs), as required. Con-
versely, the subgroup (Ds,Qs) is contained in Ng,, (Qs) because both D, and Qs
are. It follows that (Ds, Q) is the unique Sylow p-subgroup of Ng,  (Qs). O

We are now ready to prove Theorem 4.1.1.

Proof: [Theorem 4.1.1] In order to simplify the notation we denote by K the group
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Ns,,,(Ras). Let U be an indecomposable summand of H (@") with vertex Q. Let
te{1,2,..., L%j} be maximal with respect to the property that Ry is a subgroup of
(a conjugate of) the vertex Q. The Broué correspondent U(Ry) is a non-zero direct
summand of H(*")(R,;) by Theorem 1.2.12. Therefore we deduce by Lemma 4.2.1
that there exist a natural number s such that ¢ = as and Z a non-zero summand of
H(@" ") such that

U(Ras) = H ") (Ras) 0 Z

as F(Ks X Sy(n—sp))-modules (where K5 = Ng,_, (Ras)). Since Rys is normal in Q, it
follows from Lemmas 1.2.23 and 1.2.24 that there is an isomorphism of F(Ng, (Qs) X

Sa(n—sp))-modules

Il

U(Qs) = (U(Ras))(Qs) = (H ) (Ras))(Qs) B Z.
By Proposition 4.2.7 we deduce that (H(@™)(R,,))(Qs) ® Z # 0. Hence we have
that Qs < Q.

Let B be a p-permutation basis for the FK-module H(“Sp)(RaS) with respect
to a Sylow p-subgroup of K containing @)s. It follows from Corollary 1.2.19 and
Lemma 4.2.9 that C = B9 is a p-permutation basis for the FNg,(Q)-module
(H@")(R,5))(Qs) with respect to the unique Sylow p-subgroup P := (D, Q) of
Nk, (Qs). Let C' be a p-permutation basis for Z with respect to P, a Sylow p-

subgroup of Syaspi1,...an} = Sa(n—sp)- Hence
CxC ={vev velv el}
is a p-permutation basis for (H")(Ru))(Qs) X Z with respect to the Sylow p-

subgroup P x P’ of Ng, (Qs) x Sg

Suppose, for a contradiction, that @ strictly contains ();. Since @ is a p-group

n—sp)-

there exists a p-element g € Ng(Q;) such that g & Q,. Notice that @, has orbits of
length at least p on {1,...,asp} and fixes {asp+1,...,an}. Since g permutes these
orbits as blocks for its action, we may factorize g as g = hh™ where h € N, (Qs)
and ht € Sy(,_sp). By Lemma 4.2.9 we have that (Qs, k) < Ng,(Qs).

Corollary 1.2.19 now implies that (C x C"){@9) #£ &. Let v @ v’ € C x C' be such
that (v ®v')g = v ® 1. Then v € BQ" . But Q, is a vertex of H®")(Rys), so
it follows from Corollary 1.2.19 that h € @Qs. Hence h' is a non-identity element
of Q. By taking an appropriate power of A’ we find that ) contains a product of
one or more p-cycles with support contained in {asp + 1,...,an}. This contradicts

our assumption that [ = as was maximal such that R,s is contained in a vertex of
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U. Therefore U has vertex Q.

We saw above that there is an isomorphism
U(Qs) = (H " (Ras))(Qs) R Z

of F(Nk,(Qs) X Sq(n—sp))-modules. This identifies U(Qs) as a vector space on which
Ns,,(Qs) = Ns,., (Qs) X Sg(n—sp) acts. It is clear from the isomorphism in Lemma
4.2.1 that Ng,,, (Qs) acts on the first tensor factor and Sa(n—sp)
Hence the action of Ng, (Qs) on (H@")(R,,))(Qs) extends to an action of Ns,., (Qs)
on (H®")(R4))(Qs) and we obtain a tensor factorization V & Z of U(Q,) as an

IE‘(NSQSP(QS) X Sa(n— Sp))—module. An outer tensor product of modules is projective

acts on the second.

if and only if both factors are projective, so by Theorem 1.2.20 and Corollary 4.2.8,
V' is isomorphic to the projective cover of the trivial F(Ng,,,(Qs)/Qs)-module, Z is

a projective FSy -module, and U(Q;) is the Green correspondent of U. O

n—sp)

An interesting consequence of Theorem 4.1.1 is proved in the following corollary.

COROLLARY 4.2.10 LetF be a field of prime characteristic p. Let a andn be natural
numbers such that a < p < n. If U is an indecomposable and non-projective direct

summand of the FS,,-module H@") | then U is not a Young module.

Proof: From Theorem 4.1.1 there exists t € {1,2,..., L%J} such that U has vertex
Q¢, a Sylow p-subgroup of S, ¢ Syp. It is easy to notice that ); has support of size
atp. Moreover, since a < p we have that ()¢ is isomorphic as an abstract group to
a Sylow p-subgroup of Sy,. Suppose, for a contradiction, that U is a non-projective
Young module. By Theorem 1.4.1 there exists a partition p of the form

p: (pk:""7pk7pk_17“‘7pk:_1"“7p7"'7p)7

such that S, < San and @ is conjugate to a Sylow p-subgroup of S,. This implies
that S, and Sy, have isomorphic Sylow p-subgroups. Therefore the support of the
Young subgroup S, must have size tp, as a subgroup of Sg,,. This is a contradiction

since supp(Q;) = atp and a > 2. O
Corollary 4.2.10 immediately implies that the the modular version of Foulkes’

Conjecture is false.

PROPOSITION 4.2.11 Let F be a field of prime characteristic p. Let a and n be

natural numbers such that a < p < n. The FSy,-module H®™) s not a direct
summand of the FSq,-module H@"),
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Proof: By definition we have that H(™") is isomorphic to Indgj;;sa (F). Therefore the
Scott module Y := Sc(San, S 1S,) is a non-projective direct summand of H®,
By Proposition 1.4.2 we deduce that Y is a Young module, therefore we have that
Y can not be a direct summand of H®") by Corollary 4.2.10. This completes the
proof. O

4.3 One corollary on decomposition numbers

In this section we will give upper bounds to the entries of some columns of the
decomposition matrix of IF,S,, when a < p. In particular we will prove Theorem
4.1.2.

For the rest of the section let I, be the finite field of size p and let a be a natural
number such that a < p. Let B := B(y,w) be a block of the group algebra F,S,;,
such that Fo(y) # 0 and Fyy(y) = 0 for all s € {1,2,..., [ 2]}, where Fy,(7) are
the sets defined in section 4.1, before the statement of Theorem 4.1.2. For every
p-regular partition v of an, we will denote by P” the projective cover of the simple
FpSan-module D".

An essential step towards the proof of Theorem 4.1.2 is the following proposition.

PROPOSITION 4.3.1 The block component of H@") for the block B is projective.

Proof: We start by considering the special case where n = rp for some r € N and
B = B((),ar). In this situation the hypotheses of Theorem 4.1.2 are never satisfied
since the trivial partition (a(n — sp)) is always in Fgp(0)). Hence we can rule out
this case. For all the other possibilities we use the following argument: let U be
an indecomposable summand of H(@") lying in the block B. Suppose that U is
non-projective. Then by Theorem 4.1.1 there exists ¢ € {1,...,|2]}, such that
Qt € Syl,(Sa U Stp) is a vertex of U. Moreover, we have that U(Q:) = Pr, ¥V,
where V' is an indecomposable projective summand of H (™) lying in the block
B(v,w — at), by Theorem 1.3.13. Using Theorem 1.2.27 to lift V' to a summand of

(an="7)

HZp lying in the p-block of Sg(,—¢p) With p-core 7, we deduce that the ordinary
)

n—t
character of the summand V7, of Hg; ") is of the form

Xy = x" A+,

for some p1, . . ., pus partitions of a(n—tp) such that <X“J' , ¢(an7tp)> # 0and y(p;) =7
for all j € {1,...,s}. This is a contradiction since Fy,(y) =0. O

We are now ready to prove Theorem 4.1.2.
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Proof: [Theorem 4.1.2] Since Fo(7) # 0 the block component W of H@") lying B is
non zero. By Proposition 4.3.1 we have that W is projective. Let (1,...,(s be the

p-regular partitions of an such that
W=PL@P2@..-@P*>.

