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Abstract

This thesis is concerned with the rational representation zeta functions of finitely
generated abelian groups, frieze groups and crystallographic groups of dimensions
one and two. Let G be a group. Then the rational representation zeta function of
G is the formal Dirichlet series

0o

Gs) = G,

n=1
where 72(G) denotes the number of (equivalence classes of) n-dimensional irre-
ducible representations of G over Q with finite image and where s is a complex
variable. Here we assume that the group GG has the property that rg(G) is finite
for every n. A first step toward computing the rational representation zeta function
consists in parameterising the irreducible complex characters of G.

In the case of finitely generated abelian groups, we proceed as follows. Let G be

a finitely generated abelian group. Then there exists a one-to-one correspondence
between irreducible rational representations of G with finite image and the Galois
orbits of Gal(Q/Q) on Hom(G, C*), where Hom(@, C*) consists of all the continuous
irreducible complex characters of the profinite completion G. In particular if G =
Z%, the free abelian group of rank d, then the rational representation zeta function

takes the form

41 . 1
CSd(S)ZH<1+];_1(P1) 1_p(dl)s)’

p

where the Euler product extends over all primes p similar to the Riemann zeta
function.

In the case of crystallographic groups, we use a similar strategy and Clifford
theory. Let G be a crystallographic group of dimension two and 7' the normal

subgroup of G consisting of translations. A character of T =2 Z? is easy to describe



and has a certain inertia subgroup in G. We parameterise the irreducible complex
characters of T. First, from an irreducible complex character of T' and its inertia
group in G, we compute those irreducible complex characters of G whose restriction
to T involves the given character on T'. This uses Clifford theory. Then we obtain
the (equivalence classes of) irreducible representations over Q via Galois orbits of
complex characters. There are seventeen crystallographic groups of dimensions two

up to isomorphism and in this thesis we treated nine such groups. For instance, let

G =pm=(,y.m| [z,y] =m® = L,a™ = z,y™ = y™).

Then the rational representation zeta function of G is

(p—1)°
1—ps

(S(s) = 2 C2s) + 2717 - (G (s) + (1 - 2717) (Hu o )

p
1427° (p—1)—°
1+42——) ).
+1_2—5H( + 1_p—s)
p#2

It does not have an Euler product decomposition but it is a finite sum of Euler
products. Similar results hold for the other crystallographic groups that we consider

in this thesis.
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Chapter 1

Introduction

This thesis deals with the study of rational representation zeta functions of finitely
generated abelian groups, frieze groups and crystallographic groups of dimensions
one and two. We compute the rational representation zeta functions via Galois orbit
zeta functions. Let G be a group. The rational representation zeta function of G is
the formal Dirichlet series

)

(&) = (5™ (s) = D_r(G)n~,

n=1
where 72(G) denotes the number of (equivalence classes of) n-dimensional irre-
ducible representations of G over Q with finite image and where s is a complex
variable. Here and throughout the thesis, we consider groups G such that rg(G) is
finite for all n.

The Galois orbit zeta function of G is defined as

wis,t) = Y x(1) T CAO

x€lrr(G)

~

where Irr(G) is the set of continuous irreducible complex characters of the profinite
completion G and XGal(@/ Q) is the Galois orbit of y : G — Q C C; furthermore s, t
are complex variables.

The rational representation zeta function of G is closely related to the Galois

orbit zeta function of G. To compute the rational representation zeta function



as opposed to the Galois orbit zeta function, one needs to keep track of the Schur
indices associated to the irreducible complex characters of G. In general it is difficult
to compute the Schur indices. In certain cases the Schur indices are all equal to one
for fairly standard reasons. In that case the rational representation zeta function is
obtained from the Galois orbit zeta function by putting ¢ = s 4+ 1, that is Cg(s) =
wg(s,s +1); see Corollary 2.4.13. The advantage of working with Galois orbit
zeta functions is that they are simpler to handle than rational representation zeta
functions.

For the finitely generated abelian groups, we proceed as follows. Let G be a
finitely generated abelian group. Then there exists a one-to-one correspondence
between irreducible rational representations of G and the Galois orbits of Gal(Q/Q)
on Hom(G, C*), where Hom(G, C*) consists of all the irreducible complex characters
of the group G.

In the case of crystallographic groups, we use a similar strategy and Clifford
theory. Let G be a crystallographic group and let 1" be the normal subgroup of G
consisting of translations. A character of T is easy to describe and has a certain
inertia subgroup in G. We parameterise the irreducible complex characters of T'.
First, from an irreducible complex character of T" and its inertia group in G, we
compute those irreducible complex characters of G whose restriction to 7' involves
the given character on T'. Then we apply Clifford theory to obtain the (equivalence

classes of) irreducible representations over Q via Galois orbits of complex characters.

1.1 Thesis structure

Chapter 1 is an introduction to the subject of rational representation zeta func-
tions and gives the motivation behind their study. This chapter also includes a
short history of zeta functions in number theory and the definitions of subgroup

zeta functions and representation zeta functions. We also present the main results.
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Chapter 2 contains some basic facts and auxiliary results on representation the-
ory, Galois theory and cyclotomic fields. This chapter also includes an account of
Clifford theory, the Schur index and an overview of crystallographic groups.
Chapter 3 contains a detailed computation of the rational representation zeta
functions of finitely generated free abelian groups and some other finitely generated
abelian groups.

Chapter 4 deals with the computation of the rational representation zeta functions
of frieze groups and one-dimensional crystallographic groups.

In Chapter 5 we compute the rational representation zeta functions of seven crys-
tallographic groups of dimension two. In two cases, where the Schur indices are not
all one we only compute the Galois orbit zeta functions.

Finally, Chapter 6 concludes the thesis. We compute the rational representation
zeta functions of natural generalisations of the infinite dihedral group. We collect
some questions to be answered by future research and we describe possible future

work in the area.

1.2 Zeta functions in number theory and group theory

Before we introduce zeta functions of groups we provide a short history of zeta
functions in number theory, based on [13]. During the eighteenth century mathe-

maticians were interested in finding the value of the infinite series
>

72.
n=1 n

Daniel Bernoulli suggested % as an estimate for its value, but it was Leonhard
Euler who first gave the precise value %2 of this sum. To do this he defined the zeta

function

OE

ns
n=1

for s € R with s > 1. The sum of the inverse squares is then equal to the value of

((s) at s = 2. He gave a formula for the values of the zeta function at every even

11



positive integer as
2k—1_2k
clak) = T
where the rational constants By, are now known as the Bernoulli numbers. Since
By = %, it follows that ((2) = %2. Euler also discovered the following “Euler product
identity”: writing

1 1
Gp(s) :Zzﬁ = $7

one has

¢(s) = HCp(s) for s € R with s > 1,
P

where the product is formed over all primes p.

Bernhard Riemann subsequently extended the domain of the zeta function from
the real numbers to the complex numbers. The resulting function, which allows a
meromorphic continuation to the entire complex plane, is now known as the Rie-
mann zeta function ((s). It plays a profound role in the study of prime numbers.

Gustav Dirichlet transfered the concept of zeta function in a new direction. He
attached a coefficient x(n) to each term n~°. The Dirichlet L-function L(s,x) is

then defined by the series

— x(n)
ns ’

L(Sv X) -

n=1

where x is a Dirichlet character, defined as follows.

Definition 1.2.1. A Dirichlet character is a function x : Z — C that has the

following properties:

1. x is completely multiplicative that is x(1) = 1 and x(n1)x(n2) = x(nin2) for

all n1,no € 7Z.

2. There exists a positive integer m such that x(m+n) = x(n) for alln € Z and

x(n) =0, if ged(n,m) > 1.

12



The treatment of both ((s) and L(s, x) can be unified by introducing the Hurwitz

zeta function (s, a) defined by the series

o0

1
((s,a) = Z m>

n=0
where a is a fixed real number in the interval (0,1]. When a = 1 this reduces to

the Riemann zeta function. We can also express L(s, x) in terms of Hurwitz zeta
functions. If x is a character modulo k, where a character xy modulo k is a group
homomorphism from (Z/kZ)* to C*, then x can be extended to a multiplicative
map from Z/kZ to C by setting x(z) = 0 if = ¢ (Z/kZ)*. We then rearrange the
terms in the series for L(s, x) according to the residue classes modulo k. That is we

write n = gk 4+ r, where 1 <r < k and ¢ € Ng. From this we obtain

k
Lis,x) =k 3 x(r)¢(s, 7):
r=1

For more details see [13, Chapter 1] and [5, Chapters 6,12]. All the series above
converge for s € C with real part #(s) > 1. The zeta functions described above
have number-theoretic applications, for instance regarding the distribution of prime
numbers.

Richard Dedekind used zeta functions in a more algebraic setting. The Dedekind

zeta function of a number field K is defined by

Ck(s) = Z Vi :a| ™%,
a
where the sum extends over all non-zero ideals a of the ring of integers Vi of K
and |Vk : a| denotes the index of a in Vi as an additive group. This definition
was extended by Grunewald, Segal and Smith [18] to study zeta functions of non-

commutative groups.

Definition 1.2.2 (Subgroup zeta function of a group). For a finitely generated
group G, let a,(G) denote the number of subgroups of index m in G. Then the

subgroup zeta function of G is defined as

[e.9]

GE(s) =D am(@m™>=>_|G: H|™,
H

m=1

13



where the last sum is formed over all finite index subgroups H of G.

Thus the subgroup zeta function of G is a Dirichlet generating function encoding
the numbers of finite index subgroups of G. If the Dirichlet coefficients a,,(G) are
polynomially bounded in terms of m this series converges on the complex right half
plane {s € C | R(s) > a} for some o € R. For instance, this is the case if the
finitely generated group G is nilpotent and furthermore, in this case Cé(s) has an

Euler product decomposition
¢&(s) =T ¢eal®),
p
where the product runs all over primes p and
(o]
Gpl9) = D0 (G,
i=0

The functions Cép(s) are called the local subgroup zeta functions of G. If G = 7Z

then a,,(G) =1 for every m and

Gls)=> m™
m=1

is the Riemann zeta function ((s), and the decomposition into local factors is

¢(s) =TI%),

where

00 ' 1
Cp(s):prlsz 1—p=s’
1=0 p

More generally, consider G = Z%, the free abelian group of rank d. Here we have
Ga(s) = C(8)¢(s = 1) .. C(s —d + 1),

For the proof; see [26, Chapter 15]. Things become more challenging when we turn
to non-abelian groups. The smallest one is the ‘discrete Heisenberg group’ of 3 x 3

upper uni-triangular matrices over the integers

1 b
H= 0 ¢ |labceZy <GL3(Z).
0 1

O = Q

14



It can be shown that

C(s)¢(s — 1)¢(2s — 2)¢(25 — 3)
(35— 3) ’

C(s) =

see [26, Chapter 15].

Subgroup zeta functions of groups have been studied intensively for the last
thirty years; see [12, 13,24, 26, 29] for more details. We are interested in representa-
tion zeta functions of groups. This concept was introduced more recently. Current
research tends to focus on representation zeta functions Cg'rep(s) encoding the distri-
bution of irreducible complex representation of suitable groups G. For more details,
see [3,27,35]. In this thesis we study the less understood representation zeta func-
tions Cg'rep(s) encoding the distribution of irreducible rational representations of

suitable groups G.

1.3 Zeta functions of crystallographic groups

We refer to [16] for a comprehensive account of the theory of crystallographic groups.

A crystallographic group is a group G of transformations of Euclidean space R",
containing a discrete translation group 7' isomorphic to Z" as a normal subgroup
such that the quotient G/Z" is a finite group. The quotient P = G/T is called a
point group. In [30], McDermott calculated the subgroup zeta functions of the crys-
tallographic groups of dimension two. There are 17 such groups up to isomorphism,
and they are also known as plane-crystallographic groups. We provide a list of these
groups in term of presentations with generators and relations in Section 2.3. As a

corollary McDermott proved the following result.

Theorem 1.3.1. [30, Theorem 1] There exist two plane-crystallographic groups
with non-isomorphic profinite completions but with the same number of subgroups

of each finite index.

15



As mentioned in the previous section, if the finitely generated group G is nilpo-
tent then the subgroup zeta function admits an Euler product; see [18, Proposi-
tion 1.3]. In [30], McDermott discovered a group which is not nilpotent but ad-
mits an Euler product. He showed that the groups pl = (z,y | [z,y] = 1) and
pg = (z,y,t | [v,y] = 1,2t = 2= y = t2), which are clearly not isomorphic, have
the same subgroup zeta functions. Furthermore, from his explicit computation he
computed the abscissae of convergence of the subgroup zeta functions of plane-
crystallographic groups (for nine out of seventeen groups).

In [11] Du Sautoy, McDermott and Smith studied the analytic continuation
of subgroup zeta functions of the crystallographic groups. Explaining these zeta

functions as finite sums of Euler products they proved

Theorem 1.3.2. ([11, Theorem 1.1]) Let G be a finite extension of a free abelian
group of finite rank. Then Cé(s) can be extended to a meromorphic function on the

whole complex plane.

In this thesis we study the rational representation zeta functions of plane-
crystallographic groups. In contrast to Theorem 1.3.2, already for abelian groups
one obtains a partial meromorphic continuation of the rational representation zeta

functions that does not extend to the entire complex plane.

1.4 Representation zeta functions

We recall that two linear representations of a group G are said to be equivalent if

the corresponding G-modules are isomorphic; see Definition 2.1.1.

Definition 1.4.1 (Representation zeta function). Let G be a group and for n € N,
let r,(G) denote the number of equivalence classes of irreducible complex represen-
tations of G of dimension n. The group G is called (representation) rigid if for

every n € N, it admits only finitely many equivalence classes of irreducible complex

16



representations of dimension n. The representation zeta function of a rigid group

G is defined as
CG(s) = ¢ (s Zrn ’

where s is a complex variable.

The representation zeta function is a Dirichlet generating function encoding the
distribution of irreducible complex representations of a group G. In [24, 33], this
function is denoted by (¥ (s). If the sequence r,,(G) grows polynomially then the
Dirichlet series converges on a complex right half-plane {s € C | R(s) > a}, for some
a € R by [32, Lemma 2.1]. In general no characterisation of representation rigid
groups is known but for certain classes of groups there are such characterisations.
For instance, a finitely generated profinite group G is rigid if and only if it is FAb,
that is, if every open subgroup of GG has finite abelianisation.

Finitely generated infinite nilpotent groups are not rigid, as they already have
infinitely many representations of dimension one. For certain arithmetic groups
Lubotzky and Martin show that they are rigid if they have the congruence subgroup
property; see [27]. As shown by Larsen and Lubotzky in [28], the representation zeta
functions of such arithmetic groups admit Euler products. Stasinski and Voll in [32]
and Voll in [33] studied related representation zeta functions of finitely generated
nilpotent groups. Such a group is not rigid, for example, finitely generated torsion-
free nilpotent groups (7-groups) are not rigid. A non-trivial 7-group has infinitely
many representations of dimension one. However 7-group are “rigid up to twisting
by one-dimensional representations”; see [32]. Here the product x ® p is a “twist”
of p, where x is a one-dimensional complex representation and p an n-dimensional
complex representation of a 7-group GG. The detailed study of these groups can be

found in [32].

17



The study of representation zeta functions is motivated by the subject of sub-
group growth and subgroup zeta functions in which one counts finite index sub-
groups; see [12, 26]. Furthermore Witten in [34] initiated the idea of using zeta
function to study certain moduli spaces. Lubotzby and Martin in [27] use represen-
tation zeta functions to study arithmetic groups.

Jaikin-Zapirain in [35] studied representation zeta functions of compact p-adic

analytic groups with the property FAb. Jaikin-Zapirain proved the following result.

Theorem 1.4.2. [35, Theorem 1.1] Let G be a FAb compact p-adic analytic group
with p > 2. Then there are natural numbers ni,no,...,ni and rational functions

filp™®), fa(p™*),..., fr(p~™®) in p~° with integer coefficients such that
k
G(s) =Y n " fi(p™),
i=1

Moreover, if G is a FAb p-adic analytic pro-p group, then Cg(s) s a rational function

mp°.

Avni, Klopsch, Onn and Voll in [4] studied the representation zeta functions of
compact p-adic analytic groups and arithmetic groups, using p-adic integration. For
important results about the representation zeta functions of compact p-adic analytic
groups; see [1,3,4,10,35]. In recent years, several results have been obtained con-
cerning the representation growth and representation zeta functions of these types
of groups; see [1, 2, 4, 15, 20, 34], [3, Theorems 1.2, 1.3, 1.4] and [35, Theorem 7.5].

This thesis is concerned with the study of rational representation zeta functions
of finitely generated abelian groups and crystallographic groups of dimensions one
and two. Let Q be the field of rational numbers and let G be a group. A Q-rational
representation of G, for short a rational representation of G, is a homomorphism
p: G — GL(V) from G into the group GL(V') of nonsingular linear transformations
of a finite-dimensional vector space V over Q. The character of p is the function

Xp : G — Q defined as x,(a) = Trp(a) for each element a in G, where Tr p(a) is

18



the sum of the complex eigenvalues of the linear transformation p(a). The rational
representations are related to problems in number theory, for instance; see [6], where
Bateman studies the distributation of values of the Fuler function. Implicitly he
studies the rational representation zeta function of the infinite cyclic group, namely
Yo, (n)~*%; see Theorem 1.5.1.

Now we define rational representation zeta functions.

Definition 1.4.3 (Rational representation zeta function). Let G be a group and
for n € N, let rQ(G) denote the number of (equivalence classes of) irreducible ra-
tional representations of G with finite image and of dimension n. The group G is
called rationally (representation) rigid, if r2(G) < oo for all m € N. The rational

representation zeta function of a rationally rigid group G is defined as
(o)
Gls) =Y G
n=1

We remark that the rational representation zeta function of G as define above is
equal to the rational representation zeta function of the profinite completion G of
G counting continuous representations. The rational representation zeta functions

of G is closely related to the Galois orbit zeta function.

Definition 1.4.4 (Galois orbit zeta function). Let G be a rationally rigid group
and let XGal(@/Q) be the Galois orbit of x : G — Q C C. Then the Galois orbit zeta
function of G is defined as
walsit) = Y x(O) O @D,
x€Irr(@)

where Irr(G) is the set of continuous irreducible complex characters of the profinite

completion G of G.

We compute the rational representation zeta functions of finitely generated
abelian groups and groups which are ‘close to abelian’. For instance, groups which

are extensions of abelian groups by finite groups, called virtually abelian groups,

19



are ‘close to abelian’. A natural class to investigate is the class of crystallographic
groups. We compute the rational representation zeta functions of two-dimensional
crystallographic groups, also known as plane-crystallographic groups or wallpaper
groups. Informally speaking, these groups are the groups of symmetries of orna-
ments, where an ornament is a plane pattern infinitely repeated in two directions.
A wallpaper group is made up of an infinite number of translations, rotations, re-
flections and glide reflections. There are seventeen such groups up to isomorphism,
listed in Section 2.3, also see [30] for the presentations of crystallographic groups. We
discuss nine groups out of these seventeen two-dimensional crystallographic groups

in Chapter 5.

1.5 Main results

The following theorem about the rational representation zeta functions of finitely

generated abelian groups is the main result of Chapter 3.

Theorem 1.5.1. Let G = Z% be the free abelian group of rank d. Then the rational

representation zeta function of G admits an Euler product and is equal to

d-1 1
=T (15500 =)

p

where the product runs over all primes p.

The following theorem about the rational representation zeta functions of the

infinite dihedral group is the main result of Chapter 4.

Theorem 1.5.2. Let G = Cy X Z be an infinite dihedral group. Then the rational

representation zeta function of G is equal to

<g<s>:2+1;[<1+“j:]19)j),

where the product extends to all primes p.

20



The main results of Chapter 5 consist of the computation of the rational repre-
sentation zeta functions of plane-crystallographic groups. We compute the rational

representation zeta functions of seven crystallographic groups of dimension two.

Theorem 1.5.3. Let

G=pl=(z,y|[z,y] =1).

Then the rational representation zeta function of G admits an Fuler product and is

e =T (1+-v= 2.

» p

Theorem 1.5.4. Let
G=p2=(z,yr|lzyl=r’=La"=a""y =y ).

Then the rational representation zeta function of G is

<8<s>:4+H(1+<p—1>31”“ )

_ plfs

Theorem 1.5.5. Let
G=pm={(z,ym|[z,y =m>=1,2"=z,y" =y ).

Then the rational representation zeta function of G is

(p—1)"°
1—ps

Gs)=2-F(s)+2717 L (s) + (1 —27179) (H(l +2 )

p

where

and

21



Theorem 1.5.6. Let

G=pg=(z,yt|[z,y] =1z" =21 ¢ =y).

