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Abstract: We consider Schrodinger operators on compact and non-compact (finite) metric graphs. For such operators
we analyse their spectra, prove that their resolvents can be represented as integral operators and introduce trace-class
regularisations of the resolvents. Our main result is a complete asymptotic expansion of the trace of the (regularised)
heat-semigroup generated by the Schrodinger operator. We also determine the leading coefficients in the expansion
explicitly.
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1 Introduction

A quantum graph is a metric graph with a differential operator acting on functions defined on the edges of the
graph. (Although one may also consider infinite networks, in the following we shall always focus on graphs with
finitely many edges and vertices.) Often the quantum graph operator is taken to be a Laplacian, —A. More
generally, however, Schrodinger operators of the form H = —A + V with a potential V' defined on the edges
are of interest. Quantum graph models are used in many applications where a one-dimensional (wave-) motion
in a structure with non-trivial connectivity is studied, see [GS06, EKK+08] for reviews. They are also used as
models in quantum chaos [KS99b] and bear many similarities with problems in spectral geometry. In the latter
area heat-trace asymptotics are an important tool to gain geometric and topological information on a manifold
from the spectral data of a suitable operator. The same is achieved in quantum graph models using Laplace
operators.

Spectral properties of quantum graph Laplacians are well understood. This is mainly due to the fact that
exact trace formulae exist [Rot84, KS99b, KPS07, BE09]. They express spectral functions of the Laplacian in
terms of a sum over periodic walks on the graph. Often the spectral function will be the trace of the heat-
semigroup, so that the trace formula implies a complete asymptotic expansion for the heat trace as well as an
exponential bound for the remainder.

The spectral information available for Schrédinger operators H = —A + V on graphs is less detailed. This
can be seen from the fact that a trace formula for H is only known for spectral functions supported away from
low eigenvalues [RS12]. The determination of the contribution of low eigenvalues is complicated by the fact that
the potential may lead to trapped orbits, corresponding to resonances of H. Therefore, independent studies
of heat-trace asymptotics will complement the spectral information for Schrédinger operators on graphs. Such
heat-kernel expansions were first determined in [Ruel2] for Schrédinger operators on compact graphs under
certain (rather stringent) conditions on the behaviour of the potential in the vertices. The method used in
[Ruel?] is based on a parametrix construction for the heat-semigroup, which requires sufficient regularity of the
symbol of H in the singular points of the graph (i.e., the vertices).

In this paper we generalise the results of [Ruel2] in two major ways: We drop the conditions on the behaviour
of the potential in the vertices and we allow for external edges, turning the graph into a non-compact graph.
This is possible since our approach does not rely on parametrices but rather uses resolvent kernels very much in
the spirit of [KS06, KPS07], where the standard Laplacian is considered. We also allow for general, self-adjoint
boundary conditions in the vertices, while in [Ruel2] only the case of Kirchhoff conditions was considered.

The paper is organised as follows: In Section 2 we review the construction of quantum graphs. The following
Section 3 is devoted to an analysis of the point spectrum of H and the associated eigenfunctions. Here we
introduce a secular equation that allows to characterise eigenvalues. The secular equation involves a matrix
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& (k) that encodes the boundary conditions in the vertices. In Section 4 we represent the resolvent of H as an
integral operator and express its kernel in terms of G (k). We also introduce a regularisation of the resolvent that
in the case of a non-compact graph leads to a trace-class operator. Asymptotic expansions of the matrix & (k) are
developed in Section 5, and further asymptotic expansions are performed in Section 6. A complete asymptotic
expansion for the trace of the regularised resolvent is proven in Section 7. The result is presented in Theorem 7.3.
Our main result is contained in Section 8. In Theorem 8.2 we prove a complete asymptotic expansion for the
trace of a regularised heat-semigroup generated by a Schrodinger operator on a general (non-compact) metric
graph.

2 Quantum graphs

A metric graph T is a finite, connected, combinatorial graph with a metric structure. It consists of a finite set V
of vertices and a finite set £ = iy U Eex Of edges. Edges e € £ are either internal, e € &y, or external, e € Eqy.
Internal edges link two vertices, which are identified with the edge ends, and external edges are connected to a
single vertex. We set U := |V|, Eint := |Eint], Fox := |Eex| and F := Fox + 2Ei,:. When an edge end is connected
to a vertex we say that the edge e is adjacent to the vertex v, denoted as e ~ v. The number of edges adjacent
to a vertex v is its degree d,,. Tadpoles, i.e., internal edges that are only adjacent to a single vertex, are allowed.
However, this case will later become irrelevant when we introduce additional vertices.

A metric structure is defined by assigning intervals to edges. Each internal edge e € &, is assigned an
interval I, = [0,[.] of finite length [., whereas each external edge is assigned a half-infinite interval I, = [0, 00).