We can now use Theorem 1.2.27 to lift W to the summand W7, of HZTL). It follows
that the ordinary character of the summand of Hg;n) lying in the p-block of Sy,
with p-core 7 is
S
Ve = D (D due)x”
nEFo(y) =1

By hypothesis A is a maximal partition in the dominance order on Fy(7y). Therefore,
arguing exactly as in the proof of Proposition 3.1.3 in Section 3.4, we deduce that
one of the partitions (; must equal A, as required.

Therefore P is a direct summand of H(®") and ¢ is a summand of the Foulkes

character ¢(@"). Hence
dyx = <¢)A,x“><<¢(“n),x“> :

for all 41 an. In particular if u ¢ Fo(y) then d,n =0. O

In order to prove Corollary 4.1.3 it will be enough to show that whenever the

partition A € Fy(7y) has p-weight w < a then Fyp(y) =0 for all s € {1,..., L%J}

Proof: [Corollary 4.1.3] The p-core 7 of A is a partition of an — wp. Suppose for a
contradiction that exist s € {1,..., 2]} and p F a(n — sp) such that p € Fyp(y). It
follows that

|7| = an —wp > a(n — p) = a(n — sp) = |p|.

Hence the p-core () of ¢ can not be equal to . This yields a contradiction. Since
A is maximal in Fy(y), by Theorem 4.1.1 we obtain the statement. O

As already mentioned in the introduction, Theorem 4.1.2 and Corollary 4.1.3
allow us to recover new information on the decomposition numbers via the study of
the ordinary Foulkes character ¢(®"). An example of this possibility is the following

result.

COROLLARY 4.3.2 Let A be a p-regular partition of na. Denote by ~y the p-core of \.
If X is mazimal in Fo(y) and Fop(y) =0 for all s € {1,..., ]}, then [S* : DN =0
for all ptna such that p has more than n parts.
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Proof: 1t is a well known fact (see for instance Proposition 2.2.1) that if x4 has more

than n parts then
<¢(a”)’ XM> =0.
The statement now follows from Theorem 4.1.2. O

We conclude with an explicit example.

EXAMPLE 4.3.3 Let a =4, n =p =5 and let A\ = (18,2) be a weight 3 partition
of 20. The 5-core of \ is v = (3,2) and the multiplicity of x* as an irreducible
constituent of d>(45) is 1, by Corollary 2.2.6. Therefore A € Fo(7y) and it is clearly
mazximal under the dominance order on Fy(vy). By Corollary 4.3.2 we obtain a
number of non-trivial zeros in the column labelled by A\ of the decomposition matriz
of Sao in characteristic 5. For instance, all the partitions p obtained from (3,2,15)

by adding two 5-hooks have 5-core v and are such that [S* : D] = 0.
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Chapter 5

The vertices of Specht modules

5.1 Introduction and outline

One of the mainstream themes in the representation theory of finite groups has
been to determine global information about the p-modular representation theory of
a group G by studying its local structure, namely representations of its p-subgroups
and their normalizers. An interesting topic is the investigation of the vertices of
indecomposable modules over group algebras. In the case of the symmetric group
the study of the modular structure of Specht modules is one of the important open
problems in the area.

The vertices of Specht modules were first considered by Murphy and Peel in [60];
their work focused on hook Specht modules in the case p = 2. In [76], Wildon made
some progress on the topic by characterizing the vertices of hook Specht modules
for FS,, when F is a field of prime characteristic p and n is not divisible by p. Miiller
and Zimmermann described vertices and sources of some hook Specht and simple
modules in [59]. In [50] Lim gave a necessary condition for a Specht module to have
an abelian vertex and characterized the possible abelian vertices of Specht modules.
The vertices of irreducible Specht modules are completely described by the work of
Hemmer [36] and Donkin [16]. In particular, in [36] it is shown that every irreducible
Specht module is a signed Young module and in [16] a complete characterization of
the vertices of signed Young modules is given. Danz and Erdmann in [13] described
the vertices of S("=22) and D("=22) defined over a field of characteristic 2. Wildon
gave a general structural description of the vertices of all Specht modules; more

precisely in [77] he proved the following result.

THEOREM 5.1.1 Let A be a partition of n, let t be a \-tableau and denote by H(t)
the subgroup of R(t) (i.e. the row-stabilising group of t) which permutes, as blocks
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for its action, the columns of equal length of t. If the Specht module S*, defined
over a field of characteristic p, is indecomposable, then it has a verter containing a

subgroup isomorphic to a Sylow p-subgroup of H(t).

For example, if A = (5,5,2,2,2,2) and ¢ is the A-tableau shown in Figure 5.1 below,

11213145
6 | 7181910

11 | 12
t =

13|14

15|16

17 | 18

Figure 5.1: The most dominant (5,5,2,2,2,2)-tableau

then R(t) = S{1.234,5) X S6,7,8,9,10) X Sq11,12) X S(13,14) X S(15,16) X Sq17,18) and H(¢)

is the subgroup generated by the permutations
(3,4,5)(8,9,10),(3,4)(8,9) and (1,2)(6,7)(11,12)(13,14)(15,16)(17,18).

Considered as an abstract group we have that H(t) = S3 x Ss.

In the first part of this chapter we will generalize and improve the lower bound
on the vertex given in 5.1.1 for Specht modules S* defined over any field of prime
characteristic p. Given a partition A of a natural number n and a A-tableau t, we
denote by t’ the transposed tableau of ¢ (as defined in Section 1.3.1). In Section 5.2
we will show that the subgroup of S,, generated by H(¢) and H(t') is in fact equal
to the direct product H(t) x H(t'). This is one of the key ideas that will lead to the

proof of the following theorem.

THEOREM 5.1.2 Let n be a natural number and let F be a field of prime charac-
teristic p. Let A be a partition of n and let t be a A-tableau. If the Specht module
SA defined over F is indecomposable, then each of its vertices contains a subgroup

conjugate to a Sylow p-subgroup of H(t) x H(t).

In Section 5.3, we will use dimensional arguments to determine the vertices of

the particular family of Specht modules labelled by partitions A of n of the form

A= (m,$1,$2,...,1’k),
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where the partition v := (x1,x2,...,x) is a p-core partition of n — m.

THEOREM 5.1.3 Letn be a natural number and let A = (m,x1,...,xzx) be a partition
of n such that the partition v = (x1,...,2x) i a p-core partition of n —m. Denote
by p and w the p-core and the p-weight of \ respectively. Then the vertex of S is
equal to the defect group of the corresponding block B(p,w).

5.2 A lower bound on the vertices of Specht modules

The main goal of this section is to prove Theorem 5.1.2. In order to do this, we need

to prove some preliminary results. We start with a general lemma.

LEMMA 5.2.1 Let G be a finite group and let H and K be subgroups of G such that
H < Ng(K) and K < Ng(H). If HN K = {1}, then

(H,K)=H x K.

Proof: 1t is sufficient to prove that for all h € H and for all £ € K we have that
hk = kh. Consider the commutator [h, k] = h~'k~'hk. By hypothesis we have that
[hkle HNK ={1}. O

We immediately use Lemma 5.2.1 to prove the proposition below.

PROPOSITION 5.2.2 Let A be a partition of a natural number n and let t be a A-

tableau. Then the following equality between subgroups of Sy holds:
(H(t),H(t") = H(t) x H(t").

Proof: Let r be the number of rows of ¢ and let s be the number of columns of .
For every i € {1,...,7} let R; be the set consisting of all the entries of the i row
of t. Similarly, for all j € {1,...,s} let C; be the set consisting of all the entries of
the j*" column of ¢. Denote by R and C the sets defined by

R = {R1,...,Rr} and C = {Cl,...,CS}.
It is easy to observe that H(t') is the collection of all the elements of C(t) that
permute the rows of equal length of ¢ as blocks for their action. In particular H(t")

permutes R and acts trivially on C. Similarly H(¢) permutes the set C and acts
trivially on R. Consider g € H(t) and h € H(t'). For all i € {1,...,r} there exists
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a unique k € {1,...,r} such that R;h = Rj. In particular we observe that
Ri(ghg™") = Ri(hg™") = Ri(g™") = Ry

Hence ghg~! permutes R. Moreover for all j € {1,...,s} there exists a unique

¢e{1,...,s} such that Cjg = Cy. In particular we have that
Cj(ghg™) = Ce(hg™") = Cj(g7") = C;.