Then the rational representation zeta function of G is

86 =2+ (-2 ([T + 2800

+ i;: H(1+2(}f:1)s)>.

p*S

Theorem 1.5.7. Let

G =p2mm = (z,y,p,q | [x,y] = [p,q) =1 =p* = ¢* 2 = 2,29 =27},

Then the rational representation zeta function of G is
_1)-s
(S(s)=8+2717. (O (s) + (1 - 2—1—8)<H(1 + 2@7)_)
P
1427° (p—1)—°
14+2—+—)).
+ 1—2-8 H( + 1—p=s )

1—p=s
Theorem 1.5.8. Let

G=cm=(z,yt|[z,y=1=t2" =zy,y' =y ).
Then the rational representation zeta function of G is
1o (127 (p—1)"°
Q _9/Q 1-5,Q
Ca(8) = 2G5 () +27 7 Ca(s) +(2-277) <1_2-> 11 (1 M p—
1+2—1—5 (p_ 1)—8
-2 — 14+ =——.
() I+ 55
P
Theorem 1.5.9. Let

G=pd = (z,y,r|[z,vy] =rt=12" =y, y" ::1:*1).

22



Then the rational representation zeta function of G is

CO(s) =4+ 27 282 27) 427G (s) + 27 ¢S (s — 1)

_ 9 1l-s H (1 + (p — 1)1_8) + g—l-s H (1 + (p - 1)1_8)

_ pl— _ pl-
p=3 mod 4 1 P p=1 mod 4 1 P
- (p—1)"°
+2q2-27) ] (1+21_7w).
p=1 mod 4

In two cases, where the Schur indices are not all one we only compute the Galois

orbit zeta functions.

Theorem 1.5.10. Let

yt — y_l,mt _ m—1>'

Then the Galois orbit zeta function of G is

Wa(s,t) =84 217475 — 2t (3. 2078 4. 9272572 1 5. 979, (s, 1)

+ 2t—2—25w(@ (S t)(4t—s—l _ 2t—2—2s) H(l + 2(]? — 1)1_t)
72\ 1 _pl—t
p
L o 1+ 21715 (p _ 1)1715
+(4t s 17215 2 QS)W (1+2ﬁ)’
p
pF£2
where
(p—D
wy (s,t) = 1;[ 1+ i
and

Theorem 1.5.11. Let

G =p299 = (z,y,u,v | [z,y] = 1= (w)*,u* =2,0* =y, 2" =z~ L,y =y ).
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Then the Galois orbit zeta function of G is

wa(s,t) =4 +4-270 =215 (2t 139178 g gt D ¢

+ 2t—2—2st (8 t)(4t_5_1 _ 2t—2—25) H(l + 2(])— 1)1_t)
72\ 1_p1t
p
1 21 t 1—t
+(4t51 2t223)1i_21t (1+2(1_ ) )7
p#2
where
71)1 —t
() :H< pl—t )
p
and

w%(s,t) = H <1 +(p— 1)1_t1p_—;21_t>.

p

The main result of Chapter 6 is the computation of the rational representation

zeta functions of certain generalisations of the infinite dihedral group.

Theorem 1.5.12. The group Z¢ x Cy is given by the presentation

2

G = (z1,22,...,2q,7 | [xi,z5] =1 =1, 2] =$;1>-

Then the rational representation zeta function of G is

G =222 (103 (D)oo

p do=1
[o¢]
Z plitlattia (pmam{fl,fz,-~~7fd0})t) — gdtt—s—1
J1.025- 5 a4y =0
where
o
Z pf1+f2+~~+fd0 . <pmax{f1,f2,...,fd0})—t
f1,f25-faq=0

12051 85)—t

—1+Z(do>z > (51,52,..., )ﬁ pBTim 8=ty

di=1 m=1 §1,02,...,0mEN k:l
such that
014024 +m=d1
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Chapter 2

Basic facts and auxiliary results

This chapter deals with definitions and some auxiliary results. All representations
of groups that we consider factor through a finite quotient of the relevant group.
Therefore it suffices to recall facts from the character theory of finite groups, even

though we study representation zeta functions of infinite groups.

2.1 Character theory

In this section we summarise some results and definitions from character theory of

finite groups. For more details; see [17],[19], [21] and [22].

Definition 2.1.1 (Representation of a group). A representation of a group G is a
homomorphism p : G — GL(V) into the general linear group of a vector space V
over a field F. This means that p associates to each g € G a linear transformation
p(g) : V. — V, and that the map p satisfies p(gh) = p(g)p(h) for all g,h € G. If
V' has finite dimension, say n, then the group GL(V) is isomorphic to GL(n, F),
the group of all non-singular n x n matrices over the field F'. Two representations
p1: G — GL(W1) and pa : G — GL(V2) over F, are said to be equivalent if there
exists a linear isomorphism 1 : Vi — Vo such that ¢ (p1(g)v) = p2(g)w(v) for all

ge G andv e V.
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Definition 2.1.2 (Irreducible representations). Let p : G — GL(V') be a represen-
tation of a group G. Then a subset U of V' is said to be G-invariant if p(g)(u) € U
forallg € G andu € U. Clearly, the null subspace {0} and the vector space V itself
are G-invariant. The representation p is said to be irreducible if {0} # V and these

are the only G-invariant subspaces of V.

Definition 2.1.3 (Completely reducible). A representation is completely reducible

if it is a finite direct sum of irreducible representations.

Definition 2.1.4 (Absolutely irreducible). Let p : G — GL(V') be a representation
of a group G over a field F'. Then p is absolutely irreducible if it remains irreducible

after any field extension of F.

Definition 2.1.5 (Splitting field). The field F is a splitting field for a group G if

every irreducible F'-representation of group G is absolutely irreducible.

Definition 2.1.6 (Character). Let p : G — GL(V) be a finite dimensional repre-
sentation of a group G over a field F C C. Then the character x : G — F of G
afforded by p is the function given by x(g) = Trp(g), the trace of p(g). The degree
(or dimension) of x is x(1) = dim(V'). A linear character is a character of degree
one. The character x is said to be faithful if the underlying representation p is

faithful. This is equivalent to the condition x(g) # x(1) for all g € G\ {1}.

Definition 2.1.7 (Irreducible character). A character x of an irreducible finite
dimension representation over C is called an irreducible character. The collection

of all irreducible complex characters of a group G is denoted by Irr(G).

Theorem 2.1.8. The number of irreducible characters of a finite group G is equal

to the number of conjugacy classes of that group G.
For proof; see [22, Chapter 15, Theorem 15.3].

Corollary 2.1.9. /21, Chapter 2, Corollary 2.6] The group G is abelian if and only

if every irreducible character is linear.
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Definition 2.1.10. Let T be a subgroup of a finite group G and x : T — C a
character. Then the induced character Ind$ x : G — C is the character on G

defined by

1 .
Ind§ x(a) = Il > x(g 'ag),
geG

where x(a) =0 if a ¢ T. We denote the induced character as x©.
Let ¢ : G — C be a character. Then i is simply the restriction of this function to

T, which is obtained from 1) by evaluating it using elements of T

Theorem 2.1.11. /21, Chapter 4, Theorem 4.21] Let G = H x K be a finite group,
where H and K are subgroups of the group G. Then the characters x x 9 for

X € Irr(H) and ¥ € Irr(K) are exactly the irreducible characters of group G.

2.2 Galois theory and cyclotomic fields

In this section we are going to summarise some results and definitions from Galois

theory and from the theory of cyclotomic fields. For more details see [31].

Definition 2.2.1. Let E be a field. An extension of field E/F is a subfield F
contained in a larger field E. If f € f[X] such that f decomposes over E into a
product of linear factors

f=X-a)(X —ag)--- (X —an),

then F(ai,...,a,) denotes the smallest intermediate field of E/F over which f
splits into a product of linear factors. This field is unique up to isomorphism over

F and called o splitting field for f over F.

Definition 2.2.2. For n € N the nth cyclotomic field &, over Q is the splitting

field of X™ — 1 over Q in C.

Definition 2.2.3 (Galois group). A finite Galois extension is a field extension E/F

for which there exists a finite subgroup G of Aut(E) such that

F={aecFE|VgeG:gla)=a}.
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If F' has characteristic zero, this is equivalent to saying that E is a splitting field of
some polynomial over F. The Galois group of a finite Galois extension E/F is the
group

Gal(E/F) ={g € Aut(F) |Va € F : g(a) = a}.
There is a well known result which we will use in our further discussion.

Theorem 2.2.4. Let n € N, and let R, be the nth cyclotomic field over Q. Then
R,/Q is a Galois extension of degree p(n), where ¢ denotes the Euler phi-function,
and R, = Q(¢) for a primitive nth root of unity ¢, for example { = e2mi/n  The
Galois group Gal(R,/Q) is isomorphic to (Z/nZ)*, the multiplicative group of units

in the finite ring Z/nZ. Its elements are of the form

gr: Bn — Rn, f(C) = f(C7),r € (Z/n)".

2.3 Crystallographic groups

In this section we define the frieze groups and the crystallographic groups of dimen-

sions one and two.

2.3.1 Frieze groups

A frieze group is a discrete subgroup of the isometry group of the Euclidean plane
R? whose translation subgroup is infinitely cyclic. These groups are the groups of
symmetries of certain types of ornaments infinitely repeated in one direction. Up

to equivalence (scaling and shifting of patterns), there are seven such groups. The
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presentations of these groups are given below.
pl = (z)=7Z.
plml = (z,z]|22=1,0" =21 2 Z xCs.

pllm = (z,8| /% =1,28=fz) = Z x Cs.

pllg = (y) =Z.
P2 = (r,a|la?=1,2%=2"1 =27 xCs.
p2mg = <y,ﬁ|ﬁ2:1,xﬁ:x*1> > 7 % Cs.
p2mm = (z,2,8|22=1=p0%2° =271 22 = 22) = (Z x Cy) x C,.

Note: x denotes the horizontal translation, y denotes the glide reflection, z denotes
the vertical reflection, a denotes the 180° rotation and 3 denotes the reflection about
the horizontal axis. A reflection in a line followed by a translation parallel to the

same line is called a glide reflection.

Definition 2.3.1 (Discrete group). A group G of isometries of Fuclidean space R"
1s said to be discrete if every orbit is a discrete set in R™, that is, for every point
p € R”™ there is an open ball centered at p and containing no other point of the same
orbit. The cyclic group generated by a single translation is an example of a discrete

group.

Definition 2.3.2 (Fundamental domain). A fundamental domain D for the action
of a group G on an n-dimensional Euclidean space R™ is a closed subset D C R"™,
such that every point of R™ belongs to the orbit of some point x € D, and no two

interior points of D belong to the same orbit.

Definition 2.3.3 (Crystallographic groups). An n-dimensional crystallographic
group s a discrete group of isometries of an n-dimensional Euclidean space R",

which admits a bounded fundamental domain.

Theorem 2.3.4. Any crystallographic group is a group G of transformations of R™
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containing the translation group Z" as a normal subgroup whose quotient G/Z" is

a finite group. The quotient G/Z"™ is called a point group and is denoted by P.

Our main interest is to study and compute the rational representation zeta func-
tions of two-dimensional crystallographic groups, also known as plane-crystallographic
groups or wallpaper groups. These groups are the groups of symmetries of certain
types of ornaments infinitely repeated in two different directions. There are sev-

enteen such groups. For more details about crystallographic groups; see [16]. The
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presentations of these groups are given below.

pl=(z,y|[z,y] =1).
p2 = (x,y,r | [z,y] = r?=12" = Ty = y_1>.

2 m m

pm:(‘T?y?mevy]:m =127 =zy :y71>'
pg=(x,y,t|[z,y] =1, =y, a' =27").
p2mm=<$,y,p,q| [%y] = [paﬁﬂ :1=p2=q2,xp::v,xq:aj_l,yp:y_

p2mg = (v,y,m,t| [r,yl =t =1, m’ =y, 2’ =z, 2" =2,y =y Lm =m™1).

em = (z,y,t | [z,y] = ?=1,z' = zy,yt = y_1>.

2 1 m -1

2mm = (z,y,m,r | [z,y] =r* =1=m* 2" =y, 2" =2 L,y" =y,

pd=(z,y,r|[r,y=r'=1La"=yy =2 ")

2 T

pdmm = (z,y,r,m | [z,y] =r* =1=m? 2" =2 =y,y" =2~ L™ =r7t).

pdgm = (x,y,r,t | [z,y] = rt=1=1%2" = y=a'y = ot = 'r_lzr_1>.

p3 = <x7y77a ‘ [xay] - r3 - l,xr = x_ly,yr = .’L'_1>.

p3lm = (z,y,rt||[z,yl =r=1=t"=(tr)’ 2" =z, 2 =z Yy, ¢! =y,9y" =2y 1).

3 2 -1 1

pdml = (z,y,r,m | [z,y] =r"=1=m" 2™ =r " 2" :afly’y" =z L

ym _ I‘_ly,$m _ $_1>.

p6 = (z,y, 7| [z, y] =10 =1,2" =y,y" =27 1y).

2

pbmm = (x,y,r,m | [z,y] = =1=m? 2" :y,mm:x_l,yr :x_ly,

y"r=aTly ™ =T ly).

Lemma 2.3.5. The set of all translations belonging to a plane crystallographic
group G is a subgroup H of type pl. The quotient group G/H is finite and belongs

to one of the ten types C, or Do, , where n=1,2,3,4,6.

For the proof of the above lemma; see [14, Chapter 5, Lemma 2&3].
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2.4 Clifford theory and Schur index

Let Irr(G) be the set of irreducible characters of a finite group G and Irr(T") be the
set of irreducible characters of a subgroup 1" of G which is normal in G. Clifford
theory can be used to get irreducible characters of G from the irreducible characters
of T'. We take the irreducible characters of the normal group 7" and then we induce
them to G. Let x € Irr(T) and T' < G and g € G. We define x9 : T — C by
X(hgil) = x(ghg™"), where h € H. x7 is conjugated to x in G.

Let Q be the field of rational numbers and Q be the field of algebraic numbers,
the algebraic closure of Q. The group of automorphism of @, denoted by Gal(Q/Q)
is called the absolute Galois group of Q. Let Irr(G), consists of all the irreducible
complex characters of the group G. Let g € G, x € Irr(G) and o € Gal(Q/Q).

Then the right Galois action of Gal(Q/Q) on Irr(G) is given by (9)x* = ((g)x)%.

Definition 2.4.1. Let T be a normal subgroup of the finite group G and let x €
Irr(T). Then

Ie(x) ={9€G|x?=x}

is the inertia group of x in G.

Lemma 2.4.2. (Frobenius reciprocity) Let T be a subgroup of the finite group G

and suppose that v is a character of G and that x is a character of T. Then

[ r] = [X©, ).

For a proof; see [10, Chapter 5, Lemma 5.2]. The notation [,] is used to denote
an inner product. For characters x and ¢ of a finite group G, the inner product is

defined as
[ ] = ‘(1;| > x(9)e(g).

geG

If y = Z?Zl n;x; is a character with x; € Irr(G), then those x; with n; > 0 are

called the irreducible constituents of x. In general, if ¢ is a character such that
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X — v is also a character or zero, then v is called a constituent of x.

In the following GG always denotes a finite group.

Theorem 2.4.3. (Clifford) Let T 1 G and let ¢ be an irreducible character of G.
Let x be an irreducible constituent of v and suppose that x = x1, X1, .., Xt are the

distinct conjugate of x in G. Then
t
wT = 62)@', (2.4.1)
i=1
where e = [y, X].
Proof. See [21, Chapter 6, Theorem 6.2] O

Theorem 2.4.4. [21, Chapter 6, Theorem 6.11] Let T <1 G, x € Irr(T) and H =

Ic(x). Let
A ={J e lir(H) | [Ir,x] # 0},B = {¢ € Irr(G) | [¢br, x] # 0}
Then
1. If 9 € A, then 9 is irreducible.
2. The map ¥ — V€ is a bijection of A onto B.

3. If 9& = 1), with 9 € A, then U is the unique irreducible constituent of Yy

which lies in 2.
4. If9¢ =, with ¥ € A, then [O7,x] = b1, x].

Theorem 2.4.5. [21, Chapter 6, Theorem 6.16] Let T < G and x1,x2 € Irr(T) be
mmwariant under the action of G. Assume x1x2 1s irreducible and that xo extends to

Y € Irr(G). Let

A= {0 €lrr(G) | i, 4] # 0} and B = {y € Ir(G) | [(x1x2) ", 7] # O}

Then 3 — (v defines a bijection from A onto B.
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Corollary 2.4.6. [21, Chapter 6, Theorem 6.17] Let T < G and ¢ € Irr(G) be such
that 1 = x € Irr(T'). Then the characters B for B € Irr(G/T) are irreducible,

distinct for distinct 8 and are all of the irreducible constituents of x©.

Suppose for every character x € Irr(7T), there exists a character 9 € Irr(Ig(x))

such that ¥ = x. Then the representation zeta function is

Cals)= > o) (2.4.2)
Yelrr(Q)
= > S Gl T e) (2.4.3)
x€Irr(T) YEelrr(G)
such that [¢7,x]#0
= > G It > P(1)~° (2.4.4)
x€lre(T) Yelrr(G)

such that [¢7,x]#0

= > |Gl > W) [ G Ia(x) )™ (245)

xelrr(T) velr(Ia(x))

such that [d7,x]#0
= > 1G> () -n() (2.4.6)
XEIrr(T) Y1€lrr(Ig(x)/T)
= Y WG T Y ) (2.4.7)
x€lrr(T) 1€lrr(Ia(x)/T)

Note: The equation 2.4.7 is satisfied, if one of the following sufficient conditions

holds:
1. | Ia(x) : T | is always a prime.
2. Ia(x)/T is always cyclic.

3. x(1) is always a prime power and the character x extends to a Sylow-p sub-

group of Ig(x)/T for the same prime p.

Corollary 2.4.7. [21, Chapter 11, Corollary 11.22] Let T 1 G with G/T cyclic

and let x € Irr(T') be invariant in G. Then x is extendable in G.

Theorem 2.4.8. [17, 4.5] Let F be a subfield of a splitting field E C C for G and

let x € Irr(G). Then there exists a unique positive integer mp(x) such that the
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character

mr(x) Z X’

o€Gal(F(x)|F)

is afforded by an F-irreducible representation. Furthermore, every F-irreducible
character is of this form (for a suitable choice of x ). The extension F(x)/F is Galois

with abelian Galois group Gal(F(x)/F) acting in the natural way on x : G — F(x).

The integer mp(x) is called the Schur index of the character x over F' and is not
dependent on E. If F(x) C L, is another splitting field, then mpg(x) is the same

when computed in F or L; see [21, Chapter 9] for more detail.

Theorem 2.4.9. Let F C FE C C, where E is a splitting field for G. Let p be an

irreducible representation of G over F. Then

1. The irreducible constituent of p¥, that is p regarded as a representation over
E, all occur with equal multiplicity m = mp(x), where x € Irr(GQ) is the

character of one such constituent.

2. The characters x; € Irr(G) afforded by the irreducible constituents of p¥ con-
stitute a Galois conjugacy class over F, and so the fields F(x;) are all equal.

The irreducible constituents of p¥" %) occur with multiplicity 1.

3. If v is any irreducible constituent of p¥ %) then v* has a unique irreducible

constituent. Its multiplicity is m.
4. pFX) and ~vF are completely reducible.
For the proof see [21, Chapter 9, Theorem 9.21]

Corollary 2.4.10. /21, Chapter 10, Corollary 10.2] Let x € Irr(G) and F C C.

We have
1. mp(x) = mp@p)(X)-

2. Let x1,Xx2,-- -, Xr be the Galois conjugacy class of x over F. Thenmp(x) > i_1 Xi

is the character of an irreducible F-representation of G.
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3. If 9 is the character of any F-representation, then mp(x) divides [¢, x].

4. mp(x) is the smallest integer m, such that my is afforded by an

F(x)-representation.

5. mp(x) is the unique integer m, such that mx is afforded by an irreducible

F(x)-representation.
6. If F C E CC, then mg(x) divides mp(x).
7. If FCECC and |E : F| =n < oo, then mp(x) divides nmg(x).
8. mp(x) divides x(1).

Theorem 2.4.11. (Brauer) Let G have exponent n and let F = Q(e*™/™). Then

F is a splitting field for G and every x € Irr(G) is afforded by an F-representation.

For the proof; see [21, Chapter 10,Theorem 10.3].
With this background informations, we can now state the application that is im-

portant for our computation of rational representation zeta functions.