For convenience we then sometimes write I = co. We also introduce the vector I := (I1,...,Ip,, )T € R¥™ of
(finite) edge lengths. The volume L of the interior part of the metric graph is £:= Y I.. Given two points
e€Eint

xz,y on I', a path from x to y is a succession of edges, connected in vertices, such that x is on the initial edge
and y is on the final edge. The distance d(x,y) of the points is the minimum of the lengths of all paths from z
to y.
Functions on I" are collections of functions on the intervals associated with edges, so that we can introduce
the quantum graph Hilbert space
L*(I) = P L*(0,1.). (2.1)

ecé&

Similarly, other function spaces such as Sobolev spaces H™(I") and spaces of smooth functions are defined. A
Schrédinger operator is a linear operator on a dense domain D C L2(T'), acting on a function on edge e as

(Hw)e = —7/)2/ + Ve¢e~ (22)

Here ¢/, (z) = ddlie (z), z € (0,1¢), and

Ve € C(0,1.), €€ &nt, or V.eCiPl0,00), €€ Eex, (2.3)

is a potential on the edge e, where the second requirement means that the potential has a compact support on
an external edge but need not vanish at the vertex. Hence,

H=-A+V, (2.4)

where V is to be understood as a diagonal matrix with entries V, as in (2.3) on the diagonal.

In order to determine domains of self-adjointness for the Schrédinger operator H the Laplacian —A has
to be realised as a self-adjoint operator on a suitable domain D. Then H will be self-adjoint on the same
domain. Classifications of self-adjoint realisations of the Laplacian are well known [KS99a, Kuc04]. They require
boundary values of functions and their (inward) derivatives,

= ({£e(0)}ece,. » {¥e(0)}oce,, - {0 (1)} ece,,) € CF,

(4
) (2.5)
E/ = ({¢é(0)}e€5ex 4 {’(’bé(o)}eegim ’ {_¢é (le)}ee&m) € (CE’

which are well defined for ¢ € H?(T"). Following [Kuc04], a parametrisation of self-adjoint realisations can be
achieved in terms of orthogonal projectors P on C¥ and self-adjoint maps L on C¥ satisfying P-LP+ = L:
Every self-adjoint realisation of the Laplacian has a unique representation of the form

D(P,L) = {y € H*(T); (P+ L)Y+ Py =0}. (2.6)
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The boundary conditions imposed on functions in D(P, L) via (2.6) do not necessarily reflect the connectivity
of the graph. This will only be the case if

P=PPr, and L=EPL, (2.7)

veY veV

in such a way that P,, L, act on the space C% of boundary values related to the d, edge ends adjacent to v. We
call such boundary conditions local. The focus on local boundary conditions becomes important in the Sections
7 and 8 where we derive the first two leading contributions of the resolvent kernel and the heat kernel for two
points that are distinct on I but possess zero distance (ends of different edges connected in a vertex).

Examples of local boundary conditions would be Kirchhoff (or standard) conditions. Introducing coordinates
such that v corresponds to = 0 on every edge adjacent to v, this means ¥.(0) = 1. (0) if e, €’ are both adjacent
to v, and

> wl0)=0. (2.8)

e€éf,

e~v

Notice that a vertex v with degree d,, = 2 and with Kirchhoff conditions (2.8) can be removed since the functions
and their derivatives are continuous across the vertex.

The same fact can be used to add vertices of degree two with Kirchhoff conditions without changing the
operator H. This allows us to make a few simplifying assumptions without losing generality: We first exclude
potentials on external edges. When e € & with non-vanishing V. € C§°(0,00) we add a vertex v of degree
d, = 2 on e outside of the support of V.. Secondly, we remove tadpoles by introducing an additional vertex on
that edge. This procedure may change the underlying graph, but not the operator H.

The above conventions allow us to denote the boundary values of edge-potentials as V.(v) when e ~ v.
Furthermore, the outward derivative of V, at v is denoted as V'(v)., i.e., either V' (v), = V/(0) or V'(v), =
—V!/(l.), depending on which edge end is adjacent to v.

3 Eigenvalues and eigenfunctions

An eigenfunction of the Schrodinger operator H is a function ¢ = {¢.}ecs € D(P, L) such that there exists
A € R with
Hp = Xp. (3.1)

It is convenient to set A = k? with k € C. Self-adjointness of H then implies that either k¥ € R, when A > 0, or
k =ik with k € R, when \ < 0.