Therefore ghg~! acts trivially on C. This implies that ghg~! € H(#') and so that
H(t) < Ng, (H(t')). In a complete similar way we obtain that H(t') < Ng, (H(t)).

Let now g be an element of H(t) N H(t'). For all x € {1,2,...,n} there exist
ie{l,...,r}and j € {1,..., s} such that R;NC; = {«}. Therefore zg € R;gNCg =
R;NCj = {z}. Hence g = 1g,.

The proof is now an easy consequence of Lemma 5.2.1. O

EXAMPLE 5.2.3 Let A = (5,5,2,2,2,2) and let t be the A-tableau shown in Figure
5.1. In this case we have that H(t) and H(t') are the subgroups of Sig defined by

H(t) =((3,4,5)(8,9,10), (3,4)(8,9)) x ((1,2)(6,7)(11,12)(13,14)(15,16)(17, 18))
and
H(t") = {((13,15,17)(14, 16, 18), (11,13)(12,14)) x ((1,6)(2,7)(3,8)(4,9)(5,10)) .

In particular we have that, as an abstract group, H(t) x H(t') = S3 x Sy x Sq x So.

We observe that, by construction, H(t) x H(t') permutes both rows and columns
of t as blocks for its action. Notice also that for all v and ¢ A-tableaux, we have
that H(t) x H(t') is a conjugate of H(u) x H(v') in S,. In fact if u = tg, for some
g € Sp, then H(u) x H(u') = (H(t) x H(t'))9.

The following lemma is a fundamental step towards the proof of Theorem 5.1.2.

LEMMA 5.2.4 Let \ be a partition of n and t a A-tableau. Let P be a Sylow p-
subgroup of H(t) x H(t"). Then eyy = e, for all y € P.

Proof: Since P is a Sylow p-subgroup of H(t) x H(t'), there exist @ and @’ Sylow
p-subgroups of H(t) and H(t') respectively such that P = @ x Q’. Therefore for
any element y € P there exist unique h € @ and k € @’ such that y = hk. Hence it
suffices to prove that e;h = e; for all h € Q and ek = ¢; for all k € Q'.
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Let h € Q < H(t) < R(t). By definition h permutes the columns of ¢ as blocks
for its action, therefore C(t)" = C(t) and of course {t}h = {t}. Hence

eth = Z sgn(g){t}gh = Z sgn(x){tthe = Z sgn(z){t}r = e;.

geC(t) zeC(t)h zeC(t)

Let k € Q'. Since k € H(t') < C(t) we have that etk = sgn(k)e;. If the characteristic
p of the underlying field F is 2 then clearly ek = e;. On the other hand, if the prime
characteristic p > 2 then by definition @’ < C(t) N A, hence we have again that

etk = e, as required. O

To proceed with the proof of Theorem 5.1.2 we will denote by t* the greatest
standard A-tableau in the dominance order (as defined at the end of Section 1.3.1).
In particular if A = (p1,...,px), we have that for all i € {1,2,...,k} the entries in

the it" row of t* are
i—1 i—1 i
=0 =0 =0

where we take pg = 0. For example, the standard tableau shown in Figure 5.1 is the

most dominant (5,5, 2,2, 2, 2)-tableau.

Proof: [Theorem 5.1.2] Since the subgroups H(t) x H(t') for different tableaux ¢
are all conjugate in .S, without loss of generality, it suffices to prove that a Sylow
p-subgroup of H(t*) x H((t*)') is contained in a vertex of S*. Let P be a Sylow
p-subgroup of H(t*) x H((t*)"). Lemma 5.2.4 implies that e;» € (S*)?. In order
to apply Proposition 1.2.13 and complete the proof, we need to show that e; ¢
Tr?(S*), as defined in Section 1.2.3. Consider V to be the subspace of S* generated
by all the elements of the form

€s +esg+ -+ esgp_17
where s is any standard A-tableau and g is any element of P. Since any maximal

subgroup of P has index p in P, we have that Tr" (8*) <V, therefore it will suffice
to show that e;« ¢ V. Suppose by contradiction that

ey = g asgles + -+ esgp_l), for some az 4 € F.
579

By Theorem 1.3.1 we have that the standard polytabloids are linearly independent,

therefore there exists a standard tableau s and some g € P such that, when eg +
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.- -+esgP 1 is expressed as a linear combination of standard polytabloids, e;« appears
with non zero coefficient. This implies that there exists i € {0,1,...,p — 1} such
that e;« appears in the expression of e,g’. Let u be the column-standard tableau
whose columns are setwise equal to the columns of sg’. Clearly €s9i = ey and by
Theorem 1.3.1 we have that e, = eg + x, where w is the row-straightening of v and
x is a linear combination of standard polytabloids e, with v <@ < t*. We deduce
that t* = @ because t* is the greatest standard tableau in the dominance order.

Observe that if a,b € {1,2,...,n} are in the same row of t* then they lie in the
same row of u and since the columns of u agree setwise with the columns of sg’
we obtain that a and b lie in different columns of sg’. Let a,b be two elements of
{1,2,...,n} lying in the same row R; of t*. Suppose for a contradiction that a and b
are also lying in the same column of s. Since g* € P < H(t*) x H((t*)') permutes the
rows of t* as blocks for its action, we have that ag’, bg’ belong to the same row R;g"’
of t*. In particular, ag’ and bg’ lie in the same row of v and therefore in different
columns of sg’. This is in clear contradiction with the assertion that a and b are
lying in the same column of s. We have just proved that no two numbers in the
same row of t* can possibly lie in the same column of s. More precisely we have that
for each j € {1,2,...,p()\)}, the elements of R; lie in different columns of s. Since s
is standard, we deduce that the first row of s must contain exactly the elements of
R;. Similarly we deduce that row j of s equals R; for all j. Hence we obtain that
s = t*. Therefore e; = e¢;» and by Lemma 5.2.4 we deduce that e;«g = ep«. It follows
that

es +esg+ - +esgP = pep = 0.

This contradicts our initial assumption. Therefore e« ¢ V', as required. We have
proved that S*(P) # 0 and therefore we have that P is contained in a vertex of S*.
g

Theorem 5.1.2 clearly generalizes Theorem 5.1.1. In particular we observe that
every Sylow p-subgroup of H(t) is contained in a Sylow p-subgroup of H(t) x H(t")
therefore we obtain Theorem 5.1.1 as a corollary of Theorem 5.1.2. Moreover, for
all the partitions A of n such that p divides the order of H(¢') we have that every
Sylow p-subgroup of H(t) x H(t') properly contains a Sylow p-subgroup of H(t). In
all these cases our Theorem 5.1.2 strictly improves the lower bound on a vertex of
S* given by Wildon. One explicit example for the prime 3 is A = (5,5,2,2,2,2) and
t the A-tableau shown in Figure 5.1.

In the following remark we show that in the case of hook-partitions of a natural
number n that is not divisible by p, our theorem gives a complete description of the

vertices of the corresponding Specht modules.
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REMARK 5.2.5 Let A\ = (n — k,1¥) be a hook partition of a natural number n such
that p does not divide n and such that the corresponding Specht module S* is inde-
composable. The lower bound on the vertex of S* obtained from Theorem 5.1.2 is

attained. In fact, in this case we have
H(t)x H{t') = S x Sp_g_1-

By [76, Theorem 2] we have that the vertex of S* is isomorphic to a Sylow p-subgroup
of Sk X Sp—k—1.

It is also interesting to notice that using Theorem 5.1.2 we are able to give an
independent and alternative proof of the above mentioned Theorem 2 of [76], in
the case where p does not divide n — k. It is enough to observe that when p does
not divide both n and n — k the Specht module S™1Y is o direct summand of
the natural FS,-module M™Y. Moreover by [59, Proposition 2.3] we have that
S(n—k1") o /\k(S("_l’l)), for all k € {0,1,...,n— 1}. Therefore we have that

k k
n— k ~Y n— n— ~Y n n— k
Skl o A (5L | A (M) & Ind$ (k) & 1)y,

n—k XSk

Hence SMm=k1%) g relatively (Sy_ X Sk)-projective. By Lemma 1.2.3 we deduce that

Sn—k1%) g relatively P-projective for some
P € Syl,(Sn—k x Sk) = Syl,(Sn—k—1 X Sk).
If Q is a vertex of Sn=k1%) contained in P, by Theorem 5.1.2 we deduce that
PI<Q<P,

for some g € S,,. This clearly implies that Q = P, as required.