Theorem 2.4.12. Let G be a group that is rationally representation rigid, that is
assume that r2(G) < oo for each n € N. Then the rational representation zeta
function of G satisfies

S = T | @ <m@(x) G/ x(1)> -

x€lrr(G)

Proof. Recall that
CGls) = r@n,
n=1

where 72(G) is the number of continuous irreducible Q-representations of dimension
n of the profinite completion G. These continuous representations of G are precisely
the representations factoring through a finite quotient of G. The claim now follows

from Theorem 2.4.8 as follows.
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Each irreducible Q-representation p of G, factoring through a finite quotient of G,

has a character of the form

(o}

mq(x) X7,
7€Gal(Q(x)/Q)

~

where x € Irr(G). Evaluating at 1, we obtain the dimension of p. Observe that the
Gal(Q/Q)- and Gal(Q(x)/Q)-orbit of x are the same. Also observe that 7 (1) =
x(1) for all o € Gal(Q(x)/Q). Thus

dim p = mg(x)- | xF @O/ |y (1),

Summing over all x € Irr(CA}') and adding a weight factor | xG*(Q0)/Q) |=1 to make

up for overcounting, we arrive at the claimed formula. O

Corollary 2.4.13. Let G be as in the Theorem 2.4.12 and suppose that mg(x) =1
for all x € Irr(G). Then

¢3(s) = w(s, 5+ 1).

Proof. 1t suffices to recall that

wis,t) = Y x(1)7 [ xCU@O |t

x€Irr(@)
and
Q= 3 | | <m@(x) . Gel@/ -x(1)> .
x€elrr(G)
By using mqg(x) =1 and ¢ = s + 1, we get the required result. O

Proposition 2.4.14. Let A be a finite abelian group, and let d € N. Then there is

a one-to-one correspondence between

1. irreducible rational representations of A of degree d,

2. Galois orbits of Gal(Q/Q) on AY = Hom(A,C*) of length d.
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The action of the absolute Galois group Gal(Q/Q) factors through the finite
Galois group Gal(&,,/Q), if A has the exponent n.

The dual AY = Hom(A, C*) consists of all the irreducible complex characters of
the group A, which correspond to one-dimensional irreducible representations over
C.

Let A be a finite abelian group and p be an irreducible Q-representation of A.
Let Q@ C R, where R&,, the nth cyclotomic field, is a splitting field for A. Then

from Corollary 2.4.10(2) we have

p:mZXw
%

where m = mg(x1), the summation is taken over a Galois orbit of an irreducible

component x1 of p over &,. Since A is abelian then x; is one-dimensional and

degree(p) = p(1) =m - p1-x1(1),

where p; denotes the size of the Galois orbit of y;. Corollary 2.4.10(8) says m | x1(1)
implies m = 1, as x1(1) = 1. Hence the degree of p is equal to the length of the

orbit.

Lemma 2.4.15. Let T be a subgroup of G and suppose T has a complement in G.
Let x € Irr(T) and suppose X = 1 € Irr(G). Then mp(v¥) divides x(1) for every
subfield F' C C.

Proof. See [21, Chapter 10, Lemma 10.8]. O
From the above lemma we infer the following corollary.

Corollary 2.4.16. The Schur index mp () is one if the character x has degree

one.

Definition 2.4.17. [21, Chapter 10, Definition 10.5] Let F' be a subfield of C. Then

(H, X,9) is an F-triple provided
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1. H is a group, X < H, X = Cg(X).
2. ¥ € Irr(H) is faithful.
3. the irreducible (linear) constituents of 9x are Galois conjugate over F (V).

Corollary 2.4.18. [21, Chapter 10, Corollary 10.6] Let (H,X,V) be an F-triple

and let A be a linear constituent of 9x. Then
1. X\ is faithful and X is cyclic;
2. Ig(\) =X, A\ =9 and F(9) C F()\);
3. VUx is afforded by an irreducible F(9)-representation;
4. H/X = Gal(F(\)/F(v)).

Definition 2.4.19. A section of a group G is the group of the form H/X, where

H is a subgroup of G and X is a normal subgroup of H.

Theorem 2.4.20. /21, Chapter 10, Theorem 10.7] Let x € Irr(G) and F C C.
Assume p® divides mp(x) for some prime p. Then there exists an F-triple (H, X, 4)

such that
1. H is a section of G;
2. p* | mp(9);
3. H/X is a p-group;

4- p1IF(x,9) : F(x)I-

2.5 Chinese remainder theorem and solution of congru-

ences

In this section we review the basic notions of the specific part of number theory that

we need. We use [5] as our main reference; see also [7] and [9].
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Theorem 2.5.1. Suppose ni,no,...,n, are pairwise relatively prime. Then the

system of congruences

r = a1 modnq,
r = a9 mod ns,
(2.5.1)
r = a, modn,,
has the unique solution mod ninsg...n,.
Proof. See [5, Chapter 5]. O

Corollary 2.5.2. Let ai,ag,...,a, be positive integers such that gcd(a;, a;) =1 for
1 #£ j, then

lem(ay, ag,...,a;) = ajaz - - ay.

Lemma 2.5.3. Let ny, ngy be positive integers such that ged(ni,n2) = 1. If (n1, n2)|(a1—

ag) then the system

r = a1 modnq,
(2.5.2)
T = a9 mod no,
has a unique solution modulo | = lcm(ny,ng).
Lemma 2.5.4. The congruences a =1 mod n; and a = —1 mod no have a common

solution if and only if g = ged(ni,n2) € {1,2}. Moreover, any such solution is

unique modulo | = lem(ny,ng).

Proof. Write n1 = ¢gn; and ny = gris. Then a = 1 mod n; and a = —1 mod ns
implies 1 = a = —1mod g. Hence g € {1,2} is a necessary condition for the
solubility of the pair of congruences.

If g = 1, the Chinese remainder theorem yields a solution.

Now suppose that g = 2, Then we have two cases either 2 {177 or 2 { 1a.

case 1. 2tmy
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If 24 17 then ged(n, 2n72) = 1. We need to find out z such that

14 2n12 = —1 mod 215
equivalently 2n1x = —2 mod 2153

equivalently n1x = —1 mod no.
Since ged(n,12) = 1, there is such an x. Put a = 1 4 212, then

a=1modn; =2n7

and a = —1 mod ny = 215.
Moreover, a is uniquely determined modulo [ = lem(nq,ng).
case 2. 2| m

If 2 | n77, then 2 4 n5. A similar argument as in case 1 applies.
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Chapter 3

Finitely generated abelian
groups

3.1 Finitely generated abelian groups

In this chapter we compute the rational representation zeta functions of some of the
finitely-generated abelian groups.

Note: For an abelian group G, the Schur index of all x € Irr(G) is one; see
Corollary 2.4.16. So throughout Chapter 3, we compute the rational representation

zeta functions because
(G(s) = wi(s, s+ 1),

where Cg(s), denotes the rational representation zeta function of group G and
wg(s, t), denotes the Galois orbit zeta function of the group G; see Corollary 2.4.13.

The main theorem which deals with finitely generated torsion-free abelian groups
is
Theorem 3.1.1. Let G = Z% be the free abelian group of rank d. Then the rational
representation zeta function of G admits an Euler product and is equal to

d_1 1
gg(s):H<1+];_1 (p—1)sl_p(d_1)_s).

p

Before proving Theorem 3.1.1 we need some preliminary results.
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Proposition 3.1.2. Let G = Z/nZ X Z/noZ X - - - X Z/nqZ be a finite abelian group

with ny | na | -+ | ng =n. Then there are
e a group isomorphism ®: G = Gal(R,,/Q) — (Z/nZ)*,
e a bijection ¥: G¥ = Hom(G,C*) — G
providing an equivariance between the Galois action of G on GV, given by
GYxG—GY, (x,a)— x* where x*(r) = (x(r))* forr € G,

and the diagonal action of (Z/nZ)* on G, given by

G x (Z/nZ)* — G, ((e1,e2,...,€q),7) — (€17,€2],--.,€q])-

This means that the following diagram commutes:

Galois action

GV %G G (CD)
\I/x@l \L\If
G x (Z/TLZ)* diagonal action a

Proof. Choosing a primitive nth root of 1, say & = /", we obtain by Theo-
rem 2.2.4 an isomorphism ®: G — (Z/nZ)* such that a; € G mapping to ®(«;) =
j € (Z/nZ)* acts as €% = &J. The dual GV = Hom(G, C*) consists of all group
homomorphism y: G — C* from G into the multiplicative group C* of non-zero
complex numbers. Since G has exponent n, for every y € GV the image x(r) of an
element r € G of order m | n lies in the subgroup of (/™) of C*. Put & = £/™ for
i €{1,...,d}. Choosing generators r1,7a,...,rq of G such that G = (r1) x--- x (rg)

with (r;) = Z/n;Z for i € {1,...,d}, we obtain two bijections:
U GY = (&) < x &)y x = (X(r), -+ x(ra)

and

Wa: (&) X - x (&a) = G, (&, 8" — (€1, €a)

43



Table 3.1: Length and number of orbits

length of orbits | number of orbits of this length
1 1
d—1
p— 1 Z;—ld
(p—1)p P
: L
(p— 1)ph! pk-Dd-NE

The composition of ¥y and ¥y yields a bijection ¥: G¥ — G. We need to check
that ® and ¥, defined as above, set up the desired equivariance. This can be verified

via the following computation, resulting in the commutative diagram (CD):

(X’ aj) Galois action Xaj
\L\Iq xid \L\Ill
(X(Tl)v"'7X(Td)7aj) (X(Tl)ajﬂ”'a(X(rd)aj)
(& & o) (€52, (€69)%9) = (677, €57)

\L\IIQXCP \L\IIQ

- = diagonal action R J—
((e1,...,€a), ) (€1, - -, €aj)

Here (x, ;) € GY x G and the computations along the two different paths yield the

result (e17,...,eq7) € G. O

Proposition 3.1.3. Let p be a prime, and let k € N. Consider the diagonal ac-
tion of (Z/p*Z)* on the homocyclic p-group (Z/pFZ)?* given by (a1, dz, ..., dq) - T =
(1T, @27, . .., dqZ) for (a1,da,...,aq) € (Z/p*Z)¢ and & € (Z/p*Z)*. Then the

number of orbits of any given length is as in Table 3.1.

Proof. We prove the values given in Table 3.1 are correct by using induction on k.

Induction base: k = 1.
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Table 3.2: Table for induction base

length of orbits | number of orbits of this length
1 1
d—1
p— 1 1;_1

We consider the action of (Z/pZ)* on (Z/pZ)?. Let
a=(a,a,...,dq) € (Z/pZ)".

There are two possibilities for a: either a = (0,0,...,0) or @ # (0,0,...,0). If
a = (0,0,...,0) then for any # € (Z/pZ)* we have ax = 0 hence the orbit of
a=(0,0,...,0) has length 1.

Now suppose that @ # (0,0,...,0). Then we may assume without loss of generality

that a1 # 0. This implies that ay,2a1, ..., (p — 1)a; are distinct, hence
a,2a,...,(p—1a

are distinct and form an orbit of length p — 1. The total number of such orbits of
length p — 1 is equal to ’Zl%ll. The situation is summarised in Table 3.2.
Induction step: k£ > 2.

We consider the action of (Z/p*Z)* on (Z/p*Z)%. Let a = (a,...,dq) € (Z/p*Z)%.
First suppose that @ = (0,0, ...,0) modulo p. Then a € (pZ/p*7Z)?. As (pZ/p*7)? =
(Z/p*—'Z)¢ we can use induction to determine the length of the orbit of a. Counting
the number of orbits of these types of elements according to their length results
in the first k rows of Table 3.3. Now suppose that a # (0,0,...,0) modulo p.
Similarly as before, we may assume without loss of generality that a; #Z 0 modulo
p, and hence a unit in (Z/p*Z)*. Looking at the first coordinate, we conclude that
a-z #a-yfor z,y € (Z/p*Z)* with & # 5. This means that the orbit of @ has
length |(Z/p*7Z)*| = (p — 1)p*~1. There are |(Z/p*Z)%| — |(Z/p*~1Z)?| elements of
this kind, falling into orbits of length (p — l)pk_l. Hence there are

pkd —p*=bd ey p? -1

(p—npt1 P p—1
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Table 3.3: Table for induction step

length of orbits
1

p—1
(p—1p

number of orbits of this length

1
pi-1
p—1

d—1pt-1
P RS

o
plk=2(@-1 21

p

=
(k—1)(d—1) p%—1
p—1

Table 3.4: Degree and number of irreducible rational representations

Degree number of Irreducible rational representations of this degree
1 1
d—1
p—= 1 I;,,ld
d—1p®—1
(p—1)p P ES
o
(p _ 1)pkz—2 p(k—2)(d—1)1;711
d_
(p—1)ph~! ph= DB

orbits of this kind. The situation is summarised in Table 3.3.

O

Proposition 3.1.4. Let p be the prime and let k € N. Consider the finite homo-

cyclic p-group G = (Z/p*Z)?. Then the number of (equivalence classes of) irre-

ducible rational representations of G of any given degree is given in Table 3.4.

Proof. For an abelian group, there is a one-to-one correspondence between the Ga-

lois orbits of length d and the irreducible rational representations of degree d; see

Proposition 2.4.14. Using Propositions 3.1.2 and 3.1.3 we get the required result.

Proposition 3.1.5. Let n € N with prime factorisation n = p{'ps? - -
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the diagonal action of (Z/nZ)* on the homocyclic group (Z/nZ)* given by

(a1,a2,...,4q) - T = (a1, a7, . .., a4T)
for (a1, as,...,aq) € (Z/nZ)%, & € (Z/nZ)*. Then the natural maps

T
@/nz)y — [1@/p2)" 2 +nZ = (x + D L)
i=1

(Z/nZ)d =, ﬁ(Z/pfiZ)d, (a1 +nZ,...,aq+nZ) — (a1 +pi'Z, ... ,aq+p;'L)j_;
provide an eq;i:;alence between
1. the diagonal action of (Z/nZ)* on (Z/nZ).
2. the product action of [[(Z/p'Z)* on [1(Z/p{'Z)?
with each factor (Z/p'Z)* acting diagonally on (Z/p§'Z)%.
Proof. This is a consequence of the Chinese Remainder Theorem. O

We are now ready to prove Theorem 3.1.1 which we restate.

Theorem 3.1.6. Let G = Z% be the free abelian group of rank d. Then the rational

representation zeta function of G admits an Euler product and is equal to

d—1 1
<g<s):1‘[<1+];_1 (p—1)sl_p(d_1)_s>.

p

Proof. By Proposition 3.1.5 we know that for every n € N there is an equivalence
between the diagonal action of (Z/nZ)* on (Z/nZ)% and the product action of
[1(Z/p$Z)* on TI(Z/p$Z)?, where n = p{'---pSr is the prime factorisation of n.

Proposition 3.1.4 give us the possible lengths of orbits and the number of orbits of
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any given length. Combining Propositions 3.1.2 and 3.1.3 we get

d

@ =TI+ 2 -0 2 L -1+
ot = LT3 p—1

T p(kn(dl)(kl)s))

The rational representation zeta function of G = Z% can be obtained as the limit
of the rational representation zeta function of its finite quotients (Z/nZ)?. This is
because any homomorphism with finite image factors through one of the congruence
quotients (Z/nZ)%. The limit is taken by regarding N as a directed set with m < n

if m|n and taking the limit of the formal Dirichlet series coefficient-wise.

Coals) = lim ¢F o(s)

O]

Corollary 3.1.7. Cg(s) =11

(I+ (11)_1)75) = > 1 (m)~*%, where ¢ denotes the

P —-p~°

Euler o-function.
The Dirichlet function >~ ; ¢(m)~* has been studied by number theorists; for

instance; see [6]. From their result we infer the following corollary.

Corollary 3.1.8. The rational representation zeta function Cg(s) has abscissa of
convergence 1 and admits meromorphic continuation to an extended half plan {s €
C|Re(s) > 1 — €} for some € > 0. The rational representation growth of the infinite

cyclic group Z is asymptotically given by
N
T%(Z) ~c-N

n=1
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¢@)CE)

as N — oo, where ¢ = ©)

For a more detailed study; see [6,25]

3.2 Further examples

In this section we discuss some other groups.

Theorem 3.2.1. Let G =T x Cy be a group. Then the Galois orbit zeta function
of G is

wg(s,t) =2 wg(s,t).

Proof. Let G = T x (r), where 72 = 1. Consider y € Irr(G), where Irr(G) is the
set of irreducible continuous complex characters of G. The character x € Irr(@)

decomposes as

X = X1 X X2

~

by using Theorem 2.1.11, where x1 € Irr(7) and x2 € Irr((r)). We have two

possibilities for xo, either y2(r) =1 or x2(r) = —1. In any case

x(1) = x1(1) - x2(1) = xa(1)

and

XE@Q — (3%« o | @ € Gal(Q/Q)}

Gal(Q/Q)

has the same size as x; . Hence

wglst) = 30 x()7 XD

x€Elrr(G)

_s | _ Gal(Q _
=2 Y ) e
x€lrr(T)

:2-wg(s,t).
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Theorem 3.2.2. Let G = Z% x Cy. Then the rational representation zeta function
of G is

(3(s) = 2C% (s).

Proof. By using Theorem 3.2.1 we have
wg(s, t)y=2- w%(s, t).
Since G is abelian, the Schur index is one. Hence
CE(s) = 205u(s)-
O]

Theorem 3.2.3. Let G = Z% x Cp be a group, where p > 2. Then the rational

representation zeta function of G is

d+1 d
Q - s (P Pt 1
By = (14 G- (L)
d
_sq*—1 1
'H(H'(q_l) q_ll_q(dl)s>’

q#p

where the product runs over all primes q not equal to p.

Proof. In order to compute the representation zeta function of G = Z¢ x Cp, we

consider its finite quotient
7% x Cp
n(Z% x Cp)’

and then use limit to complete our calculation. For this we consider two cases:

1. ptn
2.pln
1. ptn
We know
d
nédxx%p) = Z°/nZ,
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since nCj, = Cp. In this case the representation zeta function of

74 x G,
n(Z x Cp)

will be the same as Z?/nZ¢ = (Z/nZ)?, because of Euler product. It is enough to
look at the special case where n is a prime power n = ¢* # p. Hence it is enough to
calculate the representation zeta function of (Z/q*Z)?. By theorem 3.1.6 we have

Q _ 1 qd_l 1)~ 1
CZd(S)—]_;[ +q_1(q— ) 1= )
q7p

2. pln

As before, it is enough to look at the special case where n is a prime power n = p*.

In order to compute the representation zeta function of (Z/p*Z)¢ x Z/pZ, we shall
consider the diagonal action of (Z/p*Z)* on (Z/p*Z)¢ x (Z/pZ). We prove it by
using induction on k.

Induction base: k = 1.

We consider the action of (Z/pZ)* on (Z/pZ)¢ x (Z/pZ)

a = ((1_17(1_27-"7a_d7b)‘

There are two possibilities for a: either a = (0,0,...,0) or @ # (0,0,...,0). If
a = (0,0,...,0) then for any z € (Z/pZ)* we have a -z = 0. Hence the orbit of
a has length 1. Now suppose that a # (0,0,...,0). Then we may assume without

loss of generality a3 # 0. This implies that ay,2aq,...,(p — 1)a; are distinct, hence
a,2a,...,(p—1a

are distinct and form an orbit of length p — 1. The total number of such orbits of

d+1_ . L . .
b o1 L The situation is summarised in table 3.5.

length p — 1 is equal to

Induction step: k£ > 2
Since (Z/p*~1Z)%x (Z/pZ) is isomorphic to a subgroup of (Z/p*7Z)?x (Z/pZ). Define
an inclusion map

a <a_17a_27"'7a_d7b) — (pa/_lapa_Qv"' ,pCL_d,b)
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Table 3.5: Table for induction base

length of orbits | number of orbits
1 1
d+1_1
b— 1 pp_l

The inclusion respects the (Z/p*Z)*-action. Let a = (a1, dz, . . ., dg,b) € (Z/p*1Z)?x
(Z./pZ) then X € (Z/p*7Z)* maps onto A € (Z/p*~17Z)* as a(Aa) = A\a(a). This im-
plies (Z/p*7Z)*-orbits on the subgroup a((Z/p*~1Z)*xZ /pZ) correspond to (Z/p*F—'7Z)*-
orbits on (Z/p*~1Z)? x Z/pZ which we understand by induction. By induction we
understand orbits of elements a = (dy,dy,...,dq,b) € (Z/p*Z)* x (Z/pZ) where
(a1, az,...,aq) = (0,0,...,0) mod p. We need to deal with (d1,dz,...,dq,b) where
(a1,dz,...,dq) # (0,0,...,0) mod p. As before, we may assume without loss of
generality that @; # 0 mod p, that is one of (a1, ds,...,dy) is a unit in (Z/pFZ)*,

and multiplying these elements by (Z/p*Z)* results in an orbit of length

(Z/p"2)"| = (p — 1)p" .