On an external edge e € &, where V., = 0, a fundamental system of solutions is given by the functions e
and e~"*% when k? # 0. The condition ¢ € L%(T') then implies for k € R (i.e., A > 0) that the eigenfunction ¢
has to vanish on external edges. When A < 0 only one of the functions is permitted, depending on the sign of
Im k. We here always choose

ikx

e(x) = cee™, Imk>0, ¢ cC. (3.2)
On an internal edge e € &y the equation implied by (3.1) reads
_<p/e/ + Vve‘pe - k2306 = O, (33)

where k € C such that k? = X. We shall need a certain type of fundamental solutions on the internal edges.
Below two more specific classes will be used in (3.21) and in Lemma 5.1.

Definition 3.1. A pair {ul(k;-),u; (k;)} of functions in C*°(I.) is said to be a system of admissible
fundamental solutions on an internal edge e € Eng, if the functions ut(k;z) are solutions of the equation (3.3),
are analytic in k € Ss, where

Ssi={2eC; 0<|z] <oo, larg(=2)| >4}, (3.4)

for some (small) 6 > 0 and satisfy the condition

ud (kyx) = ug (k; ), (3.5)

for all k € Ss. We also fiz the normalisation u} (k;0) = 1 = u_ (k;0).
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Remark 3.1. Set )
wt (ks z) = re(k; ) eife (ko) (3.6)

with smooth, real-valued functions re(k;-) and ¢.(k;-), such that ro(k;-) is non-negative. Then
u, (k;x) = re(k; x) eive (ki) (3.7)
If k is real, the Wronskian of this fundamental system takes the form
We(k) = uj/(k;x)u;(k;m) —ul (k; x)ugl(k; z) = 2ip,’ (k; x) re(k; x)2. (3.8)

This relation, in particular, implies that u(k;x) # 0 and v (k;x) #0 for all k € R and all © € I,. As the
functions uF (k;-) are analytic in k € Ss, this also implies that they, and their derivatives, are non-zero for all
x € I, with k in a neighbourhood of the positive half-line.

Note that these conditions do not uniquely determine a system of admissible fundamental solutions.
Examples of admissible fundamental solutions can be found in [Fed93] as well as in [PT87]. In the former
case the functions possess asymptotic expansions in k, a fact that we shall use below.

In order to characterise eigenvalues and eigenfunctions (3.1) of H we follow the method devised in [KS06]. For
this we need to introduce the following matrices, using any (fixed) system of admissible fundamental solutions.

1 0 0
Xkl):=10 1 1 ,
0 wuy(k;l) u_(k;l
+(k: 1) u_ (k1) (3.9)
ikl 0 0
Y (k;l) := 0  u/, (k0) u' (k0) |,
0 —ul (k1) —u (k1)
where uy (k; ) are diagonal Ei, x Ei, matrices with diagonal entries uF (k; z.). We then define
Z(k; P,L,l) := (P + L)X (k;1) + P1Y (k; 1), (3.10)

which can be used to set up a characteristic equation.

Lemma 3.1. Let k? # 0 be an eigenvalue of the Schrédinger operator H. Then one can choose k € S5, and for
this choice
det Z(k; P,L,1) = 0. (3.11)

Furthermore, the pure point spectrum o,,(H) of H consists of eigenvalues of finite multiplicities, bounded by E,
and has no finite accumulation point.

Proof. The proof follows [KS06]. For every k € S5 and every e € &y the functions u} (k;-) and u_ (k;-) that
are used to define Z form a complete system of solutions for (3.3). Moreover, one can choose ¢ such that every
eigenvalue k2 # 0 has a root k € S, and either k € R or k is of the form k = ik, k > 0. Together with (3.2) this

implies that an eigenfunction (3.1) can be represented as

ikx e c €eXx :;.12
Ye€ Pl g X
(x) { eue (ky x) /Beue (k1 1")7 e € glnt ( )

where g, ¢, 7. are complex coefficients. The boundary condition implied by (2.6) can be rearranged to yield

¥
Z(P,LY) | o | =0, (3.13)

B

where o, 3,~ are vectors with entries ae, Be, Ve, respectively. Hence, every eigenvalue k2 of H leads to a zero of
det Z(k; P, L, 1).

Conversely, every zero of det Z(k; P, L,1) is associated with a non-trivial solution vector e, 3, ~, from which
a function (3.12) can be constructed that is in C°°(T") and satisfies the vertex conditions. If k = ik, k > 0, this
function is in L?(T") and thus is an eigenfunction of H, corresponding to the eigenvalue k% < 0. When k2 > 0,
however, the function (3.12) is in L?(T), iff ¥ = 0. Thus the multiplicities of the eigenvalues are bounded by E.