5.3 A family of Specht modules with maximal vertex

In this section we will prove Theorem 5.1.3. In order to do this we need to introduce
some further notation and definitions. Let A = (A1,..., \x) be a partition of n and let
[A] be the associated Young diagram. For all a € {1,2,...,k} and b € {1,2,...,A;}
denote by h(,p) the length of the hook associated to the box of [A] lying in row a

and column b. More precisely we have that

h(a,b) =1+ (>\a — b) + ()\g - a).
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In [45, 2.7.40] the following fact is proved.

PROPOSITION 5.3.1 The p-weight of a partition A of n is equal to the number of

bozxes in [A] whose associated hook has length divisible by p.

We immediately use Proposition 5.3.1 to prove the following key lemma.

LEMMA 5.3.2 Let A be a partition of n and let w be the weight of A. Denote by
(a1,b1), (az,b2), ..., (aw,bw) the boves of [A] such that p divides h(,,p,). Suppose
that hia, p,) < Plas1 i) for alli € {1,2,...,w — 1}, Then hq,p,y = ip for all

i € {1,2,...,w} and the vertices of S* coincides with the defect groups of the p-
block B(y(\),w).

Proof: Let @ be a vertex of S*, let D be a defect group of B(y(\),w) and let P,
be a Sylow p-subgroup of S, such that @ < D < P,. For all i € {1,...,w} let
phi = h(q;p,)- By Theorem 1.3.14 we have that

|D| = (wp!)p = p*(w!)p.
Moreover, by Theorem 1.2.7 and Theorem 1.3.2 we deduce that

. (n)p
Pu:D|-|D: Q= Py Q| | (dim($)), = —oomt .
| P T (ha)y
Therefore there exists r € Ny such that

(nh)y DI (n))p
Pl Q1Y T T ()

This in particular implies that (w!), > [];"(hi)p,. On the other hand for all i €
{1,...,w} we have that h; > i, hence (w!), = [[;’(hi)p. Therefore we deduce that
hi =i and h(g,,) = ip for alli € {1,2,...,w}. We conclude that |D : Q[p" = 1 that

necessarily implies D = @) as desired. O
We are now ready to prove Theorem 5.1.3.

Proof: [Theorem 5.1.3] Let A = (m,~y), where m € N and ~ is a p-core partition of
n —m. Let w be the weight of A\. Since 7 is p-core partition all the boxes (a,b) of
[A] such that p | h(,p) must lie in the first row. Let 1 < by < by < ... < by < m be
such that p | by, foralli € {1,...,w}. Let nowi,j € {1,...,w} with i < j. Then

hw) = hpy) = (b5 = bi) + (A, — Ap,) > 0.

>0 >0
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We just proved that A satisfies the hypothesis of Lemma 5.3.2. O

We conclude the section with a small example.

EXAMPLE 5.3.3 Let F be a field of characteristic 3 and let A be the partition of 13
defined by

A= (5,4,2,1,1).

Notice that A has weight equal to 3 and core equal to (3,1). By Theorem 1.3.1/ the
block B((3,1),3) of FS13 has defect group D equal to a Sylow 3-subgroup of Sy. In
particular D = C51Cs. Since (4,2,1,1) is a 3-core partition of 8, our Theorem 5.1.3

implies that S* has vertices conjugate to D in Si3.
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Chapter 6

Vertices of simple modules

labelled by hook partitions

This chapter is based on the paper [14]. The results were obtained in collaboration
with Prof. Susanne Danz. We equally contributed to achieve all the main theorems
of the chapter. Susanne Danz’s knowledge of the structure of Sylow p-subgroups of

S, was fundamental to prove Proposition 6.3.5

6.1 Introduction and outline

The aim of this chapter is to complete the description of the vertices of a distin-
guished class of simple modules of symmetric groups. Then, as already mentioned
in Section 1.3.5, the isomorphism classes of simple F.S,-modules are labelled by the
p-regular partitions of n. We denote the simple FS,,-module corresponding to a
p-regular partition A by D*. If A = (n — r,17), for some r € {0,...,p — 1}, then X
is called a p-regular hook partition of n. Whilst, in general, even the dimensions of
the simple FS,-modules are unknown, one has a neat description of an F-basis of
D=1 we shall comment on this in 6.2 below.

The problem of determining the vertices of the simple FS,-module D("~"1") has
been studied before by Wildon in [76], by Miiller and Zimmermann in [59], and by

(n=71") have been

Danz in [12]. In consequence of these results, the vertices of D
known, except in the case where p > 2,7 = p—1and n = p (mod p?). In Section 6.4

we shall prove the following theorem.

THEOREM 6.1.1 Letp > 2, let F be a field of characteristic p, and let n € N be such
that n = p (mod p?). Then the vertices of the simple FS,-module D=p+L177Y) e
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precisely the Sylow p-subgroups of Sy,.

In [59], Miiller and Zimmermann stated the following conjecture.

CONJECTURE 6.1.2 Let p be an odd prime, let v and n be a natural numbers such

that n is divisible by p, n # p and r < p. Denote by P, a Sylow p-subgroup of S,.
Let \=(n—m7r,1").

(a) Ifr =p—1, then P, is a vertex of D*.
(b) For all v > 1 we have that Resp, (D) is a source of D*.

Theorem 6.1.1 together with [12, Corollary 5.5] proves part (a) of Conjecture 6.1.2.
Our key ingredients for proving Theorem 6.1.1 will be the Brauer construction
as described in Section 1.2.3 and Wildon’s result in [76]. Both of these will enable
us to obtain lower bounds on the vertices of D("_p+171p71), which together will then
provide sufficient information to deduce Theorem 6.1.1.
To summarize, the abovementioned results in [12, 59, 76] and Theorem 6.1.1 lead

to the following exhaustive description of the vertices of the modules D(™~"1"):

THEOREM 6.1.3 Let F be a field of characteristic p > 0, and let n € N. Let further
re{0,1...,p—1}, and let Q be a vertex of the simple FS,-module D=1

(a) If ptn then Q is Sy-conjugate to a Sylow p-subgroup of Sp_r—1 X Sy.
(b) If p=2, p|n and (n,r) # (4,1) then Q is a Sylow 2-subgroup of S,.
(¢c) If p=2,n=4 and r =1 then Q is the unique Sylow 2-subgroup of Ay.
(d) If p>2 and p | n then Q is a Sylow p-subgroup of S,.

In the case where p { n, the simple module D™~"1") is isomorphic to the Specht
FS,-module S™~"") by work of Peel [65]. Thus assertion (a) follows immediately
from [76, Theorem 2]. Assertions (b) and (c) have been established by Miiller and
Zimmermann [59, Theorem 1.4]. Moreover, if p > 2, p | n and r < p — 1 then
assertion (d) can also be found in [59, Theorem 1.2]. The case where p > 2, p | n,
r = p — 1 was treated in [12, Corollary 5.5, except when n = p (mod p?), which is

covered by Theorem 6.1.1 above.

We should also like to comment on the sources of the simple FS,-modules
D=1 For r = 0, we get the trivial FS,,-module D™ which has of course
trivial source. If p | n, then the module D(=11) restricts indecomposably to its
vertices, by [59, Theorems 1.3, 1.5], except when p = 2 and n = 4. For p = 2, the
simple FS;-module DG has trivial source, by [59, Theorem 1.5]. If p t n then

D=r1") o2 g(n=r1") Yag always trivial sources; see, for instance [59, Theorem 1.3].
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However, in the case where p > 2, p | n and r > 1, we do not know the sources of
D™=1") " Tn these latter cases, the restrictions of D~ "1") to its vertices should,

n—r,1")

conjecturally, be indecomposable, hence should be sources of D ; see part (b)
of Conjecture 6.1.2. This conjecture has been verified computationally in several

cases, see [12, 59], but remains still open in general.