There are
(Z/p")? < (Z/pZ)| - |(Z/p" )" x (Z/pZ)),

elements of this kind, falling into orbits of equal length (p —1)p*~!. Hence there are

dk+1 _ d(k—1)+1

P _ et =1
(p—1)p*! p—1

p

orbits of this kind. The situation is summarised in table 3.6. Since the Schur index

is 1, the rational representation zeta function is (by taking limit, as in Theorem
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Table 3.6: Table for induction step

length of orbits

number of orbits

1 1
d+1_1

b -1 pp—dl
(p—1)p i

. . .
(p _ 1)pk—1 p(k—l)(d—l)—l-l%

=
3.1.6)
(d+1) _q d_q
Q — p = 1y ap _1\—Ss, —S8
Qlzixey)®) =1+ ==~ @ =07 9" — =17
d
-1
+p(2d—1)P (p— 1)—sp—25 I
p—1
d+1 d d
—s (P L @oP’ =1 g2 1P’ —1
=1 —1)"3 (d=—s)f — -~ (2d=2s-1)F — -
+®-1) <p—1 +p p_1+ —
d+1 d
(P 1 d—s)P" — 1
=1 —1)7° (d—s)
+-1) (p_l + p—

) (1 4 pld=D=s 4 2d=2)=2s | )>

d+1_1

—1+(p-1)""* <pp_1

From 1 and 2, we get the rational representation zeta function of G as

d+1 _

ngxCp(s) = (1 +(p-1)"° (pp !
gt -1 1
T (a0t =)

q#p

Corollary 3.2.4. Let G = Z X 7Z be the infinite abelian group. Then the rational

representation zeta function of G is

86 =TI (1+ 6+ -1

1 >
1-s | °
p p
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Proof. The group G = Z x Z is isomorphic to the group Z?2. Since the group Z? is
the special case of the group Z? when d = 2. By using Theorem 3.1.6 we get the

representation zeta function of G over QQ as

Cals) = H (1 +(@+1)(p— 1)81_1_) :

1-s
» p
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Chapter 4

Frieze groups and

one-dimensional

crystallographic groups

4.1 Frieze groups

In this section we compute the rational representation zeta functions of frieze groups.

These are groups of symmetries of certain types of ornaments infinitely repeated in

one direction. There are seven such groups. The presentations of these groups are

given below.

pl
plm1l
pllm
pllg
p2
p2myg

p2mm

(2| 2> =1,2° =27 1) 2 Z x Cs.
(x,8| 5% =126 = fa) = 7 x Cy.
(y) = Z.

(r,a|la?=1,2%=2"Y 2 Z xCs.
(,B82=1,2" =27\ 2 Z x C,.

<:L',z,ﬂ\22:1:52,m5:x_1,xz:zx>%(ZXC'Q) X Co.
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Note: z denotes the horizontal translation, y denotes the glide reflection, z denotes
the vertical reflection, o denotes the 180° rotation and § denotes the reflection about

the horizontal axis.

4.1.1 The group pl

The group

is isomorphic to Z, since the group Z is a special case of the group Z? when d = 1.
By Theorem 3.1.6, the rational representation zeta function of G is

Cg(s) = wg(s,s-i- 1) = H <1 + (]19_;)_:>

p

4.1.2 The group plml

The group

G=plml=(z,z|22=1,2" =z}

is isomorphic to the infinite dihedral group. The group G consists of a translation
group 7T, which is normal in G and generated by z. The quotient group G/T,
generated by zT is the point group of G and is a cyclic group of order 2.

We want to compute the rational representation zeta function Cg (s) via the
Galois orbit zeta function of G. To do this we shall use Clifford theory. First we
compute, from an irreducible complex character of T and its inertia group in G,
those irreducible complex characters of G, whose restriction to 1" involves the given
character on 7. Then we apply Galois theory to obtain the (equivalence classes of)
irreducible representations over Q via Galois orbits of complex characters.

We claim that the irreducible complex characters of T corresponding to repre-

sentations with finite image are as follows:

Xm, : T — C.
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where m € N with 1 <[ < m,ged(m,l) =1 and

Xm,l(xa) _ ‘Sgnl _ e?m‘(la/m)’

where &, = e2mil/m.

Indeed, since T is abelian, each character is obtained by choosing a primitive mth

root of unity &,,; = e2mil/m Note that all these characters are one-dimensional.
Consider the action of G on Irr(T) given by y9(z) = x(x9 ') where y €

Irr(T),9g € G,z € T. We need to understand the orbits of the character x and

it stabiliser. The stabiliser is called the inertia group and is defined as

Io(x) ={9€G|x=x}

Since I(x) is the stabiliser of x in the action of G on Irr(7T), it follows that it is
a subgroup of G and T' C Ig(x) € G. In our case |G : T| = 2. The size of the
orbit of x is | G : I(x) |- So either Ig(x) =T when z ¢ Ig(x) or Ig(x) = G when
z € Ig(x). Correspondingly, I (x)/T is cyclic and isomorphic to either Cy or 1.

Now consider ¢ € Irr(G) factoring over a finite quotient of G. We can cover all

possible ¥ by considering two cases: (1) =1 and ¥(1) > 1.

Case(1) : ¢ € Irr(G) with (1) =1

To compute the linear character of G it is enough to consider the abelianisation
of G:
G/[G,G) = (z,z |2 =2%=1)
= CQ X Cg.
This means that there are 4 linear characters of G. Observe that, since G/[G, G]|
has exponent 2, the corresponding representations are all defined over . Thus

we obtain 4 one-dimensional irreducible characters over Q. The contribution to the

Galois orbit zeta function is

wi(s,t) =4-17°.17" = 4.
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Case(2) : ¢ € Irr(G) with (1) > 1

In this case 1 cannot restrict to an irreducible character of the abelian group 7.

This means that
¢ = Ind§(x) = Ind%(x),

where x = X, and x* = x,,,—; are such that x # x*.
We want to compute the Galois orbits of such . We observe that v is uniquely

determined by 7 = x + x*. So it suffices to describe the Galois orbit in

{(x+x) | x € Ire(T), Ia(x) = T}

The character x + x* is uniquely determined by the set {x, x*}, which in turn is
uniquely determined by {x(z), x*(z)}. Therefore we need to describe the Galois

orbits in
{{erilim 2mim=b/my | e Nym > 2,1 <1< m,ged(m, 1) =1},
equivalently the orbits in
{{fm,l@;:l} |meN,m>21<1<m,ged(m,l) =1},

under the action of Gal(R,,/Q), where R, = Q(&,,1). The Galois group satisfies
Gal(R,,/Q) = (Z/mZ)*. Consider o € Gal(&,,/Q) corresponds to a € (Z/mZ)*.

Its action on {&,,, 5;111} is given by

(&t &y = L& €01

We find the lengths and the numbers of such orbits. Since | Gal(&,,/Q)| =

|(Z/mZ)*| = ¢(m), the length of an orbit is

@(m)/ Stabgai(,, /@) {&m.i; é;,lz}-

We have to determine all a € (Z/IZ)* such that

{mis §u)™ = {€m 1 65 = {&mi § )
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equivalently

a=1modm

or a = —1 mod m.

Since m > 2, as per Lemma 2.5.4, the stabiliser of {&,, 5;1711} has size 2, hence the
length of an orbit is ¢(m)/2. For m fixed, there are p(m) choices for [, giving p(m)/2
possible choices for {&, , 5;&}. Every ¢ € Irr(G) corresponds to ¥r = x + x*, and
thus to {& 1, f;%ll}, and has 1(1) = 2. Its Galois orbit has length ¢(m)/2.

Hence the Galois orbit zeta function of G over Q is

sty =wi(s )+ 3 %0<2m> gms (£

m=3

0o
=44+ gt—s—1 Z go(m)lft
m=3
“Since p(1) = p(2) =17
0o
— 4 _9t=s + gt—s—1 Z go(m)lit
m=1
=4 — 27 4 ot D (s ).

Since G = (z) x T is a semi direct product, according to Lemma 2.4.15, the Schur

index is one. Hence

(2(5) = w(s,5+1) =4 —2+2°¢X(s)

=2+ ¢2(s).

4.1.3 The group pllm

The group pllm is given by the presentation

G =pllm = (z, 8| > = 1,20 = B),

which is isomorphic to Z x (5. The irreducible representations of Co are all defined

over QQ, so the irreducible representations of Z x Cy over Q are the tensor products of
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irreducible representations of Z over Q, and irreducible representations of C over
Q. Since G is abelian, the Schur index of G is 1. By using Theorem 3.2.1, the

representation zeta function of G over Q is

Cg(s) = wg(s,s +1)= 2wg(s, s+1)= 2(%(3).

4.1.4 The group p2mm
The group p2mm is given by the presentation
G =p2mm = (z,2,8 |2 =1= 82,28 =27t a2 = 22,

which is isomorphic to (Co x Z) x Co. The group G contains a subgroup 7', which
is normal in G and generated by = and z. The quotient group G/T, generated by
BT, is a cyclic group of order 2.

We want to compute the rational representation zeta function Cg(s) of G. Asin
Section 4.1.2, the irreducible complex characters of T corresponding to representa-

tions with finite image are as follows:
Xkinkayng 2 1T — c*.

where ny € N, ng € {1,2}, k1 € N, ko € {1,2} with 1 < k; < ny, ged(k;,n;) =1 and

b b 2mi(k kob
Xk, ,kana (TY) = égl,klgn%;m — e2mi(kia/n1+kz /n2)’

where ‘5n1,k1 = 627T’ik‘1/n1’ §n2,k2 = 627rik2/n2'
Consider the action of G on Irr(T) given by x9(z) = x(29 ), where x € Irr(T),
g € G,z €T. We need to understand the orbit of the character y and its stabiliser.

The stabiliser is a subgroup of G and
T Cla(x) €G.

In our case |G : T| = 2. The size of the orbit of x is |G : I¢(x)|- So either Ig(x) =T
when 3 ¢ Ig(x), or Ia(x) = G when ( € Ig(x). Correspondingly, I (x)/T is cyclic

and isomorphic to either Cy or 1.
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Now consider ¢ € Irr(G) factoring over a finite quotient of G. We can cover all

possible ¥ by considering two cases: (1) =1 and ¥(1) > 1.

Case(1): ¢ € Irr(G) with ¢(1) =1

To compute the linear characters of G it is enough to consider the abelianisation of
G:
G/IG,G) = (x,2,0 | [z, 2] =[x, 0] = [, 8] = 1,2 =22 = 3> = 1)
= 02 X CQ X 02.
This means that there are 8 linear characters of G. Observe that, since G/[G, G|
has exponent 2, the corresponding representations are all defined over Q. Thus we

obtain 8 one-dimensional irreducible characters over Q. The contribution to the

Galois orbit zeta function is
wi(s,t)=8-17°-1""=38.

Case(2): ¢ € Irr(G) with ¥(1) > 1

Using a similar strategy as in Section 4.1.2 Case(2), we get

Cg(s) = wg(s,s +1)=8+2 Z w(ni)~*

ni1>3

4.2 One-dimensional crystallographic groups

In this section we compute the rational representation zeta function of crystallo-

graphic groups of dimension one.
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4.2.1 pl

The group G = pl = (x) is isomorphic to Z. From Section 4.1.1, we have

(3(s) =w3(s,s + 1) = 11 <1 + =D~ 1)3)

p L=p
4.2.2 plm

The group

G=plm=(z,z| 22 =127 =271,

is isomorphic to the infinite dihedral group. From Section 4.1.2, we have

¢3(s) = wi(s,5+1) = 2+ ¢2(s).
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Chapter 5

Two-dimensional
crystallographic groups

In this chapter we compute the rational representation zeta functions of seven crys-
tallographic groups of dimension two. In two cases where the Schur indices are not

all one we compute only the Galois orbit zeta functions.

5.1 The group pl

The group pl is given by the presentation
G=pl=(z,y|[z,y] =1).

The translation group of G is the whole group generated by = and y because the
point group of G is the trivial group. We want to compute the rational representa-
tion zeta function Cg (s) of G. By Corollary 3.2.4, the representation zeta function

of G over Q is
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The abscissa of convergence at f(s) = 2. And

&) =11 (1+ (v~ 1>—81p_+pfs>

p

(e

1— pl—s

=11 l_lpl_s 11 (1 —p' T H+pp 1)+ (p— 1)_S>

p

-~

=¢s—-1]] <1 +-1)"+pp-1)""° —p1‘5>,

p

which admits a meromorphic continuation to R(s) > 1 and has a simple pole at
s = 2. Note that meromorphic continuation is not on the entire complex plane; see

[6, Section 2] and [25] for more details.

5.2 The group p2

The group p2 is given by the presentation
G=(z,y,r||zy=r*=12" =21y =y ).

The group G contains a translation group 7', which is normal in G and generated
by x and y. The quotient group G/T', generated by 7T, is the point group of G and
it is a cyclic group of order 2.

We want to compute the rational representation zeta function Cg (s) via the
Galois orbit zeta function of G. To do this we shall use Clifford theory. First,
from an irreducible complex character of T and its inertia group in GG, we compute
those irreducible complex characters of G, whose restriction to 7" involves the given
character on 7. Then we apply Galois theory to obtain the (equivalence classes of)
irreducible representations over Q via the Galois orbits of complex characters.

We claim that the irreducible complex characters of T corresponding to repre-

sentations with finite image are as follows:

*
Xk1,n1,k2,n2 : T c*.
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where ny,n9 € N, k1, ko € N with 1 < k; < n;,ged(k;,n;) =1 and

a, by _ ¢a b _ 2mi(ki1a/ni+kab/n
Xkl,nth,nQ(x Yy ) - nl,k1£n2,k2 =€ ( ! / ! ? / 2)’

where &, 1, = eQWikl/”l, Eno ko = e2mikz/n2
Indeed, since T is abelian, each character is obtained by choosing a primitive n;th
root of unity &,, x, = e2™ik1/m and a primitive noth root of unity Enoks = e2mikz/ne
as the images of x and y. Note that all these characters are one-dimensional.
Consider the action of G on Irr(T) given by x9(z) = x(2¢ '), where x €
Irr(T),g € G,z € T. We need to understand the orbit of the character y and

its stabiliser. The stabiliser is called the inertia group and is defined as

Ic(x) ={9€G|x?=x}.

Since Ig(x) is the stabiliser of x in the action of G on Irr(T), it follows that it is a
subgroup of G and

T Clg(x) <G,

In our case |G : T| = 2. Also |G : Ig(x)| is the size of the orbit of x. So either
Ig(x) = T when r ¢ Ig(x), or Ia(x) = G when r € Ig(x). Correspondingly,
Ic(x)/T is cyclic and isomorphic to either Cy or 1.

Now consider ¢ € Irr(G) factoring over a finite quotient of G. We can cover all

possible ¢ by considering two cases: (1) =1 and ¥(1) > 1.

Case 1: ¢ er(G) with ¢(1) =1

To compute the linear characters of G it is enough to consider the abelianisation

of G:

G/[G>G] = (ac,y,r | [l’,y] = [:L"T] = [yar] = 1>$2 :y2 =7’ = 1>

gCQXCQXC’Q.

This means that there are 8 linear characters of G. Observe that, since G/[G, G|

has exponent 2, the corresponding representations are all defined over Q. Thus we
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obtain 8 one-dimensional irreducible characters over Q. The contribution to the

Galois orbit zeta function is
wi(s,t)=8-17°-1""=38.

Case 2: ¢ € Irr(G) with (1) > 1

In this case, 1 cannot restrict to an irreducible character of the abelian group

T. This means
¢ = Ind(x) = Ind%(x"),

where X = Xk .n1 kano A0d X" = Xni—ky,n1,ma—ka,mo are such that x # x”, i.e Ig(x) =

T.
We want to compute the Galois orbits of such v. We observe that v is uniquely

determined by 7 = x @ x". Hence it suffices to describe the Galois orbits in

{xex") | x e le(T), Ic(x) =T}

The character x @ x” is uniquely determined by the set {x, x"}, which in turn is
uniquely determined by {(x(z), x(v)), (X" (x), x"(y))}. Therefore we need to describe

the Galois orbits in
{{(QQWikl/nl’e%”‘k?/HQ)’ (eQTFi(nl—kl)/nl’627T’i(n2—k2)/n2)} ‘ ni,ng c N,

ny>2orne >2, ki, ko e N1 <k < ni,gcd(ki,ni) = 1},
equivalently the orbits in

{(5711,]?17&“2,]{)2)7 (67':11,]{?176’!:21,](}2) ’ nl,nQ E N, nl > 2 or 77,2 > 2,

ki, ko € N1 < k; < ny, ged(ki, n;) = 1},

under the action of Gal(K;/Q), where | = lem(ny,n2) and K; = Q(&, ks Eno ko )-
The Galois group satisfies Gal(K;/Q) = (Z/IZ)*. Consider that a € Gal(K;/Q)

corresponds to a € (Z/IZ)*. Its action on

(Snl,]ﬁ ) gng,kz)a (57:11,]61 ) 57:217]@)
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is given by

{(5%1,161757’7,2,]{?2)7 (5;117“75;21,@)}& = {( 21J€1’€Z27k2)’ (57;1cfk1’ 7:2(17762)}'

We find the lengths and the numbers of such orbits. Since | Gal(K;/Q)| = [(Z/IZ)*| =

©(1), the length of an orbit is

Qo(l)/ | StabGal(Kl/Q){(gnl,kl’§n2,k2)’( 7:117]@1’57:217@)} | .
We have to determine all a € (Z/IZ)* such that

(£n17k1’£n2,k2)a = (ﬁgl,klaf%,@) = (fnl,kUgnz,kz)

—1 -1
or (fm,kugnz,kz)a = (ggl,klvfgg,kg) = (gnl,kﬁfng,kz)

equivalently

a=1mod!

or a = —1mod,

where [ = lem(ny, ng). Since ny > 2 or ng > 2, as per Lemma 2.5.4, the stabiliser of

{ (5711 NIR) 5712 k2 ) ) (5;11,]@1 ) 57:217]@2 ) }

has size 2. Hence the length of an orbit is ¢(I)/2. Moreover the total number of

such orbits is

w(m)w(nz)/w(l)
2 2

as for ny, ny fixed, and there are ¢(n) choices for k; and p(ng) choices for kg, giving

p(n)p(n2)
2

possible choices for
-1 -1
{(§n1,k1 ) énz,kz)v ( ni,k1’ §n27k2)}'

Every ¢ € Irr(G) corresponds to ¢ = x @ x”, and thus to

{(&ny1 1 Eno ) <£r:11,k1’€;21,k2)}’ and has ¥(1) = 2. Its Galois orbit has length (1)/2,
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where | = lem(ny,n2). Hence the Galois orbit zeta function of G over Q is

[e.e]

n n l
Lty =msn+ Y & 1>2%0< 2) .2-s<s0; )y
ni,na2=1
max{n1n2} >3
S (5.2.1)
=8+27! Z o(n1)p(no) ()™t —4- 207571
ni,ng=1

=8+ 25 In(t) — 4. 2757,

where
o0

nt)= Y en)en)el)™.

ni,no=1
To calculate 7(t), consider ny = [],p;" and ny = [], p{i, factorised into primes.

Then [ = lem(nq,n2) =[] prax{efi Hence

i 17

(o)
nt) =[] D e@)e)pEm>teh)=.
pePe,f=0
There are four cases covering the possible values for e and f.

Case(1): If e = f = 0 then the double sum has value 1.

Case(2): If e > 1 and f = 0 then the double sum is

mt)=> (p—-1p ) (p-1p ) =m-1D""> (=)
1—t 1
=((p-1) 1_7;014

Case(3): If e =0 and f > 1 then the double sum is

m(t) =Y (p—p" ) ((f-1p" ) =-D""D @ H

Case(4): If e > 1 and f > 1 then we have the following sub-cases

1. If e = f then the double sum is

o0

ma(t) = (p—1p* - (p—p* - ((p— Dp~)

e=1

i~ _1)2—t
— (p _ 1)2—t 6222(196—1)2—15 — (119 _;gt )
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2. If e < f then the double sum is

=2 2 =D - 1p (-1

e=1 f=e+1
0
_ )2t e—1 F—1y1—t
= ZP > '
f=e+1

e(l t)

2—t e—1
-\ 1 Zp 1— 1 t
_ e v Z e(2—1)
- (p - 1)2 ! 1— p
A

S .
(1—p'=H)1—p*"
1—t
2t p
[

3. If e > f then, similarly, the double sum is equal to n5(t) = n4(t).

Hence

n(t) = H(1 +n1(t) + m2(t) + n3(t) + na(t) + n5(1))

_ 1)1 —t (p _ 1)2—t pl—t(p _ 1)2—t
- ( Pt I +2(1—1914)(1—232"5))

_ 1)1*1‘/ (p_ 1)27t plft
:H<1+21_p1—t T (1+21_ )
P

p p
H 1tp+1
- 1— p2t'

By using the value of n(t) in equation 5.2.1 we get

- 4+ p+1 s
w%(s,t):8+2t s 1I[(l—i—(p—l)1 tlp_pz—t>_4'2t s=1,
P

Since G = (r) x T, is a semi direct product, according to Lemma 2.4.15, the Schur

index is equal to one. So the rational representation zeta function is

@) =wd(ss+1) —8+H< ~ L) -

Remark 5.2.1. The analytic properties of Cg (s) and C%(s) are very closely related.
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5.3 The group pm

The group pm is give by the presentation

G = (z,y,m| [z,y] =m?=12"=uzxy :y71>.