Due to the assumptions made in Definition 3.1 the matrix entries of Z(k; P, L,1) are analytic in k € S,
hence the same holds for det Z(k). Since det Z (k) is not identically zero, its zeros in Ss form a countable set and
do not have an accumulation point in Ss. Hence the set of non-zero eigenvalues is countable and has no finite,
non-zero accumulation point.
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We denote the countable subset of k € Ss for which Z(k; P, L,1) is not invertible as
Yz :={k € Ss; det Z(k; P, L,1) = 0}. (3.14)

Using this notation, Lemma 3.1 states that o,,(H) C {k? € R; k€ X2} U {0}.
In the case of the Laplacian one often uses an alternative characteristic equation for its eigenvalues involving
an G-matrix, see [KS99b, KS06]. For a Schrodinger operator we now define an analogous quantity,

— -1
S(k:P,L) = — (P+L+PL (k)) (P+ L+ PLD(k)), (3.15)
for k € S5, where
D(k) == Ry(k; 1) Ry (k; 1), (3.16)
with
1 0 0
Ri(k;hy:=( 0 1 0 ,
0 0 ws(k:l
+(k:1) (3.17)
—ikl 0 0
Ro(k;l) = 0 v (k;0) 0
0 0~ (k)

When the boundary conditions are local in the sense of (2.7) the G-matrix decomposes as

&(k; P, L) = P &, (k; P, L). (3.18)
veY
We also set
0 0 0
Tk;l):=1 0 0 u_ (k)= |. (3.19)

We can now rewrite the expression (3.10) as follows

Z(k; P,L,1) = (P + L) (1 + T(k; 1)) Ry (k; 1)

+ Pt <R2(k;l) Ri(k;1) ' + Ra(k; l)Rl(k;l)lT(k;l)> Ri(k;1)
. (3.20)

(p + L+ PLD(k) + (P + L+ P-D(k)) T(k; z)) Ri(k;1)

(P + L+ Pt (k:)) (1 — &(k; P, L)T(k; 1)) Ry (k3 1),

where we used (3.5).

We remark that in contrast to the case of the Laplacian covered in [KS06], neither of the matrices (3.15)
and (3.19) are, in general, unitary when k& € R. However, choosing a particular system of admissible fundamental
solutions uF (k;-) we can construct a matrix U (k) that is unitary for & € R such that the positive eigenvalues of
H correspond to the zeros of det(1 — U(k)). For this purpose we choose fundamental solutions on the internal

edges that satisfy
ul' (k;0) = ik, uy'(k;0) = —ik, (3.21)

and hence W, (k) = 2ik. Such a pair of fundamental solutions can be easily generated from the one in [PT87]
through a linear combination. Using these fundamental solutions we define

U(k) := R(k)"*&(k; P, L)T (k; 1) R(k), (3.22)
with
1 0 0
REky=[0 1 0 . (3.23)
0 0 »(kl

Here 7(k;1) is an invertible, diagonal matrix with entries r.(k;l.) # 0 on the diagonal, see Remark 3.1.
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Lemma 3.2. The matriz U(k) is unitary for k € R.
Proof. Let k € R, then

0 0 0
RE)'T(k;DRMK)=[ 0 0  elokd (3.24)
0 el®kd) 0

is unitary. Here e ®*) is a diagonal matrix with diagonal entries e'?e(¥¥) see Remark 3.1. Furthermore, it
follows from (3.15) that

R(k) & (ks P, L)R(k) = ~ (P + L)R(K) + P*D(R)R(K)) -

(3.25)
((P+ L)R(k) + P*D(k)R(k)) .
Moreover,
—ik 0 0
Dk)y=[ 0 —ik 0 , (3.26)

0 0 —r(kDr(k;l)™ " —ikr(k;l)2
where we used the expression for the Wronskian in Remark 3.1 and the fact that W.(k) = 2ik =
2ig.’ (k; ) re(k;x)? for the particular system of fundamental solutions we have chosen. This means that
R(k)?Im D(k) = —ik1. With

K := (P + L)R(k) + P*D(k)R(k),

(3.27)
Ky := (P + L)R(k) + P*D(k)R(k),

the fact that P 4+ L and P+ are self-adjoint, and k € R, the right-hand side of (3.25) is —KflKg. This is unitary,
if and only if K1 K} = K>Kj3. A straight-forward calculation confirms that this is indeed the case.

We are now in a position to characterise the positive eigenvalues of H.
Proposition 3.1. Let k > 0. Then the following statements are equivalent:
(i) det Z(k; P,L,1) =0,
(ii) det(1 —U(k)) =0,
(iii) k? is an eigenvalue of H.
Proof. From Lemma 3.1 we know that (iii) implies (i). We now first show the equivalence of (i) and (ii),
using that (3.20) implies

Z(k; P,L,1) = ((P + L)R(k) + P+ (k:)R(k:)) (1 — U(k))) R(K)"'Ri (k). (3.28)