6.2 Exterior powers of the natural FS,-module.

Throughout this chapter, let F be a field of characteristic p > 0. We begin by
introducing some basic notation that we shall use repeatedly throughout subsequent
sections. Whenever H and K are subgroups of G such that H is G-conjugate to
a subgroup of K, we write H <g K. If H and K are G-conjugate then we write
H=¢K.

In this section we shall recall some well-known properties of the simple F.S,,-
modules labelled by hook partitions (n — r,1"), for r € {0,...,p — 1}, that we
shall need repeatedly in the proof of Theorem 6.1.1. In particular, we shall fix a

convenient F-basis of D717

. In light of Theorem 6.1.1 we shall only be interested
in the case where p | n and p > 2.

Let p > 2, let n € N be such that p | n, and let M := M®=11 be the natural
Young permutation FS,-module, with natural permutation basis Q = {w1,...,wy}.
Since p | n, the module M is uniserial with composition series {0} C My C My C M,
where My = {}°1"  ajw; : a1,...,a, €F, 3" 1a; =0} and My = {ad ! jw;:a€
F}; see, for instance, [39, Example 5.1].

Furthermore, M; = =1 and

My /My = 81D jrad(s™=1Y) = HA(S" V) = pr—1.D).

n—l,l)) n—1,1)

in particular, dimF(D( = n — 2. One sometimes calls D( the natural
stmple module.

An F-basis of M; is given by the elements w; — w1, where i € {2,...,n}. In the
following, we shall identify the module D™~11) with M; /M. Consider the natural

epimorphism ~ : My — M;/Ms, and set e; := w; — wy, for i € {1,...,n}. Then
€p = —€2 —€3— " — €n_1,

and the elements ey, ..., e,_1 form an F-basis of D11

Let r € {0,...,n — 1}. By [59, Proposition 2.3, there is an F.S,-isomorphism

103



S(n=r1") == A" (=L Moreover, if 7 < n — 2 then, in consequence of [65],

r

Hd(S(nfr,lr)) ~ Hd(/\ S(n—l,l)) o /\Hd(S(nfl,l)) ~ /\D(nfl,l) = D,
is simple. Thus D, has F-basis
By i={eijy Ne, Noo-Nej, 1 2< 0 <ig<---<ip<n—1}. (6.1)

If r < p—1then A" D=1 = pln=ri1®),

6.3 The p-subgroups of symmetric groups

The aim of this section is to prove a number of properties of the Sylow p-subgroups
of S, and their subgroups. In particular, the characterisation given in Proposition
6.3.5 will be particularly useful to prove our main Theorem 6.1.1. In order to do
this we will focus on the study of some particular elementary abelian p-subgroups
of S,. Where necessary we will recall and use the notation introduced in Section

1.3.3.

6.3.1 Elementary abelian groups.

Let d be a natural number and let P be the Sylow p-subgroup of S, defined in
Section 1.3.3. We have that

de:de712P :(le-'-XQp)NCp,

where Q; is an Sp-conjugate to SpaPyu-1, for all 7 € {1,2,...,p}. For the reader’s

convenience we recall that Pq is generated by the elements g1, g2, ..., g4 defined by

pi=1
g5 = [[ ek + 9~ k42070 ok (p— i),
k=1
for all j € {1,2,...,d}. Moreover, readopting the notation introduced in Section
1.3.3, for j € {1,...,d — 1}, let
p—1

T o 0.
gigr = | [ 91959041,
=0
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and for [ € {1,...,d — j — 1}, we inductively set

p—1
o —i i
9, j41,...j+1+1 = H i1 " 95415+ 41 -
i=0

We denote by E,. the following elementary abelian p-subgroup of P, that acts
regularly (transitively and fixed point freely) on {1,2,...,p%}:

Epi=(g1,..d:92,..d> -+ >9d—1,d> 9d) -

EXAMPLE 6.3.1 Suppose that p = 3 and n = 27. Then E, = Es; is generated by

the elements

g123=(1,2,3)(4,5,6)(7,8,9)(10,11,12) - - - (22, 23, 24)(25, 26, 27) ,
g23 =(1,4,7)(2,5,8)(3,6,9)(10, 13,16) - - - (20, 23, 26)(21, 24, 27) ,

g3 = (1,10,19)(2,11,20)(3,12,21)(4,13,22) - - - (8,17, 26)(9, 18, 27) .

In the following lemma we will slightly extend the description of the lattice of
subgroups of the Sylow p-subgroups of S,, given in Lemma 1.3.10. In order to do
this will be very useful to denote by P, the fixed Sylow p-subgroup of .S,, defined in
Section 1.3.3 by

P,:=PFP,1 x- - XPyp X XPyrqxX---xP

prnrs

where
Ppi,ji = (17 1+ k(jl)) e (pivpi + k(]l)) : Ppi : (17 1+ k(]z)) e (pi7pi + k(]z))

and k(j;) := f;é npt 4 (ji — 1)p’ fori € {t € N | ny # 0} and 1 < j; < n;. Given

this convention, we shall then also write P, = [[;_,(P,:)™, for simplicity.

LEMMA 6.3.2 Let n be a natural number with p-adic expansion n = > . nipt.
Suppose that E < Py, is such that E =g, E,, for some i € {1,...,7}. Then
E < Py, for somel € {i,...,r} and some 1 < ji < ny. Moreover, we deduce that

E is contained in one of the p'~* subgroups of Py j, that are Sp-conjugate to Py.

7jl
Proof: Since E has precisely one non-trivial orbit in its action on {1,2,...,n} we
deduce that £ < P, j, for some [ € {1,2,...,r}. The size of the non-trivial orbit of

E is p', hence | € {i,...,7}.
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To prove the second assertion we proceed by induction on [ —¢. If [ = ¢ then
the statement is clearly true since E < P ;. =g, P,i. Suppose now that [ > i. As

explained in Section 1.3.3 we have that

Py = (Q1 x -+ x Qp) xCyp,

where Q1, @2, .. ., Q) are the only subgroups of P,; ; that are S,-conjugate to Pj-1,
by Lemma 1.3.10. Denote by B the base group of P, ;, B = Q1 X -+ X Qp. Since
[ > i we have that supp(FE) C supp(F, ;), therefore we deduce that E has at least
one fixed point in its action on supp(szJ-l). It follows that £ < B. Moreover, as
already mentioned, F has a unique non-trivial orbit of size p’, hence E < Q, for
some s € {1,2,...,p}. Since Qs =g, Py -1, we can apply the inductive hypothesis

to deduce that E is contained in R, where R one of the p!~1~*

subgroups of ()5 that
are conjugate to P, in S,. Again by Lemma 1.3.10 we deduce that R is one of the
p'~* subgroups of P, ;, that are conjugate to P, in S,. The proof is now complete.

a

LEMMA 6.3.3 Let n,d € N, and let P < Py < Sp. Suppose that P contains an
Sp-conjugate of Pya—1. Suppose further that P contains an elementary abelian group

E of order p* acting regularly on {1,...,p%}. Then P = Pa.

Proof: 1f d = 1 then P,a = P, = E. From now on we may suppose that d > 2. Recall
that P, is generated by the elements g1, ..., gq introduced in Section 1.3.3 (and
recalled at the beginning of this section). Moreover, P, acts imprimitively on the
set {1,...,p?}, a system of imprimitivity being given by A := {Ay,...,A,}, where
Ag:={(s—1)pt+1,...,sp% 1}, for s € {1,...,p}. Since E acts transitively on
{1,...,p}, there is some g € E such that (1)g = p?~'41; in particular, A;-g = As.
Since p® 1 + 1 # 1, we have g # 1, hence ¢ is an element of order p. Moreover,
the group (g) acts on A, so that we obtain a group homomorphism ¢ : (g) —
Sym(A) = S,. Since Ay -g = Ay # Ay, ¢ must be injective. Thus ¢(g) has order p,
implying Ay - g = Az, Ag-g = Ay;,..., A, - g = Ay, for some i3, ...,4, such that
{1,2,i3,...,4p} ={1,...,p}.