The group G contains a translation group 7', which is normal in G and generated
by = and y. The quotient group G/T, generated by mT is the point group of G and
it is a cyclic group of order 2.
We want to compute the rational representation zeta function Cg (s) of G via
Q

we(s,t). We use a similar strategy as in Section 5.2. The irreducible complex

characters of T' corresponding to representations with finite image are as follows:
Xki,n1,kame 1 — c,

where ny,n9 € N, k1, ko € N with 1 < k; < n;,ged(k;,n;) = 1 and

a, by _ ¢a b _ 2mi(ki1a/n1+kab/n2)
Xk17n17k27n2 (CC Yy ) — Sny,k1Sng ks T € )

where &,, 1, = e2mik/m Enoky = e2mikz/n2,

Consider the action of G on Irr(T) given by x9(z) = x(z9 '), where y €
Irr(T),g € G,z € T. We need to understand the orbit of the character x and
its stabiliser. Since |G : T'| = 2. The size of the orbit of x is |G : Ig(x)|- It follows,
either I(x) = T when m ¢ Ig(x), or Ig(x) = G when m € Ig(x). Correspond-
ingly, Ic(x)/T is cyclic and isomorphic to either Cy or 1.

Now consider 1 € Irr(G) factoring over a finite quotient of G. We can cover all

possible ¥ by considering two cases: (1) =1 and ¥ (1) > 1.

Case(1) ¢ € Irr(G) with (1) =1

To compute the linear characters of GG it is enough to consider the abelianisation of

G.

G/[G7G] = (x,y,m\ [xvy] = [xvm] = [yam] = 1,2/2 =m? = 1>

=7 x Cy x Cs.
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The contribution to the Galois orbit zeta function is
_ Q
w1 (87 t) - 4wZ (87 t)v

where 4 comes from the irreducible representation of Cy x Cy. The irreducible rep-
resentations of Co x Cs are all defined over QQ, so that the irreducible representations
of Z x Cy x (5 over Q are tensor products of irreducible representations of Z over

@Q, and irreducible representations of Cy x Cs over Q.

Case(2): o € Irr(G) with ¥(1) > 1

In this case v cannot restrict to an irreducible character of the abelian group T.

This means that
G G
¥ = Ind7(x) = Ind7 (x™)
where X = Xky.n1 kono 0 X" = Xky.n1 . na—ko,me are such that x # x™, e Ig(x) =T
We want to compute the Galois orbits of such 1. We observe that 1 is uniquely

determined by 7 = x @& x™. Hence it suffices to describe the Galois orbits in

{(xex™) | x € Ire(T), Ia(x) = T}

The character x @ x"" is uniquely determined by the set {x,x™}, which in turn
is uniquely determined by {(x(z),x(y)), (X" (z),x™(y))}. Therefore, we need to

describe the Galois orbits in
{{(627Tik:1/n17627rik2/n2)’ (62m‘k1/n1’e27ri(n2—k2)/n2)} | ni,ng € N,
ng > 2, k1, ke e NJ1 < k; < ni,gcd(ki,ni) = 1},

equivalently the orbits in

{(gnhkl’fn%k&)’ (&nl,kl’@;{]@) ‘ ni,ne € Nyng > 2,

ki1,ko e N1 < k; < niang(ki7ni) = 1}

under the action of Gal(K;/Q), where | = lem(ny,n2) and K; = Q(&n, ks Eno ko )-

The Galois group satisfies Gal(K;/Q) = (Z/IZ)*. Consider that o € Gal(K;/Q)
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corresponds to a € (Z/IZ)*. Its action on (&, kysEngks), (fnl,k1,§;21k2) is given by

{(gnhkl’gnm/@)’ (5711,]61757;21’]@2)}(1 = {( gl,k1a€7(:27k2)a (ggl,kla 7:;]@)}'

We find the lengths and the numbers of such orbits. The length of an orbit is

So(l)/ | StabGal(Kl/Q){(gnl,kl’§n2,k2)’ (gnl,kw 7:217k2)} | .

Consider & = &, x,, a primitive nyth root of unity and & = &, i,, a primitive

nath root of unity. We have to determine all a € (Z/IZ)* such that

(€1,82)" = (£1,&3) = (&1,62)
or (€1,6)" = (¢1,68) = (61,6 ),

equivalently

a=1mod!

or a =1 mod n; and a = —1 mod ns.

As per Lemma 2.5.4 and using condition ng > 2, we have

1 if ged(ni,ne) >3,

| Stab{ (&1, &2), (517551)}| = {2 if ged(ni,n2) € {1,2}.

Hence the length of the corresponding orbit is
o(l) if ged(ny,ng) > 3,
o(l)/2 if ged(ni,ng) € {1,2},
where [ = lem(nq,ng).

For fixed nq,ng there are

p(n1)p(n2)
2

choices for {(£1,&2), (€1,&, 1)}, Since p(1)¢(g) = p(n1)@(ng), the total number of

orbits is
%ﬁ%’”) =(g)/2  if ged(ni,n2) >3,
% =p(g9) =1 if ged(n1,n2) € {1,2},
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where g = ged(ng,ng). Every ¢ € Irr(G) corresponds to ¥r = x @ x" and thus to
{(&1,&), (&1,65 1)} and has ¢(1) = 2. Tts Galois orbit has length
{4,0(1) if ged(ni,ng) >3
e(l)/2 if ged(ng,ng) € {1,2}.
Since G = (m) x T is a semi direct product, according to Lemma 2.4.15, the Schur

index is one. The Galois orbit of 9 leads to an irreducible character over QQ of degree

{2<p(l) if ged(ny,n2) >3
20(1)/2 = p(l) if ged(ng,ne) € {1,2},

where [ = lem(nqg,ng).

Hence the Galois orbit zeta function is

Wa(s,t) = wi (s, 1) + 71 (5, 1) +72(s, 1), (5.3.1)
where
o o0
nist)= Y. elg)/2- 2% =271 YT p(g) ()T
ni=1,n2=3 ni1=1n2=3
g=gcd(n1,n2)>3 g=gcd(n1,n2)>3
I=lcm(ni,n2) I=lcm(ni,n2)
and
(0.0

2(s,t) = > p(g) - 27%(p(l)/2)™*

n1=1,n2=3
g=ged(n1,n2)€{1,2}
I=lem(ni,n2)

o0

= ot=1-s > p(g)p(1) .

n1=1,n2=3
g=ged(n1,n2)€{1,2}
I=lcm(ni,n2)

Note: In the definition of the Galois orbit zeta function, we sum over characters,

not orbits. Hence we use —t + 1 rather than —t.
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We compute 71 (s,t) and y2(s, t) separately.

o0

nist) =277 3" olg) e
n1=1,n2=3
g=gcd(n1,n2)>3
I=lem(ni,n2)

— 9~ 1=s Z @(g) SD(Z)—t—l—l _9—1=s Z QO(Z)_H_I
ni=1,n2=1 ni1=1,n0=1 (532)
g:

where

and

m(t) = > @)

ni,na=1
g=2

We compute 7(t), n4(t) and n,(t) separately. To compute 7(t), consider n; =

[Lp; and ng =], plfi, factorised into primes. Then g = ged(ni, n2) = [, pr-nin{ei’fi}

7

and [ = lem(ny, ng) =[] p{efit Hence

i g

(g) = H 1 if min{e;, fi} =0
o S -1 'P;nin{ei’fi}_l if min{e;, fi} >0,
and
1 if max{ei, fl} = 0,
)= el
el H {(pz -1) -p?ax{e“fl} boif max{e;, fi} > 0.

i

Using these values we get

% %0 1 if min{e, f} =0
n(t) = H Z Z [{(p — 1) - pirdeS3=1if min{e, f} > 0} .

p e=0 f=0
1 if max{e, f} =0 —H
(p—1)-pm{efI=1if max{e, f} >0 ’
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There are four cases covering the possible values for e and f.
Case(1): If e = f = 0 then the double sum has value 1.

Case(2): If e > 1 and f = 0 then the double sum is equal to

o0

mt)=> (p-1p ) =@p-1)""

e=1

1
1—ptHl°

Case(3): If e=0 and f > 1 then the double sum is equal to
00 L . 1
m(t) = Y= = 0 )
f=1

Case(4): If e > 1 and f > 1 then we have the following sub-cases

1. If e = f then the double sum is equal to

[e.9] [e.9]

m(t) =Y (p—Dp* H((p—-Dp =D ((p-1pH) T =

e=1 e=1

2. If e < f then the double sum is equal to

mt) =Y Y (p=1p ((p—1p/

e=1 f=e+1
[o¢] (e.)
=(p-1"y pt Y
e=1 f=e+1

e(1-t)

3]
_ (p o 1)27t Zpefl p
e=1

1— pl—t

_ pl-t
(1—p'~t) =
S O L
017
=(p-1*" p

1=pHA-p*")

3. If e > f then, similarly, the double sum is equal to n5(t) = n4(t).
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Hence

n(t) = H(l +m(t) +m2(t) +ns(t) +na(t) +ns(t))
_ ( = 1)1 I (e Vi

N Lo P 1)
1 t 1— p2—t (1 _ pl—t)(l _ p2—t)

_1)171‘/ (p_1>27t pl t
:1;[<1+2 1_p1—t + 1_p2—t (1+21_p1—t)

H yL-t p+1
- 1— p27t :
Similarly, we can get

w0 =TI (1 - Y S (- D) ~pf-1>1—f)

1 f=1

(et m

p

and

mo(t) = (142-2170 42,2272 429373 4. ) T] <1+§:((p— 1) pehH-t

#X (=10 )
F=1

1427 (="
= o (12 ).
1 _9i—t o < T pl—t

Using the values in the above equation 5.3.2 we get

p p p
L 1+21—t (p_l)l—t
_gl-s - 12 1492 7y
1_21—tp7£2( + 1—p1 t )
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Similarly we can compute va(s, t).

a(s,t) =277 > p(g)p(l) =27t > o)

n1>1,n2>3 ni1>1,n2>3
g:ng(TLl,HQ)E{].,Q} g:ng(n17n2)€{172}
[=lem(ni,n2) I=lem(n1,n2)
— ot—s—1 Z (,D(l)lft _gt—s—1 Z (p(l)lft _ot—s—1 Z (p(l)lft
n1>1ln2>1 n1>1nz=1 ni1>1,ne=2
g=1 g=1 g=1
ni is odd
+ gt—s—1 Z gD(l)l_t _ gt—s—1 Z SD(Z)l—t
n1>1ln2>1 n1>1,ny=2
g=2 g=2
ny is even
_ ot—s—1 (p—1" (p—1"
=27 (H(1+2 1—plt )_H(1+ 1—pl—t )
p p
14+ 21—t (p . 1)1—t (p o 1)1—t
+1_21—t (1+21_p1—t)_H<1+ 1_p1—t)
p#2 p
_ ot—s—1 (p—1)7° (p—D'
=2!~* (H(1+2 ) 2[J+4 —
p p
14 21—t ) ) (p _ 1)1—t
1 — 21—t ( + 1— plft ) :
pF#2

Using (i (s,t), v1(s,t) and y2(s, t) in the above equation 5.3.1 we get the Galois orbit

zeta function

wls,t) =4-wi(s,6) + 27 [ (1 +(p— 1)1tp+1>

. 1_p2—t
L (p_ 1)17t L 1 +217t (p_ 1)17t
—2 e [Ja 2 ) 2 s [ 2 )
1—0p 1—-2 1—p
p p#£2
M (p—D'' 142 (-
+2 ’ <H(1+21_ 171&)—’_1_2171‘/ (1+21_ lft)
p p PF2 p
(p—D'
_2H(1+717p1*t
p
— 1)t +1
— 4wt -2 Tl PN e T (14 - 2L
p 1 p p 1 p
el o1 (p—D'!
4+ (2t — o7t S)]_[(1+271_pH )
p
o 1 +21—t (p_ 1)1—t
t 1 1
p#2
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Since G = (m) x T, is a semi direct product, according to Lemma 2.4.15, the Schur

index is equal to one. So the rational representation zeta function is

(3(5) = w(s,t) = w(s,5 + 1)

=4-¢5(s) —2JJa+ (11)_;)_:) +277 ] (1 +(p— 1)5p+1>

_ mpl—s
p 1 p

+a-277) [+ 2(]1’:;):)
p
+(1— 2—1—5)% [T+ 2(11’:;)_8)

(p—1)~°
1—p—s

=2-¢(s)+27 17 B(s) + (1 —27179) (H(1 +2 )

p

5.4 The group pg

The group pg is given by the presentation

142
,t

G = (z,yt|[z,y =12" =2~ =y).

The group G contains a translation group 7', which is normal in G and generated

by x and y. The quotient group G/T, generated by tT, is the point group of G.
We want to compute the rational representation zeta function Cg(s) of G.

As in Section 5.2, the irreducible complex characters of T' corresponding to repre-

sentations with finite image are as follows:
Xk1,n1,k2,n2 * T c,

where ny,n2 € N, k1, k2 € N with 1 < k; < n;,ged(k;,n;) =1 and

a, by _ ¢a b _ 2mi(ki1a/n1+kab/n2)
Xklynl,k%'n& (LU Yy ) — Sni,k1Sng,ke T € I

where 6”17k1 = 627rik1/n1’ §n2,k2 — 627r7,’k2/n2'
Consider the action of G on Irr(T") given by x9(z) = X(Zg_l), where x € Ire(T).

g € G,z €T. We need to understand the orbit of the character y and its stabiliser.
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The size of the orbit of x is |G : Ig(x)|. So either I¢(x) = T when t ¢ Ig(x) or
Ic(x) = G when t € Ig(x).
Now consider ¢ € Irr(G), factoring over a finite quotient of G. We can cover all

possible ¢ by considering two cases (1) = 1 and ¥(1) > 1.

Case(1): o € Irr(G) with ¥(1) =1

To compute the linear characters of G it is enough to consider the abelianisation
of G:
G/[G,G] = (z,y,t | [z,y] = [x,t] = [y,t] = 1,t* = y, 2% = 1)
=7 x 02.
The irreducible representations of Co are all defined over Q, so that the irreducible
representations of Z x Cs over QQ are tensor products of irreducible representations

of Z over Q, and irreducible representations of Cs over Q. Hence the contribution

to the Galois orbit zeta function is
_9.,,0Q
wi(s,t) =2-wy(s,t).

Case(2). ¢ €Irr(G) with (1) > 1

In this case 9 cannot restrict to an irreducible character of the abelian group T'.

This means that
i = Ind% (y) = Ind% (")

where x = Xk1,n1,k2,n2 and Xt = Xni—ki,n1,ka,ng ar€ such that x 7& Xta Le IG(X) =T.
We need to compute the Galois orbits of such ¥. We observe that ¢ is uniquely

determined by 17 = x ® x*. Hence it suffices to describe the Galois orbits in

{(x®x") | x € Ire(T), Ia(x) = T}.

The character x @ x! is uniquely determined by the set {x,x'}, which in turn is

uniquely determined by {(x(z), x(v)), (x*(z), x!(y))}. Therefore we need to describe
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the Galois orbits in

{{(627Tik‘1/n1’€27rik2/n2), (627ri(n1—k1)/n1’eQﬂ'i(kg)/ng)} ’ ni,no c N, kl,kQ c N,

ny > 2, 1< k‘i < ni,gcd(ki,ni) = 1}
equivalently the orbits in

{(5711,/{:176712,]62)7 (ggl{klvé-nz,k‘g) ’ ni,n2 S Na ny > 27 kl? k:2 S Na

1 < k; < ng,ged(ki,ng) = 1},

under the action of Gal(K;/Q), where | = lem(ni,n2) and K; = Q(&n, b1y Eng ko )-
The Galois group satisfies Gal(k;/Q) = (Z/IZ)*. Consider that o € Gal(K;/Q)

corresponds to a € (Z/IZ)*. Its action on (&n; k)5 Enoks), (f;llkl,fn%;@) is given by

{(§n17k17§n2,kz)7 (é}:ﬁkl ) gnz,/@)}a = {(ggl,kl s {gg,kg)’ ( yjlaykl ) 522,’{2)}'

We want to determine the lengths and the numbers of such orbits. Consider
&1 = &ny k- @ primitive nith root of unity and & = &, k,, a primitive nath root of

unity. Using the same method as in Section 5.3 we get

1 if ged(ny, n2) = 3,

—1 —
|Stab{(§17§2)7 (§1 7§2>}’ - {2 if gcd(n1,n2) € {172}‘

Hence the length of the corresponding orbit is

{so(l) if g >3,
p()/2 if g€ {1,2},

where [ = lem(ny,ng) and g = ged(ny,n2). For fixed ny,ng there are p(ng)e(ng)/2

choices for {(&1,&), (671, €2)}. The total number of orbits is

{s@(nl)SO(na)/?sD(l) =p(g9)/2 ifg>3,
p(n1)e(na)/e(l) = e(g) =1 if g € {1,2}.
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Hence the Galois orbit zeta function is

o0

wals,t) =wils, )+ Y wl9)/2-27 )
ni1=3,n2=1
g=gecd(n1,m2)>3
I=lcm(ni,n2)

o0

+ > plg) - 27%(p()/2)
n1=3,n2=1
g=gcd(n1,n2)e{1,2}
I=lcm(n1,n2)

o0 o0
=2 wi(s,t) 2770 D wlg)e) T2 DT wlg)e() !
n1=3,n2=1 n1=3,n2=1
923 ge{1,2}

using the same calculation as in Section 5.3 we get

=2-wi(s,t) -2 [Ja+ (;9—71)1: +27 ] (1 +(p— 1)1—t(p+1)>

_pl _ 22—t
1—p . 1—p
Csl o1 (-
+ (2 -2t S)H(1+271_p1_t )
p
o L 1_’_2171‘/ (p_l)lft
t 1 1
+ (2t =2 5)1_213 (1+271_p1_t )
p#2
-1 1—t + 1
:2.wg(s,t)—2t—SH(1+(f_pi_t +271 ] <l—|—(p—1)1_t1(p_p2_)t>
p p

t—s—1 _ o—1— (p—1)* 142 (-
+ (2 =2 5)<H(1+2 e )+ o [0 +2 T~ ) ).
p pF£2
Note: Lemma 2.4.15, does not apply directly to show the Schur index is one. We
prove the Schur index of the group G of type pg is one. For a contradiction, suppose
there exist ¢ € Irr(G) with mg(v) # 1. As per Corollary 2.4.10(8), mq(¢)](1),
and (1) < 2, we must have mg()) = 1(1) = 2 and ¢ = Ind%(x), x € Irr(T) with

Ig(x) =T. As per Theorem 2.4.18, there exists a Q-triple (H, X, #) such that

1. H is a section of GG
2. Q\m@(ﬂ)
3. H/X is a 2-group

The section H is a quotient of a non-abelian finite index subgroup of G. Any non-

abelian finite index subgroup of G is isomorphic to G. Hence H is a quotient of a
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group isomorphic to G. So, if we take H to be a finite quotient of G then H must
be non abelian, otherwise the Schur index is one. It gives H = X x Cy, dihedral
group. Hence, according to Lemma 2.4.15, mg(¥) = 1.

Hence the Schur index of GG is one. The rational representation zeta function of

G is

(g(s) = wg(s,t) = wg(s, s+1)

=2.¢X(s) - 2H(1 + (11):11))__85) + 2*1*31_[ <1 +(p— 1)51(]i+11—)5>

p p

+(1-2717) (H(l + 2(}17 —U L2 [T+ 1" 1)_5)>

p 7p75 17278 p7£2 171)73
- - p—1)7°
=271 (s) + (1 -2 5)<H(1+2(1_p>_5)
p
14+27° (p—1)—°
1+2————) ).
+1—2—8H( + 1—p_5)
p#2

5.5 The group p2mm

The group p2mm is given by the presentation

G=(z,y,p,q|[x,y] =pgl =1=p* = af =x, 2l =z P =y 1yl =y).

The group G contains a translation group 7', which is generated by x and y. The
quotient group G/T, generated by pT" and ¢T, is called the point group of G and it
is a Klein 4-group.

We want to compute the rational representation zeta function Cg(s) of G. Asin
section 5.2, the irreducible complex characters of T' corresponding to representations

with finite image are as follows:
Xk1,n1,kang - L — (G
where ny,n2 € N, k1, k2 € N with 1 < k; < n;,ged(k;,n;) =1 and

b b 2mi(k kab
Xkl,’nl,k27n2 (.’Bay ) - €g1,k1§n2,k2 =e 7”’( la/n1+ 2 /TL2)’
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where €n17k1 = 627Tik1/n1, gng,kg = 627rik2/n2.

Consider &, x, = &1, a primitive nith root of unity and &,, 1, = &2, a primitive
nath root of unity.
The possibilities for inertia groups are
Case(1): If & € {1,—1} and & € {1, -1} then Ig(x) = G.
Case(2): If & € {1,—1} and & ¢ {1, —1} then Ig(x) = (¢)T-
Case(3): & ¢ {1,—1} and & € {1, —1} then Ig(x) = (p)T.
Case(4): If & ¢ {1,—1} and & ¢ {1, —1} then Ig(x) =T.