Thus we need to show that the determinants of (P + L)R(k)+ P+ D(k)R(k) and of R(k)~*R;(k;l) do not
vanish when & > 0. For the second expression we simply note that both R(k) and R;(k;l) are invertible for

real k. Next, assume that det((P + L)R(k) + P-D(k)R(k)) = 0. Then there exists a € CF\ {0} such that
(P + L+ P+ D(k))a = 0 or, equivalently, Pa = 0 and (L + P+ D(k)P*)a = 0. Hence,

{(a,(L+P*D(k)P+)a)., = (a,(L+ D(k))a)ce =0, (3.29)

cE
which is equivalent to

(a,La)ce = — (a,Re(D(k))a)ce —i{a,Im(D(k))a)cx (3.30)
Since L is self-adjoint, the left-hand side is real, whereas (3.26) implies that the right-hand side has a non-
vanishing imaginary part when k € R. This proves det ((P + L)R(k) + PLD(E)R(k)) #0 for k> 0.

Finally, we have to show that (i) implies (iii). For this assume that k > 0 is a zero of det Z(k). Any solution
vector (v, a, 3)T from (3.13) can be used to construct a function (3.12). This is an eigenfunction, iff v = 0. By
(3.28), the corresponding solution v = (¢, a,b)” of (1 — U(k))v = 0 is of the form

c ¥
v=| a | =Rk 'RiED)| a |, (3.31)
b B

such that v =0, iff ¢ = 0.
Due to Lemma 3.2 the proof of Theorem 3.1 in [KS99a] can be applied to the current case, leading to ¢ = 0.
Hence there exists an eigenfunction corresponding to the eigenvalue k2.
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Altogether, the spectrum of H has the following structure.

Proposition 3.2. The spectrum of H is bounded from below and we have

_ ) ow(H), Ex =0,
o(H) = {O’ess(H) Uopp(H), otherwise, (3.32)

where 0ess(H) = [0,00) is the essential spectrum and o,,(H) is the pure point spectrum of H, respectively. The
eigenvalues in o,,(H) have finite multiplicities that are bounded by E.

Proof. Since the multiplication operator V is bounded in L?(T') and —A is bounded from below, the
semi-boundedness from below of the spectrum of H follows immediately.

If £« = 0 the operator H has compact resolvent and hence the spectrum is pure point and the eigenvalues
have finite multiplicities.

From now on we consider & # (). The fact that then o.ss(H) = [0,00) follows from noticing that V is
bounded and vanishes at infinity and, therefore, is relatively compact with respect to —A. This is shown in
complete analogy to [Wei03, Satz 17.2]. Hence 0ess(H) = 0ess(—A), and the latter is well known to be [0, 00).

The point spectrum is already characterised in Lemma 3.1 and in Proposition 3.1.

In order to characterise the spectrum of H fully the only remaining task is to prove the absence of a
singularly continuous spectrum. This will follow from an analysis of the resolvent and will be given in the next
section.

4 Resolvents

Our first goal is to identify the resolvent of H as an integral operator.

Definition 4.1 ([KS06]). An operator K : Dx C L*(T') — L*(T') is an integral operator, if for all e,e’ € € there
exist functions Keer (+,+) i Io X I = C such that

1. Keer (0, )ther (1) € LY(Ier) for almost all z € I, and all ¢ = {t¢}ece € Dr,
2. ¢ = K¢ with ¢ € D and

Iy

Pe(x) = Z o Keer(z,y) Ve (y) dy. (4.1)
e'e€

As a shorthand, we sometimes also denote the integral kernel of an integral operator K as K(x,y) =
{Kee'(Te, Yer ) Ye,erce and its action (4.1) as

o) = / K(z,9) ¥(y) dy. (4.2)

‘We now show that the resolvent )
Ry(k*) = (H - k%)~ (4.3)

of the Schrodinger operator H is an integral operator. Here we follow [KS06] closely, where the same was proven
for the resolvent of the Laplacian.
We require some definitions, the first one being the ‘free’ resolvent kernel

etkle—vl, e € Eex,
uf (kyz)ug (ksy), x>y, e € Ein, (4.4)

5@&’ _
ug (ks z)ut (ksy), = <y,e€ &,

We (k)

rio (ki z,y) =

where W, is the Wronskian (3.8) when e € &,y and W, (k) = 2ik when e € E.,. We also need the matrix

)
eikm 0 0
Blk;) = ( 0 ui(kiz) u (k=) > ’ (45)

where ¢'*® is a diagonal matrix with diagonal entries e**¢, as well as the diagonal matrix
Wex(k) 0 0
W (k) = 0 Wi(k) 0 , (4.6)
0 0 Wint (k)

where W, /int (k) are diagonal matrices with the Wronskians We(k), e € Eex/ing, on the diagonal.
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Theorem 4.1. Let k € S5\ 7. Then Ry (k?) is an integral operator with integral kernel