Let R := P;;H < P, for some 0 € S,. By Lemma 1.3.10, we know that
R = g;"Py-1gy, for some i € {0,...,p —1}. Thus supp(R) = A;41. So, for
5 €{0,...,p— 1}, the group R9 has support A; 1 - g°. As we have just seen, the
sets Ajy1,Aiv1-g,..., 041 - gP~ 1 are pairwise disjoint. Consequently, the groups
R, RY,... ,]%‘pr1 are precisely the different subgroups of P, that are Pj-conjugate
to Ppa-1, and are all contained in P. Therefore B := Hg;é RY’ is the base group of
P4, and is contained in P. Clearly g ¢ B, since (1)g ¢ Ay. Since [P, : B] = p, this
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implies P,a = (B, g) < P < P4, and the proof is complete. O

We need now to introduce an important class of elementary abelian p-subgroups
of the symmetric group. The following definitions could be given for arbitrary n,
but we restrict our attention to the case where p | n, that is the setting required to
prove Theorem 6.1.1. Let n € N be arbitrary with p | n, and let ¢, my,...,m; € Ny
be such that n = i, m;p’. Fori € {s € N | ms # 0} and 1 < j; < m;, we set
k(ji) == Yo mup' + (ji — 1)p’ and

Epiy]'i = (17 1+ k(jl)) T (piapi + k(ﬁ)) : Epi : (17 1+ k(ﬁ)) e (pi7pi + k(ﬁ)) < Ppi,ji .
Denote by E(mj,...,m;) the elementary abelian subgroup of \S,, defined by
E(my,...,mg) = Ep1 X - X Eppy X oo X Epe g X oo X Ept o

Notice that for i € {1,...,t} and j; € {1,...,m;}, the direct factor E, ; of
E(mi,...,m;) is determined by 4 and its support S(3, j;).

We emphasize that the integers my, ..., m; need not be strictly less than p.

LEMMA 6.3.4 Let n,t € N and let my,...,my € Ng be such that my # 0 and
n = 25:1 mip'. Suppose that mi = 1 and t > 2. Let P be a mazimal sub-
group of E(mu,...,my) such that E,1 £ P. Then P contains a subgroup Q <
I, [[72) By ; that acts fized point freely on {p+1,...,n}.

Proof: For convenience, set £/ := Hfzz H;n:zl E,; ;, so that
E(my,...,mi) =E, x E' > P.

By Goursat’s Lemma (see [53, Page 75]), we may identify P with the quintuple
(P, Ky1,1n, Py, K3), where P; and P are the projections of P onto E, and onto E,
respectively, K1 :={g € E, : (9,1) € P} 9 P, Ko :={h € E' : (1,h) € P} < P,
and 1 : Po/Ky — P /K, is a group isomorphism. Since |E,| = p, there are precisely
three possibilities for the section (P, K1) of E:

(i) P =Ky = Ep,

i) P = Ky = {1},

(ili) P, = E, and K = {1}.
Case (i) cannot occur, since we are assuming E, £ P. In case (ii) we get P = E', so
that the assertion then holds with @ := P. So suppose that P, = E, and K; = {1},
so that also [P : K9] = p. Next recall that P/(K; x Ky) = P1/K; = Py/Kj; see,
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for instance, [6, 2.3.21]. This forces
|E'| = |P| = |Ky| - | Po| = K| - [Py = | P2.

Thus P, = E’, and K> is a maximal subgroup of E’. Assume that K5 has a fixed
point x on {p +1,...,n}. Then = € supp(E,;: ;), for some i > 2 with m; # 0 and
some j € {1,...,m;}. But then K> has to fix the entire support of E,i , since Ei ;

2

acts regularly on its support. This implies [P : Ka] > p' > p?, a contradiction.

Consequently, Ky must act fixed point freely on {p+1,...,n}, and the assertion of
the lemma follows with @ := {1} x Ko < P. O

The next result will be one of the key ingredients of our proof of Theorem 6.1.1

in Section 6.4 below.

PROPOSITION 6.3.5 Letn € N with p-adic expansionn = p+Y . nipt, where r > 2
and n, # 0. Let Q < P, be such that P,y <gs, Q and E(1,n2,...,n,) <g, Q.
Then Q = P,

Proof: Let 2 < s < r be minimal such that ns # 0. Then n — 2p has the following

p-adic expansion:
n—2p= Z (p—1)p’ +(n —lp-f—Zan
i=s+1

Moreover, we have

Pn:Pp,lxﬁﬁPpi,j and En:E(lvTL?""’nr):EpvlXﬁﬁE

i=s j=1 i=sj=1

By our hypothesis, there is some g € S, such that

T ng
g g
RS 10) AR

i=s j=1

In consequence of Lemma 1.3.10 and Lemma 6.3.2, we may suppose that E]‘Zi j <

Pyij,fori>2and1<j<nj,aswellas E) | = Ey1 = Pp1. Since also P2, <5, Q,

there exists some R < Q < P, of the form

s—1p—1
R=][1] & XHRPJXHHR P
=1 j=1 i=s5+1j5=1
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where R, =s, Py, for all possible k and [. By Lemma 1.3.10, we must have

roong roong
H HRP"J: H pri,jgpn'

i=s+1j=1 i=s+1j=1
Moreover, there is some k € {1,...,ns} and some m € {1,...,p — 1} such that
ns—1 k—1 N
I By =112rix I] Prau<P. and Ry, < By
j=1 j=1 I=k+1

By Lemma 1.3.10, Rps-1 ,, is thus Pps y-conjugate to one of the p subgroups of Pps
that are S,,-conjugate to P,s—1. Since @ also contains the regular elementary abelian
group Egak < Bps 1, Lemma 6.3.3 now implies that Pps < Q. Altogether this shows
that indeed P, < @, and the assertion of the proposition follows. O

6.4 The proof of Theorem 6.1.1

The aim of this section is to establish a proof of Theorem 6.1.1. To this end, let
F be a field of characteristic p > 2, and let n € N be such that n = p (mod p?).
The simple FS,,-module D™~P+L1""") will henceforth be denoted by D. If p = n
then the Sylow p-subgroups of S, are abelian, and are thus the vertices of D, by
Theorem 1.2.4. From now on we shall suppose that n > p> + p. Let P, be the
Sylow p-subgroup of S, introduced in Section 1.3.3 (and recalled in Section 6.3.1).
In order to show that P, is a vertex of D, we shall proceed as follows: suppose that
Q < P, is a vertex of D. Then:

(i) Building on Wildon’s result in [76, Theorem 2|, it was shown by Danz in [12,
Proposition 5.2] that P2y = P,_(,—1)—2 X Pp-1 <s, Q.

(ii) Let n = >_I_, n;p' +p be the p-adic expansion of n, where r > 2 and n,. # 0.
It is a corollary of Proposition 6.4.6 below that D(E(1,na,...,n,)) # {0}. Here
E(1,n2,...,n,) denotes the elementary abelian subgroup of P, defined in 6.3.1 and
D(E(1,ng,...,n,)) denotes the Brauer quotient of D with respect to E(1,ng,...,n,)
as defined in Section 1.2.3. Thus, E(1,ng,...,n,) <g, @, by Proposition 1.2.13.

(iii) Once we have verified (ii), we can apply Proposition 6.3.5, which then shows
that Q = P,.

We begin by establishing (ii). To this end we fix some notation first.
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Let B := B,—1 be the F-basis of D defined in (6.1), and let u € D be such that

u=Y X-b, for A\, €F.
beB

The basis element ea Aeg A---Ae, € B will from now on be denoted by e. Moreover,
suppose that k,x € {2,...,n—1}, and k < p. Then we denote by é; Ae, the element
of D defined by

epNeg=exN---ANeg_1 ANegp1 A== Nep Aeg.

In the case where éxAe, € B, the coefficient Aeya...ney_ i Aep iy A-Aepne, Will be denoted
by /\fc,x'
Similarly, if 2 < k <l <pand z,y € {2,...,n— 1}, then we set

epiNeg Neyi=ex N Neg_1 Negp1 AN~ Ne_1Nep1 N~ Nep Nez Ney € D.

In the case where é;; A e; A e, € B, then we denote by )‘k’A,l,a:,y the coefficient at
€kl N ez N\ eyin u.

Let v € D be such that u = ZbeB Ap - b, with A\ € F. We say that the basis
element b € B occurs in v with coefficient A,. If Ay # 0 then we also simply say that

b occurs in u.

For ki,ky € {2,...,n — 1}, we set

ko — (k1 — 1) if ky < ko,
S(kl, kg) = (6'2)

0 if ko < kq.