We discuss these possibilities separately.

Case(1l): Ig(x)=G

To compute the linear character of G it is enough to consider the abelinisation

of G.

G/G,G] = (z,y,p,q | [z,y] = [z,p] = [y,p] = [,q] = [y,q] = [p,q] = 1,
= =pt=g?=1)

gCQXCQXCQXCQ

which gives precisely 16 one-dimensional representations of G' (4 choices of the char-
acter x, each of them extends 4 different ways to the linear character of G). The
linear character of G defined over Q, gives the 16 one-dimensional irreducible char-

acters over Q. The contribution to the Galois orbit zeta function is
wi(s,t)=16-1"5-1"" =16

Case(2): Ig(x)= ()T

In this case we extend the given characters of T to the inertia group and then
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induce it to G as shown in the following diagram.

G . 91 = Indf}) 1 (¢1) 92 = Ind{}) 1 (12)
Ia(x) = {0)T ° Y1 © Yy P2 © Y
T . X 7# X"

The characters ¢ and ¢ are the extension of x, and ¢ and 5 are the extension
of xP, since Yr(z) = x(z) = &1, ¥r(y) = x(y) = & and P(p) = £1.

We want to compute the Galois orbits of the characters ©; and 5. The charac-
ters 1 and s are uniquely determined by 917 = 11 ® ) and Yo = ¢y b, It is

suffices to describe the Galois orbits of

{(W1 @) [ € Ia(x)}

and

{(2 @ ¥8) | vz € Io(x)}
equivalently

{(€1,6,1), (61,61, 1)}
and

{(&1,6,-1), (&, &1, -1},

under the action of Gal(K;/Q), where | = lem(ni,n2), K; = Q(&1,&2) and (z) = &1,
¥(y) = &2, ¥(p) = 1, since r = x. Consider that o € Gal(K;/Q) corresponds to

a € (Z/IZ)*. Tts action on {(&1, &2, 1), (51,551, 1)} given by

{(617 §2a 1)7 (51752_17 1)}a - {(51117 gg? 1)’ (6(117 52—(1’ 1>}

We find the lengths and numbers of such orbits. The length of an orbit is

SO(Z)/‘ StabGal(KﬂQ){(&h &2, 1)7 (517 2_17 1)}|
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As per Lemma 2.5.4, the stabiliser of {(1,&2,1), (51,52_1, 1)} has size 2. Hence the

length of an orbit is
p(1)/2 = p(n2)/2

as in this case ny € {1,2}. For fixed n; and ng, there are ¢(n2)/2 choices for

{(€1,&2,1), (1,61, 1)}, So the number of orbits is

p(n2)/2
p(n2)/2

According to Lemma 2.4.15, the Schur index is one. The Galois orbit of ¥ leads to

= 1.

an irreducible character over Q of degree 2 - p(n2)/2 = p(ns2), as ¥1(1) has degree

2. The contribution to the Galois orbit zeta function is

st_2Z2 p(n2)/2)"~ —22”12 4. ot—s—1

no=3 na=1

Similar to Case 2.

Case(4): Iqg(x)=T

In this case ¥ € Irr(G) cannot restrict to an irreducible character of the abelian

group 1. This means that
9 = Indf(x) = Indf(x”) = Indf(x?) = Indf (x™),d(1) = 4

where x # xP # x9 # xP1. We compute the Galois orbits of ¢, which is uniquely

determined by v = x © xP ® x? & xP?. It suffices to describe the Galois orbits of
{xex"ex!ex™ | x eln(l),Ia(x) =T},
in terms of & and &

{(¢1,8), (&, &N, (7 &), (G &N
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under the action of Gal(K;/Q) = (Z/IZ)*, where | = lem(ng,n2). Consider that

a € Gal(K;/Q) corresponds to a € (Z/IZ)* and its action on

{(61,&), (61,6, (& &), (&1 &)
given by
{(6,&), (6,61, (&7 &), (G &Y = {(€1.69), (61.65Y), (674, 69), (674, &)}

We have to determine all a € (Z/IZ)* such that

{(f?,fg), (5?7£5a)’ (f;avgg)7 (§;a7£5a)} = {(51352)7 (513551)3 (6;1352)7 (5;17551)}a

equivalently

(&1,6) = (61, &)
or (61,€8) = (1.6 )
or (&4,€5) = (&7, &)
or (61,65) = (6,161,

equivalently, we determine all a such that

a=1modl

or a =1modn; and a = —1 mod no
or a=—1mod n; and a = 1 mod ns
or a = —1mod!

The stabiliser in this case is 1 < |Stab{(&1,&2), (61,6 1), (671 &), (675 & D} < 4.
As per Lemma 2.5.4 and using conditions n; > 3,ns > 3, we have

2 if ged(ng,ng) >3

-1 -1 —1 -1 _
[Stab{(61,€2). (61,6 ). (6. €. (6.6 >}\—{4 o

Hence the length of the corresponding orbit is

e(lem(ny,n2))/2 if ged(ni,ng) > 3,
o(lem(ny,n2))/4 if ged(ni,ng) € {1,2}.
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For fixed n1, ng there are p(n1) - ¢(n2)/4 choices for

{(517 52)3 (517 551)7 (6;17 52)3 (5;13 551)}
The total number of orbits is

e(l)/2

e)ea)/d — (ged(ng,ng)) =1 if ged(ng, no) € {1,2}.

{WWW‘ = p(ged(ni, n2))/2  if ged(ny,ng) > 3,
o(D/4

Using Lemma 2.4.15, the Galois orbit of 9 leads to an irreducible character over Q

of degree

{4g0(lcm(n1,n2))/2 = 2p(lem(ny, na)) if ged(ni,na) > 3,
4p(lem(ng, na))/4 = p(lem(ng, na))  if ged(ni, ne) € {1,2}.

The contribution to the Galois orbit zeta function is

wi(s,t) = Y pl9)/2-47(p()/2)"
n1>3,n2>3

g=gcd(n1,m2)>3
I=lem(n1,n2)

+ > e(g) -4 (e(D)/4)"

ni1>3,n2>3
g=ged(n1,n2)€{1,2}
I=lem(ni,n2)

=22 N ) T 4TS o))

n1>3,n22>3 n1>3,n22>3
g=gcd(n1,n2)>3 g=gcd(n1,n2)€{1,2}
I=lem(n1,n2) I=lem(n1,n2)

_ 2t_2_287]1(8, t) + 475—5—1772(8’15)’

where

mis,t)= > elge)"

ni1>3,m2>3
g=gcd(n1,m2)>3
I=lem(n1,n2)

and

m(s,t) = Yoo elge®

ni1>3,n2>3
g=gcd(n1,n2)€{1,2}
I=lem(ni,n2)
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We compute 71 (s, t) and n2(s, t) separately.

mis,t)= > elge)"

n1>3,m2>3
g=gcd(ni,m2)>3
I=lem(n1,n2)

= Y w@e® = D elge®T = Y wlge)

ni,ng>1 ni,ng>1 ni,ng>1
g=gcd(n1,n2)=1 g=gcd(n1,n2)=2
I=lcm(n1,n2) I=lem(ni,n2)

Using the same calculation as in Section 5.3 we get

1-t 1-t 1-t
0 (p—1) 142 (r—1)
—WZ2(37t)_H(1+2 1— pl-t )_1_21—t (1_'—21_7])14

p p#£2

)

Now we compute 12(s, t)

ma(s, t) = > w(g)p()'

ni1>3,m2>3
g=gecd(n1,n2)€{1,2}
I=lem(n1,n2)

= > e DT el

n12>3,n223 n123,n22>3
g=ged(n1,n2)=1 g=gcd(n1,n2)=2
I=lem(ni,n2) I=lecm(ni,n2)

_ 1—t 1—t 1—t
D D 2 U R S () b S ()
ni,n2>1 ni=1,n2>1 n1=2mn2>1

g=gcd(ni,n2)=1 g=gcd(n1,n2)=1 g=gcd(n1,n2)=1
I=lem(ni,n2) I=lcm(ni,n2) I=lcm(ni,n2)
ng is odd
1—t 1—t 1—t
- > () — > o) + > o(l)
ni>1ne=1 ni1>1,no=2 ni,ne>1
g=gcd(ni,n2)=1 g=gcd(ni,n2)=1 g=gcd(ni,n2)=2
I=lem(ni,n2) I=lcm(n1,n2) I=lcm(n1,n2)
n1 is odd
1—t 1—t
- > o) " — > (1)
n1=2,n2>1 n1>1,n2=2
g=gcd(ni,n2)=2 g=gcd(n1,n2)=2
I=lcm(ni,n2) I=lcm(ni,n2)
ng is even n1 is even

Using the same calculation as in Section 5.3 we get

(p _ 1)17t 1+ 217t (p _ l)lft
:H(1+2 l—plft )+ 1_217t (1+21_7W)—4w%(5,t)
p pF£2
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Using m1 (s, t) and n2(s,t) we get

o (p— 1)Lt 1421t
ws (s, t) = 272 28( H1+2 — )= i
p
-1 1-t -1 1—-t 1 +217t
H(1+2( ) ) +4t—8—1 H(1+2<p i_t )+ -
1— 1—p 1-2
p#2 p
(»— 1)“
p#2
— 2t—2—25wQ2 (S,t) —4. 4t—5—1 Q( s, ) + (4t—8—1 _ 2t—2—25)
(p—1"" tms—1 _ ot—2-2sy 1 +21 - (p—-1""
+27 (4t b2 142870

p pF#2

Hence the Galois orbit zeta function of G is

wa(s,1) = wi(s,) + 2 wals, 1) + ws(s, 1)

=16+2-217% wd(s,t) — 2 2075 4 2722500 (5 1) — 4T WP (s, 1)

+ (475—5—1 _ 2t—2—2$) H(l + 2(p — 1)1_t)
1_p1—t
p
1+21 —t (p_l)l—t
t—s—1 t—2—2
e S T2

p#2
=16—2- 2t—8+1 =+ 2t—2—28w22 (8 t) (4t—8—1 _ 2t—2—28)
(- sl ot2-2s 1+ 277 (p—1'"
.H(1+21_p1_t)+(4 s=l—2 3)71_21 - (1+271_p1 -
p p#£2

According to Lemma 2.4.15, the Schur index of G is one. Hence the rational repre-

).

sentation zeta function of G is
(3(s) = wi(s, ) = wi(s,s +1)

=8+27 1. B(s)+ (1~ 218)<H(1 + 2(71’ — ;)_:)

p

5.6 The group p2mg

The group p2myg is give by the presentation

G:<$7y7mat’[xay]:1:t27m2:y,$t:$7$m:$_ Yy =Yy ,m :m_l>'
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The group G consists of a translation group 7', which is generated by = and y. The
quotient group G/T generated by mT and tT is called the point group of G.

We want to compute the Galois orbit zeta function wg(s, t) of G. As before, the
irreducible complex characters of T' corresponding to the representations with finite
image are as follows:

Xk‘l,’nl,k’g,ng T — C*ﬁ
where ny,n2 € N, k1, k2 € N with 1 < k; < n;,ged(k;,n;) =1, and

Xkl;nl,k27n2 (xayb) = 5%1,k1§22,k2 = 627m(k1a/nl+k2b/n2)7

where £n1,k’1 — eQﬂilﬂ/nl’ gnz,kz — e?ﬂ'ikQ/’rLQ.

For simplicity we denote

(X(%),X(y)) = (€2wik1/n17e2nik2/n2) = (57117k17§n2,k2) = (§I7§2>'

The possibilities for inertia groups are

Case(1): If & € {1,—1} and & € {1, —1} then I5(x) = G.
) = (m)T.
)= OT.

(
Case(2): If & € {1,—1} and & ¢ {1,—1} then Ig(x
Case(3): If & ¢ {1,—1} and & € {1,—1} then Ig(x
Case(4): If & ¢ {1,—1} and & ¢ {1, —1} then Ig(x) =

Now consider ¥ € Irr(G). We can cover all possible ¢ by considering the above

four cases.

Case(1): Ig(x)=G

To calculate the linear character of G it is enough to consider the abelinisation
of G.
G/[G,G) = (z,m,t | [x,m] =[x, t] = [m,t] = 1,2 =t =1 =m?)
= (9 x Cy x Cs.
Since I (x)/T is not cyclic, we cannot extend a character of T' to G. We split this

case as

Case(a): (1) =1
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In this case 97 = x = (£1,1), which gives 8 linear characters defined over Q.

The contribution to the Galois orbit zeta function is
wi(s,t)=8-17°.1""=38.

Case(b): 9(1) #1

In this case x = (£1,—1), x does not extend to a linear character of the group
G. We extend the given characters of T' to the subgroup H = (z,y,m) and then

induce to G as shown in the following diagram.

G . ¥ = Ind% (%)
H . X(z) ==£1 X(m) ==+
T . x(z) = +1 x(y) =-1

We get 4 linear characters of ¥ of H, parametrised by
(X(x), x(m)) € {(1,0), (1, =), (=1,1), (=1, =) }.
The character ¥ = Ind%(X) is determined by 97 = ¥ @ X, parametrised by
{10, (L=} {(=1,0), (=1, =0)}.
The Galois orbit has size 1. The contribution to the Galois orbit zeta function is
wo(s,t) =2-275.17"=2.275,

Case(2): Ig(x)=(m)T

In this case we extend the given characters of T to the inertia group and then

induce it to G as shown in the following diagram.

G . Indf,y(%) = Indf 1 (X") Indf,y(€X) = Indf,y 1 (ex’)
Ia(x) = (m)T . X X X' ex'
T . X # X'
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The characters ¥, ex and X', ex' are the extension of y and x! respectively.
We want to compute the Galois orbits of ¥. The character 9 is determined by

Vimyr = X @ X'. The linear characters ¥ and X' of (m)T are parameterised by

(X(z), x(m)) = (€1,6")
and
(X'(2), X' (m)) = (61,6 7).

The character ¥ parameterised by

{(€1,67%), (&, & )

We find the Galois orbits of

{(€1,6/%),€,& )

under the action of Gal(K}/Q), where Kj is the field which contains K, as shown

in the following figure:

an b Q(§17£2) = Q(&Z)

Q . Q(&1)
where fé/ ? is primitive bth roots of unity with b € {na,2n2}. Observe that

p(n2) if ng =1 mod 2
p(b) = —
2p(ng) if ng = 0 mod 2

Consider that o € Gal(K}/Q) corresponds to a € (Z/bZ)* and its action on

{(€1,6%), (€1,6 %)} is given by

{6067, (1.6 7N = (€. 67, (€8, &)

The length of an orbit is

(b)/] Stabaai(r, /oy L (€1,65), (61,65 )}
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Since 55/2 and 551/2 are primitive bth roots of unity with b > 3. Hence

2 if no =1 mod?2

1/2 —1/2\y) _
| Stab{(£1,&,'7), (€1, &5 )}!{2 if ny = 0 mod 2

Hence the lengths of the corresponding orbits are

w(ng)/2 if ng =1 mod 2
2¢0(n2)/2 = p(n2) if ng =0 mod 2

For fixed ny,ny there are p(ny)p(ng) choices for (£1,&2) and 2¢p(n1)e(n2) = 2p(n2)
choices for (51,55/2) gives p(n2) choices for {(51,55/2), (&1, 2_1/2)}. So the total

number of orbits are

©(n2)/2

2n =1 ifny =0mod 2

Hence the contribution to the Galois orbit zeta function is

{W?) — 92 ifng =1mod 2

w3(s,t) =2 Z 2-27%(p(ng)/2) " 4+ 2 Z 1-27%p(ng) 't

nz>3 ng>4
ngo=1 mod 2 no=0 mod 2
_ ot—s+1 —t+1 1— —t+1
=27 > elng) T2 YT p(ng) T
ng>3 ng>4
n2=1 mod 2 no=0 mod 2
— 2t78+1 § @(n2)7t+1 4 2178 E go(n2)7t+1 _ 2t78+1 _ 2178
ng>1 ng>2
n2=1 mod 2 n2=0 mod 2

= (2075 4 2179w (s, 1) — 27521 4 2).

Note: In defining the Galois orbit zeta function we sum over characters, not orbits.

So we used 1 — t in place of —t.

Case(3): Ig(x) =T

Similarly

G e () =GR IdG(eR) = dGy ()
Ia(x) = ()T . X X X"

T . X #x"
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The characters X, ex and X™, ex™ are the extension of y and x™ respectively.
We want to compute the Galois orbits of ¥. The character 9 is determined by

Yiyr = X ® X" The characters X and X" parameterised by

(X(@), X(y), X(1)) = (&1, &2, +1)

and
(X" (2), X (1), X" (1)) = (&1, &9, £&a,)

where X(z) = &, X(y) = & = £1 and X(¢t) = £1. Correspondingly, we have a
Galois action by the Galois group of K,, = Q(&1)/Q. We find the lengths and the

numbers of such orbits. The length of an orbit is

p(n1)/|Stab{ (&1, &2, +1), (6171, &2, £6)}-

2 if& =1

mmﬂ&&im&f@j@m:{lﬁﬁzﬁ

Hence the length of the corresponding orbits is
{vazﬁgzl
e(ny) & =-1
For fixed nj, ngy there are ¢(n1) choices for (£1,&2) and 2¢(ny)) choices for (&1, &2, &3),
& =X € {£1}. So the total number of orbits are
(e

pni) —
sy =1 M2 =2

The contribution to the Galois orbit zeta function is

wils,t) =2 2-27%(p(n1)/2)"F + Y 12 %p(ng) T

ni1=3 n1=3

o0 o0
=273 ) 42 ()
n=3 n=3

0o oo
— ot—s Z Sp(n)ftJrl 49278 Z @(n)ﬂ‘%l _ 9t=2s
n=1 n=1

= (217 4+ 27w (s, 1) — 272

Case(4): Ig(x)=T
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In this case ¥ € Irr(G) cannot restrict to an irreducible character of the abelian

group T'. This means that
9 = Indf (x) = Indf (x") = IndF(x") = IndF (x™), (1) = 4.

We want to compute the Galois orbits of ¢, which is uniquely determined by Jp =

X X" D x @ x™. It suffices to describe the Galois orbits of
xox"ex ox™|xelr(T),lo(x) =T},
in terms of & and &

{(517 52)? (5;13 62)7 (517 551)3 (5;1’ 651)}7

under the action of Gal(K;/Q), where | = lem(ny,n2). Consider that a € Gal(K;|Q)

corresponds to a € (Z/IZ)* and its action on {(&1, &), (ff1»§2)a (517551)» (551,551)}

given by

{(€,€). (71 &). (6, &) (71 &Y = {61, 6). (67,69, (61, &), (&7, &)

We have to find all a such that

{(gllla 5(21)7 (gfav 5(21)’ (étlza f;a)v (£;a7 gga)} = {(fla 52)7 (5;17 52)7 (flv 551)7 (5;17 5;1)}

Equivalently

(&.8) = (6.&)
or (¢41,65) = (&%)
or (61,65) = (&.&7)
or (61,63) = (&61.&7)

By using the same computation as in Section 5.5, we get

2 if ged(ny,ng) >3

-1 -1 —1 ¢—1 _
Stab{(61.€2). (61.6"). (67, €2). (6.6 >}\—{4 o )
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Hence the length of the corresponding orbit is

e(l)/2 if ged(ni,ne) > 3,
e(l)/4 if ged(ng,ng) € {1,2}.

For fixed n1,ng there are p(n1) - p(n2)/4 choices for

{(61,6), (&, &) (T &) (h &)

The total number of orbits is

w(l)/2

% =p(g) =1 if ged(ni,ng) € {1,2}.