-1

ra(k%a,y) = Ok z,y) + o(k )Ry (k,1) (1 - &S(k; P,L)T(k; 1))~

(4.7)
<& (ks P, L) Ry (ks YW ™ (k) (k3 )"
Proof. In order to prove that (4.7) is the resolvent kernel we first rewrite it as
ri (K5, y) = (ke y) - @(ki@)Z(k P.L,1)™ (48)

(P + L)Ri(k; 1) + P Ro(k; 1)) W (k) (k; )T,

making use of the relation (3.20). We then have to show that for any k € S5 \ £z and for every ¢ € L*(T') the
function

o(x) = / ra (K2, ) ¥(y) dy (4.9)

is in the domain of H and satisfies
(H = k*)p =1 (4.10)

We now assume that k & Xz, so that Z(k) is invertible, and that k? is not in the spectrum o(H) of H, hence
Ry (k?) is a bounded operator. Also, the explicit form of (4.8) ensures that the components ¢, of (4.9) are twice
differentiable, hence one can apply H — k2.

Suppose now that every component 1, is continuous on (0, l.). Direct calculations for e € &, as well as for
e € Eox yield

42 ) le ©
(- gz +Vel) =1 [ oD 0u(0) dy = (o), (@11

Moreover, the matrix entries of ®(k;x) are eigenfunctions of H (as a formal differential operator), so that
(H — k?)®(k; ) = 0. This proves (4.10) for 1 in a dense subset of L?(T). As the resolvent is bounded the result
can be extended to L*(T).

In order to prove that (4.9) is in the domain of H we first observe that the explicit form (3.17) of rg)) as
well as that of ® (4.6) imply that ¢ € H?(T'). Hence it remains to verify the vertex conditions.

We again assume that ¢, € C(0,l.) and find, when e € £ and x is close to zero, that

le —ikx le
O (s a2, y)be () dy = ——— / k9, (y) d 4.12
Tee \K5 T,y e € e . .
|tk ay = G [ ) ay (1.12)
When e € &+ and z is close to zero, then
te (0) ug (k) [
e’ (ks 2, y)e(y) dy = Wak) ug (k5 y)be(y) dy, (4.13)
0 e 0
and when z is close to [,
/ "0 (b ) dy = U / " ) dy (1.14)
0 ee L] € We(k‘) 0 e ) e . .
With the abbreviation
G(k) == —Z(k; P,L,1)"" (P + L)R1(k; 1) + P Ro(k3 1)) (4.15)

this finally yields

r (4.16)
¢ = Ro(k; )W (k) /F B(k:y)(y) dy

Y (kDGR W (k) / B(k;9)"(y) dy.

r
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Thus,

(P+L)¢+ P+¢' = (P + L)Ri(k;1) + PR Ry (ks 1)) W' (k) /F ®(k; y) " P(y) dy
+ Z(’f;PvLal)G(@W”(k)/ ®(k;y) v(y) dy (4.17)
N

=0

This proves the claim for a dense subset of L?(T). Since the resolvent is bounded the result extends to all of
L3(T).

The right-hand side of (4.8) is analytic for k € S5 \ £z with poles in ¥z due to the zeros of det Z (k). Hence,
the representation (4.8) for the resolvent kernel can be extended to k € Ss\ Xz.

The explicit form (4.7) of the resolvent kernel allows us to prove the absence of a singular continuous
spectrum in a way similar to the case of Laplacians on graphs [Ong06].

Proposition 4.1. Let ¢ € C§°(T'). Then the function {(¢,(Rg(X) — Ru(A)*) ¢) can be extended from the upper
half-plane Im A > 0 through R into the lower half-plane, except for a discrete subset of Ry. In particular, the
singular continuous spectrum of H is empty. Hence, 0(H) = 04c(H) U opp(H).

Proof. We choose ¢ € C§°(I') and consider
(p,Im Ry (A +1ig)p), A>0, e—0T, (4.18)

where
Im Ry (A) = % (Ru(\) — Ru(\)*), A eC\ o(H). (4.19)

Representing A + ie = k2, the limit required in (4.18) can be achieved by keeping Rek > 0 fixed and taking
Imk — 07. We remark that Ry (k?)* is an integral operator whose kernel is the complex conjugate of (4.7).

We now fix two consecutive zeros 0 < k,, < kny1 of det Z(k) (corresponding to consecutive eigenvalues
0 < k2 < k2., of H) and choose 0 < a < b such that (a,b) C (kn, kpn+1). The contribution to (4.18) involving the
matrix-valued integral kernel r(©) (k;2; : ) in (4.7) is uniformly bounded in A taken from a suitable neighbourhood
of (a?,b?).