Thus, if k1 < ko then

0 (mod 2) if ]{21 §é ]{32 (mod 2) y
s(k1, ko) =

1 (mod2) ifk; =ky (mod?2).

From now on, let t,ms,...,m¢ € N be such that t2, m; # 0, and n = p +
ZE:Q m;p'. The elementary abelian group E(1,ma,...,m;) < S, will be denoted
by E. Note that, by our convention in Section 6.3.1, we have (1,2,...,p) € E.
In the case where t = r and m; = n;, for ¢ = 2,...,r, we, in particular, get
E=E(1,n2,...,n.).

110



In the course of this section we shall have to compute explicitly the actions of
elements in £ on our chosen basis B of D. The following lemmas will be used

repeatedly in this section.

LEMMA 6.4.1 Let o := (1,2,...,p) € Sy,. Let further B := (x1,...,2p) € Sy be
such that {z1,...,zp} N{L,...,p} = 0.

(a) Forie{2,...,n—1}, one has

eir1—e2  if2<i<p-—1,
Gk = —e2 ifi=p,

€; — €9 ifizp+1.

Moreover, ep_(i_l)oci = —e;y1, forallie {1,2,...,p—1}.

(b) Ifn ¢ supp(p) then, fori € {2,...,n— 1}, one has

e if i & supp(f),
e =

e@p if i € supp(f).
(c) If x, = n then, forie {2,...,n—1}, one has
& if i ¢ supp(f) ,

e} = €(:)B ifi € {:pl, oo ,mp_g},

1 e
=Y iae ifi=xpq.

Proof: (a) If 2 <i<p—1, then

eiax =(w; —wi)a = (w; —wi)a

FW(i)a ~ W(1)a T Witl — W2

=(wity1 —w1) — (w2 —w1) = €j11 — ea.

If © = p, then ;a0 = (wp — w1)a = w1 — Wy = —ea.

Finally, if ¢ > p + 1, then we have

eia:wi—wgz(wi—W1)—(w2—w1)=€z'—€2-
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The proofs of (b) and (c) are similar, and are left to the reader. O

LEMMA 6.4.2 Let k,l €{2,...,p}, and let x € {p+1,...,n—1}. Then one has
(a) epp1 A~ ANepANea A+ Neg_1 Neg = (—1)5(k+1’p)(k_2)ék A eg;
(b) éx Ay, = (—1)*FH1Ple;
(c) ifk <1 then éxgNex Aep = (—1)*FLPIHg Ae, s
(

d) if k <1 then éxg Aes Aep = (—1)5FHLPIg Ae,.

Proof: (a) For ke {2,...,p} andx € {p+1,...,n— 1}, we have

s(k+1,p)+1

egr1 N NepNegNea N--- Neg_1 =
—_—————
k—2

= (=1)CEFLP Ty A A Aep Aeg Aes A Aepoy

= (C )LD B2) g o

The proofs of (b), (c) and (d) are similar, and are left to the reader. O
COROLLARY 6.4.3 For e := ea Aez A --- Aey, we have e € D" ; in particular,
e € DY, for every P < P,.

Proof: With the notation introduced in Section 1.3.3 we have P, = P, x[[;_,(P,i)™,
and P, = (o), where o := (1,2,...,p). If 8 € J[i_y(P,)™ then we clearly have
eff = e. By Lemma 6.4.1 and Lemma 6.4.2(b), we also have

e = (e3—ex)AN(ea—e2) A---NA(ep—e2) A (—e2)

= (1Pt = (_1)2e=¢. O

The following lemma will be a fundamental step in the proof of Case (2.2) of

Lemma 6.4.5.

LEMMA 6.4.4 Let1# 0 € E, and let ¢ € N be such that

o=(af,...,zp) - (af,...,20),

where {zf : 1 < i< p,1 <s<q}=supp(o) C{p+1,...,n} and 2} = n. Let
further w € D be such that w =),z A\~ b, for Ay € F. Suppose that v-o = u. Then

one has the following:
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(a)

(b) >hes
q— 1.

N ILE )‘fc,mf =0, for everyi € {1,...,p
(71)k+1 . )‘fc,:cf — 2222(7
p,1<s

Proof: Let v € {z} : 1 <1< < q—1}, and let

— 1},

1)’“‘1)\1;@?, forie {1,...

s <

,p} and 1 <

k€ {2,...,p}. Suppose that

b € B is such that é; A e, occurs with non-zero coefficient in b - 0. Then

i) b=¢éx AN €(z)o—1, OF

i) b=éxNey ,or
.

and (x)o~

(
(
(
(iV) b= ékl,k VAN €(z)o—1 VAN 6%1171
(
(

iii) b= ék,kz A €(z)o—1 A 6$Zq)71 (:E) p 15

and (z)o~? xl oy,
V) b= épp, A €1 | N e@)ot and (z)o~! > g,
vi) b= ép, & N €t N e@)ot and (z)o~! >l |,

for some k < ko

for some k < k3 < p, or

for some 2 < k1 < k, or

< p, or

for some 2 < k1 < k.

If b is one of the basis elements in (i)—(vi) then the following table records bo as well

as the coeflicient at é; A e, in bo, which is obtained using Lemma 6.4.2.

b b-o coeflicient

€k N €(gyo—1 éx N ey 1

e Negs ek N Yoy (—ey) —1

Chky N E(@)o—1 N eyt || Crpy Nex N P o(—ey) | (—1)tFsthatlp)+l
ke A E(z)o—1 N ey 9 Chy e N €x A Z ( ey) (—1)t+s(krtLp)
Ehks Neat | A€ot | B NSy Ta(—ey) Aeg | (—1)1Htkatle)
Erige Neat  Aeot | Bk Ay Ta(—ey) Aeg | (=1)H1)

Now note that

(_1)1+s(k2+1,p)+1 — (_1)1+p—k2+1

and
(_1)1+s(k1+1,p) — (_1>1+p7k1
Since u - ¢ = u, this shows that
_ k +1
)\l;;,a: - )\l;:,(ac)a*1 k, x + Z ’ )\k/k\g (z)o~ 1z q

=k+1
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if (z)o ! < z ; and

P k—1

L _ _ 1yka+1 _ vk
)\l%,x - Ak,(gc)a—l )\k lep 1 Z ( 1) ’ )\k Jko,xd z, q,(z z)o~ 1 ( 1) 1Ak1,k xp 1s(x)o~t
ko=k+1 ki1=2
(6.4)
if o7 (x) > 2} _,. Moreover,
p p
k+1 ka+1 k
Z(—l) Z (=)™ )\kkg Jo—1al_ LT Z 1>\A ky(z)o~tad
k=2 ko=k+1 k1=2
p P
=3 3 (DR DM Ay, =0
k=2 l=k+1 g
if (z)o ! < zl ,, and
P P k—1
k+1 ka+1 k
Z(_l) o Z (_1) ’ )\/Zk’\z wg (@)oot o Z( ) lAkl,k :cp 1s(x)o~t
k=2 ko=k+1 k1=2
P P
=3 Y D D (DDA e s =0
k=2 I=k+1 i
if ()0~ ! > xg_l. Hence, from (6.3) and (6.4) we get
P p p
k+1 _ k+1 k
D DN =D DN g Y (D) N (6.5)
k=2 k=2 k=2
for every i € {1,...,p}and 1 < s < q¢— 1.
We also have u - o' = u, for i = 1,...,p — 1. To compare the coefficient at

e in u and in u- o’ let i € {1,...,p — 1} and suppose that b € B is such that

e occurs in b - o' with non-zero coefficient. Then either b = e and e = e - ¢’, or

b=érN €(2)o—i> for some k € {2,...,p}. Moreover, in the latter case we have
b-o'=¢épN(—ea —e3—---—e,_1), where e occurs with coefficient
1 if2]k,

(_1)s(k+1,p)+1 _

—1 if21k,

by Lemma 6.4.2. So we obtain A\, = )\6—1—2222(—1)’“-)%,(&:2)0,“ fori e {1,...,p—1},
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that is,
P
- Z(_n’u,;’w? , (6.6)
k=2
for j € {1,...,p — 1}, which proves assertion (a). Now assertion (b) follows from

(6.5) and (6.6) with j=p—1. O

Next we shall show that D(E) # {0}, where E is the elementary abelian group
defined by

E =E(1,mq,...,m;) for some ma,...,m; € N.
In order to do so, we want to apply Proposition 1.2.15 with by = e.