The contribution to the Galois orbit zeta function is

{so(fu)sﬂ(nzw =p(9)/2  if ged(ni,n2) > 3,

st = S el)/2 42
n1>3,n2>3
g=gcd(ni,n2)>3
I=lcm(n1,n2)

Y el e

ni1>3,n22>3
g=ged(n1,n2)€{1,2}
I=lem(ni,n2)

R D D 1) 0 R e N SRR () () o

ni1>3,n2>3 n1>3,n2>3
g=gcd(n1,n2)>3 g=gcd(n1,n2)e{1,2}
I=lcm(ni,n2) I=lcm(n1,n2)

— 2t—2—23n1 (t) + 4t_8_1772(t),

where

mt)= D, el@ed)

ni1>3,n2>3
g=gcd(n1,n2)>3
I=lcm(n1,n2)

and

mo(t) = > w(g)e()' .

n1>3,n2>3
g=gcd(n1,n2)e{1,2}
I=lcm(ni,n2)
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We compute 7;(t) and n2(¢) separately.

mity= > elgeD)'

n1>3,m2>3
g=gcd(ni,m2)>3
I=lem(n1,n2)

= Y w@e® = D elge®TT = YT elge)

ni,ng>1 ni,na>1 ni,na>1
g=gcd(n1,n2)=1 g=gcd(n1,n2)=2
I=lcm(ni,n2) I=lem(ni,n2)

Using the same calculation as in Section 5.3 we get

1—t 1—t 1—t
g (p—1) 1+2 (r—1)
=wp(s,t) — [J(1 +2 ) T o L 2T

P DP#2

).
Now we compute 12(t)

ma(t) = > p(g)p()'

n1>3,n2>3
g:ng(nl ,n2)€{1,2}
I=lem(n1,n2)

= > e+ D el

n1>3,m2>3 n1>3,m2>3
g=ged(n1,n2)=1 g=gcd(n1,n2)=2
I=lcm(ni,n2) I=lcm(n1,n2)

_ 1—t 1—t 1—t
D D U R T () B S ()
ni,n2>1 n1=1,n2>1 n1=2,m2>1

g=gcd(n1,n2)=1 g=gcd(ni,n2)=1 g=gcd(n1i,n2)=1
I=lem(ni,n2) I=lcm(ni,n2) I=lcm(ni,n2)
no is odd
1—t 1—t 1—t
= > () - > ()" + > (1)
ni>1lno=1 ni>1lne=2 ni,na>1
g=gcd(ni,n2)=1 g=gcd(n1,n2)=1 g=gcd(ni,n2)=2
I=lcm(n1,n2) I=lecm(ni,n2) I=lcm(n1,n2)
ni is odd
1—t 1—t
- > e(l) " - > o(l)
n1=2mn2>1 ni1>1,n2=2
g=gcd(ni,n2)=2 g=gcd(n1,n2)=2
I=lcm(ni,n2) I=lcm(ni,n2)
ng is even n1 is even

Using the same calculation as in Section 5.3 we get

(p _ 1)1715 1+ 217t (p _ 1)1715
:H(1+2 1— 1_¢ )"‘ 1_21715 (1+2ﬁ)—4w%(8,t)
p p p#2 p
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Using n1(t) and n2(t) we get

L p—1)t 142
WS(Sat) :2t 2 2S<wg2(5’t)_1—[(1+2(1_ z—t )_ 1 — 21—t
p

p
-1 1—t -1 1—t
JIa+ 2(];_ 2_t )) 4 4tmsl <H(1 + 2(]1)_ i_t )
p#2 P P p
142 (p—D"
p7F2
_ 2t72723w22 (S,t) _4. 4157371&)%(8’& + (4t7571 _ 2t72728)
(p—1) Ceol ot_g_pe 1217 (p—1)""
.H(1+271_ )+ (4T 2t 25)71_21% (L4257 —=)-
p p PF2 p

Hence the Galois orbit zeta function is

wa(s,t) = wi(s,t) + wa(s, t) + ws(s,t) + wals, t) + ws(s,t)
=84+ 2-27% 4 (2075 4 2279w (s, 1) — 275(21F 4 2)

+ (270 27w (s, 1) — 2072 4 217200 (s,8) — 44 T WP (s, 1)
(p—D

+ (4t—s—1 - 2t—2—23) H(l +2 - plit )
p

o o 1 +21—t (p_ 1)1—t

+(4t51_2t228)1_21_t (1+21_ l_t)
p#2 P

=842l ol g (32l g 222 5 07w (s, 1)

o el opae (p—D
+2t 2 230)32(5’75)(415 s=1 _ gt—=2 25)H(1+2 1_p17t )

p

o o 1 +21—t (p_ 1)1—t

+(4t5 1_2t2 28)1_21_t (1+21_p1_t )

PF2
5.7 The group p2gg
The group p2gg is given by the presentation
2,2 2 v -1 u

G:<$7y?u7ll}’[l"y}:1:(uv) 7“ ::E,U :y’$ =T 7y :y_1>'

The group G consists of a translation group 7', which is generated by x and y. The

quotient group G /T generated by uT and vT is called the point group of G.
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We want to compute the Galois orbit zeta function wg(s,t) of G. As before,
the irreducible complex characters of T' corresponding to representations with finite
image are as follows:

Xk1,n1,k2,n2 - T —C"
where ny,n9 € N k1, ko € N with 1 < k; < n;, ged(ki,n;) = 1 and

a, b _ 27ri kia/ni1+kab/no
Xkl,n17k2an2 (:E Yy ) - nl,k1£n27k2 ( / / )’

where &, &, = e2miki/m1 Engky = e2mika/na
Consider &,, r, = &1, a primitive nith root of unity and &, r, = &2, a primitive nath

root of unity as the images of = and y.

The possibilities for inertia groups are:

)=G.
) = )T.
) = (WT.

Case(1): If & € {1,—1} and & € {1, —1} then Ig(x
Case(2): If & € {1,~1} and & ¢ {1, —1} then I¢(x
Case(3): If & ¢ {1,—1} and & € {1, 1} then I¢(x
Case(4): If & ¢ {1,—1} and & ¢ {1, —1} then I (x) =

Now consider ¢ € Irr(G) such that ¥p involves y. We can cover all possible 9 by

considering the above four cases.

Case(1): Ig(x)=G

To compute the linear characters of G it is enough to consider the abelianisation

of G.

G/IG,G] = (z,y,u,v | [o,y] = [o,u] = [y,u] = [z,0] = [y, 0] = [u,0] = 1,u* =z,
02 =y,a? = 1= = (wn)?)
= (u,v | ut =0t = (w)? =1)
>~ Oy x Oy
Since Ig(x)/T is not cyclic, we cannot extend a character of T' to G. Consider

V€ Irr(G). As & = & € {1,2}, we split this case as

Case(a): (1) =1
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In this case we have ¥p = x = (£1,+£1), which gives 8 linear characters, 4 of
which are defined over Q and 4 which are defined over Q(¢). The contribution to

the Galois orbit zeta function is
wi(s,t)=4-17°-17"+4.175. 27" =44 4.27",

Case(b): 9(1)#1

In this case
X = (L _1) or (_17 1)

We extend the given characters of T" to subgroup H and then induce it to G as

shown in the following diagram.

G . 9 = nd5 ()
H e Ra) =1 R4(v) £
T e y(@) =1 () = -1

We get 4 linear characters of ¥ of H, parameterised by
(1,+0), (¢, 1).
The character ¥ = Ind%(X) is determined by ¥ = ¥ @ X%, parameterised by
{(1,0), (1, =0)} or {(t, 1), (=, 1)}
The Galois orbit has size 1. The contribution to the Galois orbit zeta function is
wo(s,t) =2-27°.17t=2.27%,

Case(2): Ig(x) = )T
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In this case we extend the characters of T' to inertia group and then induce it to G,

which explained as following

G o Ind%T(f() = Indgw(i{u) Ind<Gv>T(6)?) = Ind<Gv>T(e>?“)
Ie(x) = (T . X € X" ex"
T . X # X"

where ¥ = Ind%T(Q) has 9(1) = 2.
The characters X, ex and X%, ex" are the extensions of y and y* respectively.
We want to compute the Galois orbits of 9. The character 9 is determined by

Vwyr = X © X*. The characters Y and X* are determined by
~ N~ 1/2
(R(@), 2W) = (1.6

(X"(2), X" (v)) = (61,66 ),

where 55/ “isa primitive bth roots of unity. We want to compute the Galois orbit

of ¥, as ¥ determined by ¥,y7 = X © X*. It suffices to describe the Galois orbit of

{(€,6%), (6,667

under the action of Gal(K}/Q), where Kj, is the field that contains K, .

Ky . Q&)

Ky, o Q(&1,&2) = Q(&2)

Q . Q&)

Observe
(b) = p(n2)  if ng is odd
| 2¢(n2) if ng is even
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Consider that o € Gal(K;/Q) corresponds to a € (Z/IZ)* and its action on

{(€1.6/), (61,616, 1/%)} given by
(6,6, (6,68 )y = (&1 &), (&1.616, )}
The length of an orbit is
p(b)/] Stab{(&1,6%), (61,606 )},

We find the stabiliser of { (&1, f%/Q)a (&, 51551/2)}. For this we have two cases: n; = 1
and n; = 2.

Case(a): n; =1

In this case £ = 1 and the stabiliser of {(1,55/2),(1,52_1/2)} has size 2, be-
cause both 5;/ % and & U2 are primitive bth root of unity. Hence the length of the

corresponding orbit is

w(n9)/2 if ng =1 mod 2
20(n2)/2 = p(n2) if ng =0 mod 2

For fixed ny = 1,n9 > 3 there are p(n1)p(n2) = p(n2) choices for (£1,&2) and

w(n1)p(ng) - 2 = 2¢p(ng) choices for (51,5;/2) and gives p(n2) choices for
{(&, ;/2), (§1,§1§2_1/2)}. So the total number of orbits are

©(n2)/2

%3 =1 if ng = 0 mod 2

{ o(n2) =2 ifnyg=1mod?2

Hence the contribution to the Galois orbit zeta function is

wils,t) = Y 2:27%(p(n2)/2) T 4 YT 12 %p(ng) !

ng>3 ng>4
no=1 mod 2 n2=0 mod 2
_ ot— —t+1 — —t+1
=270 N p(ng) T 270 YT p(ng)
ng>3 no>4
no=1 mod 2 no=0 mod 2
— ot—s § : S0(7,L2)—t-|-1 4+ 97 § : w(ng)_tﬂ _ot=s _9=s
ng>1 ng>2
no=1 mod 2 n2=0 mod 2

= (275 + 217w (s, 1) — 275(28 + 1).
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Case(b): n; =2

In this case & = —1 and

2 if no =0 mod 2

Stab{(—1, 1/2’ 1, -1/2 _
| Stab{(=1,&"%), (=1,& ")} 1 ifng=1mod?2

Hence the length of the corresponding orbit is

2¢0(n2)/2 = p(n2) if ng =0 mod 2
©(na) if ng =1 mod 2

For fixed n1 = 2,n9 > 3 there are p(n1)p(n2) = p(n2) choices for (£1,&2) and
w(n1)p(ng) - 2 = 2¢p(ng) choices for (51,55/2) gives p(ng) choices for

{(—1,5;/2), (—1,52_1/2)}. So the total number of orbits is 1. The contribution to
the Galois orbit zeta function is

[e.e] [e.e]
wy(s,t) = Z 1-27% . p(ng)l 7t =275 Z 1-27% p(ng)tt—2.27%

no=3 no=1

= 275w%(s,t) — 2178,

Case(3): Ig(x) = {(u)T

This case is the same as case 2.

Case(4): Igc(x)=T

In this case ¥ € Irr(G) cannot restrict to an irreducible character of the abelian

group 1. This means that
¥ = Ind% (x) = Ind%(x*) = Ind%(x?) = Ind% (x™), where 9(1) = 4.

We want to compute the Galois orbits of ¥/, which are uniquely determined by

Y =x B x“ D x¥ ® x*. It suffices to describe the Galois orbits of
{xex"ex"ex"™ | xehr(l) la(x) =T},

in terms of £; and &»

{(61,&), (61,61, (71 &), (7H &)
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under the action of Gal(K;/Q) = (Z/IZ)*, where | = lem(ng,n2). Consider that

a € Gal(K;/Q) corresponds to a € (Z/IZ)* and its action on

{(61,8), (&,&), (&7 &), (6016

given by

{<€17§2)7 (51752_1)7 (€1_17§2)7 (51—17§2—1)}a = {(5?753)7 (€f7€2_a)7 (§;a755)7 ({1—a7€2—a)}.

‘We have to find all a such that

{(£1,69), (61,65, (67%,68), (674, 65} = {(&1, ), (€1, 61, (675 &), (671 & D))

Equivalently

(€.8) = (6.&)
or (61,65) = (&.&7)
or (61,65) = (&1.6)
or (61,65) = (&6 )

Using the same calculation done in Section 5.6, we get the contribution toward zeta

function, which is

(p _ 1)17t 1+ 217t

ws(s,t) = 207272 (w%(s, t) — H(l +2 1 pit )~ 1 _9l—t
p
(p — 1)1_t t—s—1 (p — 1)1_t
’H(1+21_7pl—t) +47 H<1+21—7pl_t)
p#2 b
142! (p—1)'
+ 1o T+ 28— — 40(s,1)
p#2 b

_ 2t72723w22 (S, t) _4. 4t7371wg(5, t) + (4t7571 _ 22572723)

(p—1) Ceo1 ot_g_pe 1217 (p—1)""
.H(1+21_ H)+(4t81f2“25)1_2H (L4257 — =)
p p PF2 p

104



Hence the Galois orbit zeta function is
wg(s, t) = wi(s,t) +wa(s,t) + 2ws(s,t) + 2wa(s,t) + ws(s,t)

=4+4-27 2270+ (27 4 22w (s, 1) — 270 (21 4 2)

+ 21_5w%(s, t) — 2275 4 2t_2_25w(§2 (s,t) —4- 4t_s_1wg(s, t)

+ (4t7371 - 2t7272s) H(l + 2(]9 - 1)1_t)
p 1— pl—t
o o 1+ 217t (p _ 1)1*7&
+(4tsl_2t225)1_21_t (1+21_ l_t)
p
p#2
=442 =2l 4 (239 g AT R (s 1)
t—2-2s Q t—s—1 _ ot—2-2s (p—D'"
+2 ws (s, 1) (4 2 )[]a +2o — )
P
421 (="
t—s—1 _ ot—2-2

p#2
5.8 The group cm
The group cm is given by the presentation
G=(ryt|le,yl=1=2"=zyy =y

The group G consists of a translation group 7', which is normal in G and generated
by x and y. The quotient group G /T, generated by tT, is the point group of G and
is a cyclic group of order 2.

We want to compute the rational representation zeta function Cg(s) of G. Asin
Section 5.2, the irreducible complex characters of T' corresponding to representations

with finite image are as follows:
Xk1,n1,kang @ T — C,

where ny,ng € N, ki, ko € N with 1 < k; < n;, ged(ki,ni) =1 and

a b 627ri(k1a/n1+k2b/n2)
3

a, by
Xkl,nl,kg,ng (:C ) ) — Sni,k1Sng,ke T
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where &, p, = e2™R/m ¢ o = e2mk2/m2 . Consider &,, 1, = &1, a primitive n;th
root of unity and &, r, = &2, a primitive nath root of unity.
Consider the action of G on Irr(T) given by x9(z) = x(29 ), where x € Irr(T),
g € G,z €T. We need to understand the orbits of x and its stabiliser. The size of
the orbit of x is |G : Ig(x)|- So either Ig(x) = T when t ¢ Ig(x) or Ia(x) = G
when t € Ig(x). In our case I;(x)/T is cyclic and isomorphic to either Cy or 1.
Now consider ¢ € Irr(G) factoring over a finite quotient of G. We can cover all

possible ¢ by considering two cases: (1) = 1 and ¥(1) > 1.

Case(1): ¢ €Irr(G), (1) =1

To compute the linear character of GG, it is enough to consider the abelianisation
of G.
G/[G,G] =7 x 02.

As in Section 5.4, the contribution to the Galois orbit zeta function is
wi(s,t) = ng@(s,t) =2 w%(s, t).

Case(2): ¢ €Irr(G), (1) >1

In this case 9 cannot restrict to an irreducible character of the abelian group T'.

This means that
¢ = Indf(x) = Indf(x")

where x and !, are such that x # x!, i.e Ig(x) =T.

We compute the Galois orbits of the character ¢). We observed that the character
1 is uniquely determined by 17 = x @ x*. So it suffices to describe the Galois orbits
in

{x®x") | x e (D), La(x) = T}

The characters x @ X' are uniquely determined by the set {x, x'}, which in turn is

uniquely determined by {(x(z), x(v)), (x*(z), x!(y))}. Therefore we need to describe
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the orbits in
{x.x'}

under the action of Gal(K;/Q), where | = lem(ny,ny) and K; = Q(e*™/!), the Ith

cyclotomic field. Consider I = [];_, pi* is the prime factorisation of I. Then

T

Gal(K;/Q) = IIGMJ(amm [1@/p;z)

=1 =1

and

((Z/ZZ > HIrr(Z/pelZ) )

The Galois orbit size of the character 1 are

| Gal(K;/Q) : Stabgai(r, /gy 06 x) |

_ o) =TI— ps") if for all a € Gal(K;/Q) : x® # x!
o()/2=TI/_; ¢(pj") if there exists a € Gal(K;/Q) : x* = x*

Consider that a € Gal(K;/Q) corresponds to a € (Z/IZ)*. Its action on

(&1,&), (€1&2,& ") given by

{(61,&), (L162, &N} = {169, (G1&)", &)}

The case Y* = x¢, in terms of & and & is

(r=68& and & =&
X=X = & =¢" 1and§“ =1 [l =mn1,ng | ni]
nglnl—landa—l_Omodlandfg ol gy #1=a%1mod]
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The contribution to the Galois orbit zeta function is

1 — © _
WQ(S,t) _ 5 Z w(l)—s | XGal(@/Q) |—t: 2—1—5 |:Z Z ’ XGal(@/Q) |—t:|

X€Irr(T) =1 xelrr(T)
X' #x X' #x

] (14-2531<Z/pez>”«p2/p62>2\¢xpe>f)

p

<1+1+2 2. 2‘%22@ L) T 1+Z2<p ))

p>2
+2(1+1+2 2.27 +22€ L) 1+ZQ¢ t))
p>2
—2t<1+1+2-1-2t+2261' (271 tHl—FZg& )]
e=3 p>2

=277 H <1 + ij:(p2 =1 ((p ~ 1)pe‘2))
—271" 5<2+4 2” +4Z 2l=t)e~ 1) <1+2§:((p—1)p€1)”>
2 =1

+2717 8<2+4 2" +4Z gttt

p>
00

142 Z 1)p61)”>

)
e Eo-er)
=)

2t18<2+2 2—t+4221 tel

—w*H@+W—mp
p
—2—1—S<—2—4-2—t+ 1 >H<1+2( 1)
1—21-t
p>2
+2t18<—2—4'2t+4 >H<1+2(p—1)“1 >
1_2171‘/ s 1_p17t

e 1 L1
() T (e o)
1-2-t) 10 1—p

_ gl 1-¢_p+1 (1227 (p-1"
=2 8H(1+(p—1) 1_p2_t>_2 8(1_21—'5 };[2 1+21_p1—t

I (125 0)

p>2




According to Lemma 2.4.15, the Schur index of GG is one. Hence the rational repre-

sentation zeta function is

Cg(s) = wg(s, s+1)= wg(s,t) = wi(s,t) + wa(s,t)

= 22(s) + 2710 (%(s) + (2 27) (1 i 28) I1 (1 + 2@_”_5)

1-2-5
_ 2(11+_2;i:’> H (1 n (ﬁ):;)__:>
P
5.9 The group p4
The group p4 is given by the presentation
G=(ryr|lryl=r=1La"=yy =)

The group G consists of a translation group 7', generated by « and y. The quotient
group G /T, generated by rT, is called the point group and is a cyclic group of order
4.

As in Section 5.2, the irreducible complex characters of T' corresponding to repre-

sentations with finite image are as follows:
Xk1,n1,k2,n2 T c,

where ny,n9 € N, k1, ko € N with 1 < k; < n;,ged(k;,n;) = 1 and

b b 2mi(k Kob
Xk1,n1 ka,ma (Y7) = ggl,klfn%;m — e2mi(kra/ni+ks /n2)’

where €n1,k‘1 — 6271'2']61/7741’ £n2,k2 — e?ﬂ'ikQ/’rLQ.

Consider &, r, = &1, a primitive nith root of unity and &, 1, = {2, a primitive

),
where y € Irr(T),g € G,z € T. We need to understand the orbits of x and its

—1

nath root of unity. Consider the action of G on Irr(7T") given by x9(z) = x(z9

stabiliser. In our case |G : T'| = 4. Also we know that |G : I¢(x)| is the size of the

orbit of y.

The possibilities for inertia groups are
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Case(1): If & € {1,—1} and & € {1, —1} then Ig(x) = G.
Case(2): If (&1,&) € {1, -1} or (£1,&) € {—1,1} then Ig(x) = (r>)T.
Case(3): If & ¢ {1,—1} and & ¢ {1, —1} then Ig(x) =T.

Case(1l): Ig(x)=G

To compute the linear character of G, it is enough to consider the abelianisation

of G.
G/|G,G] = Cy x Cs.