Now choosing the representation (4.8) for the resolvent kernel one obtains that all contributions safe of
r©) (kg; -,-) depend on k € S5 through the fundamental solutions ué‘, or %% Hence, their contribution to
(4.18) is analytic in k except for poles at k € ¥z and at k = 0. Since ¥z is discrete with no finite accumulation
point, and all positive k € X lead to eigenvalues k2 of H, the contribution in question is also uniformly bounded
in \ taken from a suitable neighbourhood of (a?,b?).

Altogether this confirms that there exists a constant C'y > 0 such that

liminf sup (¢,Im Ry (A +ie) ¢)p2(r) < Co. (4.20)
€=0% X\e(a,b)

Hence [CFKS87, Proposition 4.1] applies, implying that H has (at most) purely absolutely continuous spectrum
in (a,b). Since (a,b) C (kn, knt+1) can be chosen arbitrarily we conclude that the singularly continuous spectrum
of H is empty.

In Proposition 3.2 it was shown that H has a purely discrete spectrum if and only if the graph is compact.
Hence, for non-compact graphs the heat-semigroup e ¢, ¢ > 0, is not trace class and, therefore, no heat-trace
asymptotics exists. In that case we subtract a ‘free’ contribution in such a way that the difference is a trace-class
operator. As

T on

e Ht = /e_’\tRH(/\) ), (4.21)
Y

where 7 is a contour encircling the spectrum of H with positive orientation, the relevant difference can be
achieved by subtracting a ‘free’ resolvent from Ry in (4.21). This procedure follows [Yaf92, KPS07, DP11].
The ‘free’ comparison operator is constructed using a graph I'ex by removing all internal edges from I' and
linking all external edges of I in a single vertex. Thus I'cx is an infinite star graph with F., edges. The associated
Hilbert space is then
L*(Tex) = € L2(0,00), (4.22)

e€Eex
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which is embedded in L?(T") in an obvious way, using the embedding operator Jex : L? (Tex) — L*(T),

w€7 ec <€'ex7

4.23
0, e € ((:int. ( )

ch(w)e = {

On T'ey the two comparison operators are the Dirichlet-Laplacian, —Ap, and the Neumann-Laplacian, —A .
Their domains (in L?(Tex)) are given in analogy to (2.6) and (2.5), with Pp = 1g_,Lp =0and Py =0, Ly = 0,
respectively.

Both operators, —Ap,y, are non-negative and self-adjoint. Their resolvents, Rp/n (kz) =

ex )

(—AD/N — k2)71, and heat-semigroups, exp(tAp/n), t > 0, are operators acting on L? (Tex). They can be
compared to the resolvent, respectively to the heat-semigroup, of H in terms of the operators JoxRp/n (kQ) JZ%
and Jex exp(tAp/n)Jg acting on L?(T). By construction, Rpy is the direct sum of the resolvents of Dirichlet-,
respectively Neumann-, Laplacians on a half-line. Hence, they are integral operators with well-known integral
kernels from which one immediately obtains the integral kernels for Jox Rp/n (kz2) Jr., as

ex’

(4.24)

i kle—y| 4 oik(z+y) £
1 e e , €€ Cex
TD/N,ee’ (k27$7y) =0 { y

ee/ﬁ 07 ec Sint ’

when Im & > 0 (see also [KPS07]).

Proposition 4.2. The difference of resolvents, Ry (kQ) — JexBp/N (k2) JZ

o 15 a trace-class operator and is
self-adjoint for k € iRy URy. It is an integral operator with kernel

TH (k2;$7y) —TDp/N (k2;a:7y) =7 (/fz;w,y) —TDp/N (kz;%y)
1

+®(k;z)Ry (k1) (1 —&(k; P,L)T(k;1))~" (4.25)
-S(k; P,L)Ri (k; YW (k)@ (k; )"

The trace of Ry (k:Q) — JexBp/n (kQ) Jx

ex

/ sy (s 2,) — royy (R ,2)] da
r

le
= Z/ [TH,ee (kz;x,x) —TD/N,ee (k2;x7:r)} dz.
0

ecé

can be expressed as

(4.26)

Proof. Self-adjointness is clear since by assumption k2 € R and the operators H and —Ap /n are self-adjoint.

In order to prove the trace-class property we introduce the auxiliary graph Iy, obtained by removing the
external edges from I". Hence, I'i,¢ is a compact graph with edge set &,¢. We then define the Hilbert space L2(1"int)
and the embedding operator Jin; : L? (Tin) — L? (T') in analogy to (4.22) and (4.23), respectively, interchanging
Eox With &g, We also require the auxiliary operators Hp/n and Hiy p/n, both acting as the Schrodinger
operator H. The domain of Hp/y consists of functions in H?(I') with Dirichlet/Neumann conditions in the
vertices and, analogously, the domain of Hi, p/n comprises of functions in H 2(Tjny) with Dirichlet/Neumann
conditions. Since Hp/y is a finite rank perturbation of H we infer that Ry (k2) — Rup (k2) is trace class.
Moreover, Hiy, p/n acts on a compact graph and can be bounded from above and below (in the sense of quadratic
forms) by —Aint,p/N + Vinin / max> Where Vigin /max is the minimal/maximal value taken by the potential V' on
the compact graph I'ipe. The operators —Ajue p/n + Vinin / max have compact resolvents (see [Kuc04]) and their
eigenvalue asymptotics follow a Weyl law (in one dimension). Hence their resolvents are trace class. This implies
that Jing R, b (k:2) Jie 1s also trace class. Moreover, by construction Rp, (k:2) — JexBp/N (k2) Jo =