LEMMA 6.4.5 Let P be a mazimal subgroup of E. Ifu € DT then e occurs in TrlEg(u)
with coefficient 0.

Proof: Set o := (1,2,...,p). Let u € DF, and write u = > pen b - b, where A, € F.
We shall treat the case where a € P and the case where a ¢ P separately.

Case 1: o € P. Then there is some 1 # g € [[}_, [}, By j with g ¢ P. Thus
{1,9,9% ...,97 1} is a set of representatives of the right cosets of P in E, so that

we get

TrE(u) = u +ug + - - => N Zbg

beB i=0
Since g # 1 and t > 2, we have
g:(x%vv‘rgl;)(x({vaxg)a
for some ¢ > p and {zf : 2 <p, 1<s<q}=supp(g) C{p+1,...,n}.

Suppose first that n ¢ supp( ), and let b € B. Let further ¢ € {0,...,p— 1}, and
suppose that e occurs in bg® with non-zero coefficient. Then we must have b = e, in
which case Y1~ bg" = pe = 0, by Corollary 6.4.3; in particular, e occurs in Tr E(u)
with coefficient 0.

So we may now suppose that n € supp(g). Moreover, we may suppose that
zp =n. Let i € {0,...,p— 1}, and let b € B be such that e occurs in bg' with
non-zero coefficient. If i = 0 then we must of course have b = ¢ = eg®. If i > 1

then b=e, or b= €y A e(,q),-i, for some k € {2,...,p}. In the latter case, we have
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(Er A e@ayg—i) - g' =é, N(—ez —e3 — -+~ —e,_1), in which e occurs with coefficient

1 if2|k,
(_1)5(k+1,p)+1 _

—1 if2fk,

by Lemma 6.4.2. Consequently, the coefficient at e in TrlE;,(u) equals

p—1 p p p—1 p
Pret DY Nar =D A | = 2D (1A (6.7)
i=1 \ k=2 " =2 i=1 k=2 !
2k 21

Next we use the fact that u € D? to show that this coefficient is indeed 0. Since
a € P, we, in particular, have u = ua!, for every i € {1,...,p — 1}. So let
i€{l,...,p—1}, and let z € {z1,... ,2}}. Suppose that b € B is such that é;11 Ae,
occurs in ba!. Then from Lemma 6.4.1 we deduce that b = €(1)a—i N €z. Moreover,

we have

é(l)aﬂ‘/\ex-ai = (6i+2_€i+1)/\’ . 'A(ep—ei+1)A(62—ei+1)A- . '/\(ei—ei+1)/\(6x—6i+1) .
Thus, by part (a) of Lemma 6.4.2, the coefficient of €11 A ez in (&(1)4-i A €z) -

equals
(_1)s(i+2,p)(i—1) - 1.

Letting ¢ vary over {1,...,p — 1} and comparing the coefficient of é;4+1 A e, in u

and in ua’, we deduce that A\; = X for k € {2,...,(p+ 1)/2} and every

pfl;:Q,l"
z € {af,...,x}}. Since k is even if and only if p — k + 2 is odd, we conclude that

the right-hand side of (6.7) is 0, as claimed. This completes the proof in case 1.

Case 2: a ¢ P, so that {1,a,0?,...,aP71} is a set of representatives for the
cosets of P in E, and we get TrE(u) = u + ua + - + uaP~'. We determine the
coefficient at e in TrB(u) = u+ua+---+uaP~'. Leti € {0,...,p—1}, and let b € B
be such that e occurs in ba’ with non-zero coefficient. If i = 0 then b = e = ea. So
let 2 > 1. Then, by Lemma 6.4.1, we either have b = e, or b = €(1),-i A €, for some

x€{p+1,...,n—1}. Moreover, in the latter case,

b-ol = (€i+2_€i+1)/\(€i+3_ei+1)/\' . -/\(ep—ei+1)/\(€2—ei+1)/\' . -/\(62'—67;4_1)/\(61—62‘4_1) .
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So the coefficient at e in (é(1)q—i A ez) - o' equals

(—1)SEF2R) =D Fs(i+2p)+1 _ 1 if2¢44,

~1 if2]i.

Since i is even if and only if (1)a™" is even, we deduce from this that the coefficient

at e in u+ua + -+ +uaP~! equals

n-1 p n—1 p
B S DI S S 69

r=p+1 k=2 z=p+1 k=2

To show that this coefficient is 0, we again exploit the fact that « € D. In fact, we
shall show that

> Zp}—l)’““&;,m =0, (6.9)

xEsupp(Epl Jl) k=2

x<n

for every [ € {2,...,t} and 1 < j; < my. For each such [ and j;, there is, by

Lemma 6.3.4, some element o(l,j;) € P such that supp(E, ;) C supp(o(l,j1)) <

{p+1,...,n}. Fixing [ and j;, we write

0= U(lvjl) = (l‘%,,x;)(%?,,l‘g),
for some ¢ > |E,; ; |/p and supp(c o)={2]:1<i<p,1<j<g{p+1,...,n}

) =0. Let z €
supp(o), let k € {2,...,p}, and let b € B be such that éx A e, occurs in bo with

Case 2.1: n ¢ supp(o), or equivalently, supp(c) N supp(E

ptymy

non-zero coefficient. This forces b = é A e(zyo—1, and (€x A egyp-1) - 0 = € A €y

Thus, )‘k,z = Al%,(;c)afl' This shows that Al%,ar = )\k = for all i € {1,...,p} and
s €{l,...,q}. By rearranging commuting p-cycles in o, we may assume that there
is some 1 < go < ¢ such that supp(E, ;) = {27 : 1 <i<p, 1 <s<q}. Then
P P
)DREDS SIS 5 9) SEt
wesupp(E ]l) k=2 i=1 s=1 k=2 (6.10)
90 P
k
=2 P2 (D =0,
s=1 k=2

as desired.

Case 2.2: n € supp(c). Then we may suppose that z} = n. If (1,5;) # (¢, me),
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then we may further suppose that there is some 1 < ¢; < ¢ such that supp(E, ;) =

P
{zf:1<i<p, 1<s<q}. By Lemma 6.4.4(b), we then get
P poa1 P
2 2T =2 ) ) (LT,
esupp(E; . ) k=2 i=1 s=1 k=2
reeeE ) o (6.11)
:Zp. (— )k“)\kxl_().
s=1 k=2

If (I,5;) = (t,m;) then we may suppose that there is 1 < g2 < ¢ such that
supp(Ept i, ) = {2 : 1 <7 < p, g2 < s < ¢}. In this case, Lemma 6.4.4 gives

P p qg-1 p p—1 p
Z Z(_l)kJrl : Z E k+1Ak at + E Z k+1)‘]}7x3
zEsupp(L¢ Mt) k=2 i=1 s=q2 k=2 i=1 k=2
x<n
=1 p p—1 p
— k?-‘rl S\ Z _ 1)k —_
=2 > (1 Nigg = 22 (1) A0 = 0.
5=q2 k=2 i=1 k=2

To summarize, we have now verified equation (6.9), which together with (6.7)
shows that the coefficient at e in TrE(u) is 0. This now completes the proof in case

2 and, thus, of the lemma. O

As a direct consequence of Lemma 6.4.5, Proposition 1.2.15, and Proposition

1.2.13 we thus have proved the following

PROPOSITION 6.4.6 Let n € N be such that n = p + 2222 mip®, for some t > 2,
ma,...,m¢ € Ng with my # 0. Let further D := D(”*p+1’lp71), and let Q < S, be a
vertex of D. Then D(E(1,ma,...,m)) # {0}; in particular, E(1,ma,...,m:) <g,
Q.

REMARK 6.4.7 Again consider the p-adic expansionn =p+> ., nipt, where r > 2
and n, # 0. Note that Proposition 6.4.6, in particular, holds for t = r and m; =
1,...,my = n,. Thus the elementary abelian subgroup E(1,ng,...,n,) < P, is Sy-
conjugate to a subgroup of every vertex of D. This settles item (ii) at the beginning

of this section. This also completes the proof of Theorem 6.1.1.
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