The eight one-dimensional complex representations of G/[G,G], give us four Ga-
lois orbits of length 1 representing {(1,1),(—1,1),(1,-1),(—1,—1)} and two Galois
orbits of length 2 representing [{(7,1), (—4,1)}, {(¢, —1), (—%,1)}]. This means 4 irre-
ducible representations of GG over QQ of dimension 1, and 2 irreducible representations

of G over QQ of dimension 2. Hence the Galois orbit zeta function is
wi(s,t) =4+2.271

Case(2): Ig(x) = ()T

In this case Ig(x)/T =2 Cy is cyclic, and we know that x extends to H = (r?)T,
resulting in two irreducible characters: 91,92 € Irr(H). To get the irreducible

characters of G above x, we induce
Y = Ind% (9,) = Ind% (92), (1) =2 for Ig(9) = H,

which is explained in the following diagram

G . 1 = Ind§ (v1) o = Ind§ (92)
IG(X) =H ° oAl @1971“ 19269195
T o X # X"
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We compute the Galois orbits of 1. The characters ¥1 @9 and Yo @ V5 are uniquely
determined by the set {¢1,9]} and {02, 95}. We observe that 1 is uniquely deter-
mined by Y17 = U1 @ Y] and Yoy = ¥ @ 5. So it is suffices to describe the Galois
orbits in

{( @d]) | €lir(H), Ig(x)=H}

and

{(92®93) | 0 € Irx(H), I(x) = H}.
Therefore we need to describe the orbit of
{(1,-1,1), (=1, 1, =1)},
which give us 2 orbits. Hence the Galois orbit zeta function in this case is
wo(s,t) =2-27°.17"=2.27%,

Case(3): Ig(x)=T

In this case 1 cannot restrict to an irreducible character of the abelian group 7.

This means that
¥ =d§(y) = nd§(x") = md$ (x"") = Wmd$ (x"").

We want to compute the Galois orbits of such 1. The characters of ¥ = x ® x" ®
XTZ & XT3 are determined uniquely by the set {x, x", X”Q, X’"3}. It suffices to describe

the Galois orbits in
2 3
{xex"ex” ex") | xelr(T), Ic(x) =T}
In terms of & and & we can consider

{(61,&), (&, &N (&Th &N, (&1 )}

under the action of Gal(Q(&1,&2)/Q). Consider that a € Gal(Q(&1,£2)/Q) corre-

sponds to a € (Z/IZ)*, where | = lcm(n1,n2) and its action on

{(&1, &), (&7, (0h 6N, (61, &)}
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is given by

{(€1.8), (&6, (16N, (& )} = {(6.&)" (L. (61 &) (&1 &)}

We have to determine all a such that

(€1,60) = (¢1,5)
or (&2,&71) = (£1,€3)
or (671,61 = (€1,€)
or (&1,&1) = (¢,49)
equivalently

a=1modn; and a =1modny <= a=1mod!
or & = &7 and a® = 1 mod ny when [ = n; = ns
ora=—-—1modn; and a=—1mod ny <= a=—-—1mod
or =& " and a®> = 1 mod ny when [ = ny = no
Consider different cases

Case(a) : nj #ng, ny >3 o0rng >3

In this case there are precisely two solutions to the above set of conditions
unless [ = 2. These are a = 1 mod n; and a = —1 mod nsy. Hence, under no extra
conditions, there are precisely two solutions that give us a Galois orbit of ¢ and has
size ¢(1)/2. The total number of such orbits are

w(m)@(nz)/w(l) _#lg)

4 2 2

Hence the Galois orbit zeta function in this case is

e(9) = )\ 41
wen= Y Ay @Dy
ni,n2
max{ni,n2}>3
and ni#n2

=277 N (g

ni,n2
max{ni,n2}>3
and ni#na
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here g = ged(n1,n2) and [ = lem(ny, ng).

Case(b) : n; =ng, n1 >3 and nyg >3

For this case we have a2 = —1 mod [. We find a which satisfies a2 = —1 mod I.

For —1 to be a square modulo , either | = 2p{'p§? - - - pi* or | = p{'p3? - - - p;* where
each prime p is congruent to 1 modulo 4. If this is the case then there are 2* choices
for the square root of —1, where k is the number of distinct prime factors of [, and

0 choices for the square root of —1 if 4|l or p|l where p is congruent to 3 modulo 4.

Case(b.1) : n; =ng =1> 3 and 4|l or p|l where p =3 mod 4

When using same computation as in Case(a), specialised to n; = ng =1 > 3, we

get a contribution to the Galois orbit zeta function of

wy(s,t) = Z o) 470 (p(1)/2)

=3
4|l or p|l
with p=3 mod 4

_ olt—2-2s 2—t
=2 > el
=3
4]l or pl|l
with p=3 mod 4

€1,,€2

Case(b.2): ny =ng =12>3and | = 2p{'p5? - - - p* or I = p{*ps? - - p;* where p; =1 mod 4

For this case, fix (&1, &) then & = &8 for a unique b € (Z/I7Z)*
If ¥» # —1mod [, then we have 2 solutions as before, this will be the case for
@(1)(p(1) —2%) choices for (£1,&2). In this case the Galois orbit of size ¢(1)/2, (using

the same argument as before) and the number of orbits are

p()(e(l) — 2k)/90(l) () - 2’9'

4 2 2

The contribution to the Galois orbit zeta function is

_ 9ok
wen= Y P

=3
44l and pfl
for p=1 mod 4

— 9gt—2-2s Z (p(l)th o 2k . (p(l)fl‘%l

=3
44l and pfl
for p=1 mod 4
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If b> = —1 mod I, then we have 4 solutions and this will be the case for the 2¥¢(1)
choices of (£2,&2). In this case, as before, the Galois orbit has size ¢(l)/4 and the

number of such orbits are

P2 o) _

4 4

The contribution to the Galois orbit zeta function is

wols, )= D0 AT (e =2kt S ()

1=3 =3
44l and pfl 441 and pfl
for p=1 mod 4 for p=1 mod 4
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The Galois orbit zeta function of G is

wg(s,t) = wi(s,t) +wals,t) +ws(s,t) +wa(s,t) + ws(s,t) + ws(s,t)

— 4 4 2. 2—t+1 4 9. 2—8 4 2t—2—28 Z S0('g)gp(l)—t-‘r1

n1,n2
max{ni,n2}>3
and ni1#no
+ 9t—2-2s Z gD(l)Q_t + gt—2-2s Z {gﬁ(l)Q_t _ 9ok, gD(Z)—t—l—l}
= 1=
41l or3p|l a1 ang pfl
with p=3 mod 4 for p=1 mod 4

4 2k‘ . 4t—8—1 Z gp(l)—t-f'l

=3
44l and pfl
for p=1 mod 4

— 4 4 2. 2—t+1 + 21—8 + 2t—2—28 Z S0(9)()0(l>—t+1

ni,n2
max{ni,n2}>3
and ni#ng
—2-2 2— —2-2 2—
D DR (e R D DI (e
=3 1=3
4|l or p|l 44 and pfl
with p=3 mod 4 for p=1 mod 4

4 (4t7871 _ 2t72725) Z 2k . go(l)*t+l

=3
441 and pfl
for p=1 mod 4

3]
—4 4 9. 2—t+l + 21—5 + 2t—2—28 Z SO(Q)()O(l)—t'f‘]. o 2t—1—25
ni,no2=1
oo oo
+ 9t—2-2s Z So(l)th _ 9t—2-2s Z ()O(Z)th + gt—2—2s
=1 =1
441 or pfl
with p=3 mod 4
00 9]
Z S0(l)277t _ gt—1-2s + (4t7175 - 2t72725) Z QkSD(l)ftJrl
4l b 441 bl
for p=1 mod 4 for p=1 mod 4

. 2k+1 (4t—1—s _ 2t—2—23)
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Using the same calculation as in Section 5.3, we get

wg(s,t) — 4 + 9. 2—t+1 + 21—5 _ 2t—28 _ 2]€+1(4t—8—1 _ 2t—1—25)

t—2-2s 1t p+1 t—2—2s (p—1

_ gt—2-2s H (1+ (p— 1)2_t) 4 gt—2-2s H (1+ (P: 1)2_t)

1— p27t

)2715

p=3 mod 4 p=1 mod 4

+ 2kz(4t—s—1 o 2t—2—25) H (1 + 2(]? — 1)78)
1—p=s "
p=1 mod 4

According to Lemma 2.4.15, the Schur index of G is one. Hence the rational repre-

sentation zeta function is

Cg(s) = wg(s, s+1)

- - 11— _s p+1
=442 -2F@-2 ) 427 [0+ (- 1) 51_7]31_5)
p
—1- (-1 —1- (p—1'
+2 SH(1+ i ) —2717s H (1+ 1_p1—s)
p p=3 mod 4
—1- (p—1' k - (p—1)7°
p=1 mod 4 p=1 mod 4

=442 -2k 27 427150 () + 2710 (R (s — 1)

_og—l-s H (1+ M) ) H (1+ %)

_ pl— —
p=3 mod 4 1 P p=1 mod 4 1 p
k - (p—1)°
+2q2-27%) ] (1+21_7p_s).
p=1 mod 4
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Chapter 6

Generalisations of the infinite
dihedral group

We have computed the rational representation zeta functions of finitely generated
abelian groups and crystallographic groups of dimensions one and two. We con-
clude this thesis by computing the rational representation zeta functions of natural
generalisations of the infinite dihedral group. We also collect some questions to be
answered by future research in the area of the rational representation zeta functions

of crystallographic groups.
6.1 Natural generalisations of the infinite dihedral group

We consider the group G =2 Z% x C5 given by the presentation
G = (z1,22,...,2q,7 | [x5, 2] =1 = r? xl = xi_l for all i # j).

The group G contains a subgroup 7', which is normal in G and generated by
{z1,29,...,24}. The quotient group G/T, generated by rT, is a cyclic group of
order 2.

We want to compute the rational representation zeta function Cg(s) of G. We use
a similar strategy as in Section 5.2 of Chapter 5. As in Section 5.2, the irreducible
complex characters of T' corresponding to representations with finite image are as

follows:

. *
X(k1,k’z,...,kl),(nl,ng,...,nl) * T (C Y
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where n; € N, k; € N with 1 < k; < n;,ged(k;,n;) =1 and
d d
X (ks deon ) (a2 ) < H X;l;‘) _ H§ij] _ 2miY k‘jaj/nj,
j=1 j=1
where &, ;= e?™ki/mi and j € {1,2,...,d}.
Indeed, since T' is abelian, each character is obtained by choosing primitive n;th
roots of unity &, k; = e2miki/n; — &; as the images of the generators x;. Note that
all these characters are one-dimensional.
Consider the action of G on Irr(T) given by x9(z) = x(x9 '), where y € Irr(T),
g € G and x € T. We need to understand the orbit of x and its stabiliser. The

stabiliser is called the inertia group and is defined as

Ia(x) ={9€G|x?=x}.

Since Ig(x) is the stabiliser of y in the action of G on Irr(T), it follows that it is a
subgroup of G and

T ClIa(x) CG.

In our case |G : T| = 2. The size of the orbit of x is |G : I¢(x)| . So either Ig(x) =T
when r ¢ Ig(x), or Ig(x) = G when r € Ig(x). Correspondingly, I (x)/T is cyclic
and isomorphic to either Cs or 1.

Now consider ¢ € Irr(G) factoring over a finite quotient of G. We can cover all

possible ¥ by considering two cases: (1) =1 and ¥ (1) > 1.

Case(l): ¢ € Ir(G) with ¢(1) =1

To calculate the linear characters of G it is enough to consider the abelianisation of

G:
G/[G,G) = (x1,29, ..., xq,7 | [xi,7] = [75,2j] = 1,27 = r* =1 for all i # j)

gCQXCQX"'XCQXCQ.

d factors
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This means that there are 27+! linear characters of G. Observe that, since G/[G, G|
has exponent 2, the corresponding representations are all defined over Q. Thus we

2d+1

obtain one-dimensional irreducible characters over Q. The contribution to the

zeta function is

m(s,t) =2-2%

Case(2): o € Irr(G) with ¥(1) > 1

In this case ¥ cannot restrict to an irreducible character of the abelian group 7.

This means that

¢ =Ind{(x) = IndZ(x"),

— T
Where X = X(kl,kg,...,kd),(n1,ng,...,nd) and X = X(nl7k1,n27k2,...,nd7k’d),(n1,ng,...,nd) are

such that x # x", i.e Ig(x) =T.
We want to compute the Galois orbits of such . We observe that v is uniquely

determined by ¥ = x @ x". So it suffices to describe the Galois orbits in

{xex") | x € e(T), Ic(x) =T}

The character x @ x" is uniquely determined by the set {x, x"}, parameterised by

{(51;527 cee 7€d)7 (61—17€2—1’ s 7§Jl)}7

where ¢; primitive n;th roots of unity and max{ni,ns,...,ngs} > 3. Therefore we

need to describe the Galois orbits of such two-elements sets

{(517527 v 7§d)a (gflaégla <. 7§d_1)}

under the action of Gal(K;/Q), where | = lem(ny, ng, ..., ng) and K; = Q(&1, &2, . .., &q)-
The Galois group satisfies Gal(K; | Q) = (Z/IZ)*. Consider that o € Gal(K;/Q)
corresponds to a € (Z/IZ)*. Its action on {(gl,gg,...,gd),(g;l,gl,...,gl)} is

given by

(6,8, &), (16N g ={(&. &, &) (0% 6, ... M)}
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We find the lengths and the numbers of such orbits. Since | Gal(K;/Q)| = [(Z/IZ)*| =

©(l), the length of an orbit is

SO(Z)/| Sta‘bGal(Kl/Q){(£17£2) s 75(1)7 (61_1752_17 s )gd_l)}‘

We have to determine all a € (Z/IZ)* such that

(5(117537 cee 753) = (§17€27 v 7§d)
or (§0,85,....6D) = (& & &

equivalently
a=1mod!
or a = —1mod,
where [ = lem(nqy,ng,...,nq). Since max{ni,ng,...,nqg} > 2, clearly the stabiliser
of

{(61,62,. .., &), (&7, &, ... €71} has size 2. Hence the length of an orbit is

©(1)/2. Moreover the total number of such orbits for fixed (nq,ne,...,ng) is

p(n1)p(nz) - - w(nd)/w(l)
2 2’

because there are

p(n)p(n2) - - - p(na)
2

possible choices for {(&1,&2,...,&4), (51_1,52_1, ... ,4551)}. Every ¢ € Irr(G) corre-

sponds to ¥y = x @ X", and thus to {(€1,&, -, &), (676 .-, &5 1)}, and has

(1) = 2. Its Galois orbit has length ¢(1)/2, where | = lem(ng, na, ..., ng).
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Thus the overall contribution to the Galois orbit zeta function is

o0

na(s,1) = Z go(n1)s0(n22) o p(na) 95 . (go(lcm(nl,gg, e ,nd)))ft

ni,n2,...,ng=1
max{ni,n2,...,nq}>3

o0

- 2f—5—1< Z

ni,n2,...,ng=1

o(n1)p(ng) - - p(ng) - e(lem(ny,na, ..., ng)) " — 2d>

[e.9]

=270 N p(m)e(ng) - p(ng) - p(lem(ng, na, ... ng)) !

n1,n2,...,ng=1
_ gd+t—s—1

_ 2t—s—1n3(t) _ 2d+t—s—1’

where

e}

mst) = > p(n)e(ng) - @(ng) - p(lem(ny, ng, ..., na)) "

ni,ng,...,ng=1

Now we compute n3(t) as an Euler product over all primes p:

o)

mt)= Y eln)e(nz) - p(na) - pllem(ng, ng, ... ,nqg) ™"

ni,ng,...,ng=1

H( > w(p“)w(p”)“-w(ped)-s0(pmaX{el’”"“’ed})_t>

e1,e2,...,q=0

d [e'S)

d max -
=11 (1 +> <d ) Yo e@M)e) - pptio) - p(pr i edat) t)
P d(]:l 0 fl,fQ,.‘.7fd0:1
d oo
d do—t fit+fate+f max{ f1,f2,... d, }—t
o (E o G T e S R ]
p do=1 f1:f25-fay=0

Here the third equality is obtained as follows.
For ey = e3 = -+ = ¢4 = 0, we obtain a summand 1. The other summands we

arrange according to #{i | eq # 0}; we call this parameter dy € {1,2,...,d}. There

are (CZ)) ways of choosing a dp-element index subset of {1,2,...,d}. Suppose this
is {i1,12,...,44,}- Then the sum over all parameters f1 = e;,, fa = €iyy. .-, fdy =
€y, > 1 and e; =0 for j ¢ {i1,i2,...,14,} contributes
(e e]
S M) e@?) - ppfh) - p(pratinfe sl by,
J1,025 5 fag=1
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Hence

d o
B d - ces
mas,t) =27 ] <1 2 <d0> (p—p=t Y pltRrte
p

do=1 Jf2, 0 fag=0
. (pmax{f17f27~~~7fd()})_t) — 2d+t_5_1
Hence the Galois orbit zeta function is
w(s,t) =ni(s,t) +na(s,t)

el £ (o

do=1
o0
Z pf1+f2+-"+fd0 . (pmax{fl,f%m,fdo})t) — gdtt=s—1
f1,f25-.faq=0
where
o0
Z pf1+f2+"'+fd0 . (pmax{f17f27---7fd0})_t
f17f27"'7fd0:0

m—1 di-k 6t
Z do Z Z dy H ( 17 2j=1%
=1 < > < > _ = '
di=1 i sisemen 0L 02 0m ) (1 p(B=R g 8

such that
d1+024-+om=d1

The last equality is satisfied as follows.

Similar to the computation of 13, we introduce a parameter d; € {1,2,...,dp} to
work out the partial sum corresponding to f1, f2,..., fa, > 1 and fg,41,..., fa, =
0. Furthermore we subdivide the sum according to parameters d1,do, ..., 0, with

01+02+- - -+, = di. These parameters are to record to what extent the parameters
f1, fa, ..., fa, are equal. The index set I = {1,2,...,d;} can be partitioned into
disjoint union I = I; Ul U--- U I, of subsets I; of prescribed sizes | I; |= J; in
( 51, 5;51”7 5m) ways. The contribution

m—1 p(dl_z;?:l 8;)—t

"o (1— p(d172§:1 %)=ty

account for all f1, fa,..., fq, such that

1. for each j € {1,2,...,m}, f; is constant, equal to Fj, for i € I;;
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2. 1<Fi< k<< F,.

Note: According to Lemma 2.4.15, the Schur index of every character of G is one,
hence

Cg(s) = wg(s, s+1).
6.2 Examples

1.d=1

In this case the Galois orbit zeta function is

w(s,t) =4+ gt—s—1 H <1 +(p— 1)1—t pr(l—t)> _gt—s
p

= 4420 1;[ <1 + 7(117 — ;2:) — gt
=425 ¢ 2t_5_1w%(s, t).
Since, the Schur indices are one,
(&) =wls,s +1) = 2+ GF(s).
This confirms the direct computation in Section 4.1.2.

2. d=2
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In this case the Galois orbit zeta function is

wis,t) =8+27 ] (1 +2(p -1y p/0Y
p f=0

00
+ (p . 1)27t Z pf1+f2 (pmax{fl,fQ})t> - 2tfs+1

f1,f2=0
-1 1—t
=842 '] (1 + 2(’1) — pz_t +(p—1)""
p
1t 2t 2t 1t
<1 +2 £ it E 5 T2 ]ift P 21 )) — 27t
1—p 1-p (1=p'H)(1 —p*")
. 1)1_t 1 +p1—t
— g ot—s1 1 2(1)7 _1)2-t
i 1;[ ( TR T =1 (1=p" ) (1 -p>)
_ 2t—8+1
. _ 2 (p—1D(A+p')
:8 2t s—1 1 _ 1 1—t
i 1;[ ( R S R S ey
_ 2t78+1
_ t—s—1 1-t p+1 t—s+1
=8+ 27" 1;[(14—(17—1) 1p2t>_2 s

=82 2l (5, 1)
Again, the Schur indices are equal to one. Hence
Ca(s) = wg(s, s +1) =4+ (h(s).
This confirms the direct computation in Section 5.2.

6.3 Open problems

In this section we have formulated some questions to be answered by future research.

The group pm and pg are given by the presentations

pm = (zy,m|[z,yl=m?=12" =z,y" =y ),

pg = <$7y7t| [$,y]:1,t2:y,$t:$_1>.

As shown in Section 5.3, we computed the rational representation zeta function
of the group pm, and in Section 5.4 we computed the rational representation zeta

function of the group pg. A problem then arises:
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Problem 6.3.1. Find natural generalisations of the groups pm and pg and compute
the corresponding rational representation zeta functions.
In Section 5.6, we computed the Galois orbit zeta function of the group p2mg.

The presentation of p2mg is given by

The Galois orbit zeta function does not directly give the rational representation zeta
function of the group G of type p2mg. A natural problem arises:
Problem 6.3.2. Compute the rational representation zeta function of the group G
of type p2mg.

Similarly, in Section 5.7, we computed the Galois orbit zeta function of the group

p2gg. The presentation of p2gg is given by

G = (z,y,u,v|[z,y=1= (uv)27u2 =z, 0° = y, ¥ = mfl,y“ = yil).

The Galois orbit zeta function does not directly give the rational representation zeta
function of the group G of type p2gg. Again, a problem arises:

Problem 6.3.3. Compute the rational representation zeta function of the group G
of type p2gg.
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