JintRHm’D/N (k2) - Hence, the difference of resolvents,

Ri (k) = JexBpn (k) J& = [Rir (k) = Rutp e (K)]

4.27
(R () — JoxRops () T2 (427

is trace class.
By construction, and using Theorem 4.1, the kernel of the difference Ry (k?) — JxRp,n (k?) J& is given
by (4.25), where

Fetk(@+y), e € Eex,
uf (ks x)ug (ksy), >y, €€ En, (4.28)
U;(k,l')u:(k,y), T S Yy, € S gint~

526’
We (k)

rO (K52,y) = rp/nee (K 2,y) =
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Since the functions uZ (k; x) are smooth on every compact interval I, e € iy, and e (@+Y) is smooth and square
integrable on R™ x R when Im k > 0, the relation (4.26) follows from [KPS07, p. 15] and [GK69, p. 117].

5 Asymptotics of the G-matrix

In order to prove heat-kernel asymptotics for small ¢ we employ the relation (4.21) and first determine the
behaviour of the resolvent kernel for large |k|. Following Theorem 4.1 this requires the asymptotics of the
G-matrix.

For the purpose of asymptotic expansions we now choose a particular systems of admissible fundamental
solutions, see Definition 3.1.

Lemma 5.1 ([Fed93, HKT12]). On each internal edge e € &y and for each k € S5 the equation
—ul + Voue — k*u. =0 (5.1)

possesses two linearly independent solutions ut such that, for fived x € (0,1.), the functions ur (k;x) are analytic
ink € S5, and for fized k they are smooth in x. Moreover, for |k| — 0o, k € S;, these solutions possess asymptotic

expansions
> k*l/ Be.x(y) dy> ; (5.2)
0

I=—1

ug (ks @) ~ exp (

that are uniform in x € (0,1.). The derivatives ué':/ (with respect to x) possess asymptotic expansions in the same
domain that are given as the derivatives of the right-hand side of (5.2).
The coefficient functions Be,,+(x) are determined by the recursion relations

. l
Beit1,2(z) = i% (52,&(5”) + Zﬂe,j,:l:(x)ﬂe,lj,:t(x)> (5.3)

7=0

with Be,—1,+(x) = i, Beo,+(z) =0 and Beq +(x) = FiVe(a).

Proof. The existence of the fundamental solutions possessing the asymptotic behaviour (5.2) is proven in
[Fed93, p. 37,38]. The recursion relations (5.3) for the coefficients are deduced in [HKT12, p. 12].

Remark 5.1. We note that the leading asymptotic behaviour implied by (5.3) is
ut(k;z) = Eik O™ (5.4)

Similarly [Fed95],
(uF) (k;x) = (Hik + O(k™")) uF (k; ). (5.5)

Hence, asymptotically for large wave numbers, the solutions ut are left- and right-moving, complex, plane waves.

The recursion relations (5.3) imply for the next coefficients that

Ben (@) = 2V.(a)

e @) = £V (@) F SVela)? (56)
(@) =~V @) + VL @)Vele).

Using a simple induction on ! we also observe that

Bea+(@) = (=1)Bey - (2) (5.7)

and
R, [ even

Bex(z) € {iR, I odd.

We note that the condition uX (k; z) = uf (k; ) required by Definition 3.1 is consistent with equation (5.7).
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If one adds further restrictions such as (3.21), an asymptotic expansion as in Lemma 5.1 need not hold.
The goal of this section is to prove an asymptotic expansion for the G-matrix (3.15) for large |k|. We first
notice that by setting V' = 0 the G-matrix (3.15) becomes the well-known expression

S_alk;P,L) = — (P+ L+ikPY) " (P + L —ikP") (5.9)

for the Laplacian (see [KSO06]).

Definition 5.1. Let

0 0 0
Bj =1 0 PBe,;-(0) 0 . (5.10)
0 0 7/867j7+ (l)
We then set
A= > (L)"P'B;,,. (5.11)
j,n€Ng,
n+j=m
Let m = (mq,...,my) € Ng™ be a multi-index. Let

Apri= Y ﬁAmj, (5.12)

|m|=rj=1

where |m| := > m; is the length of the multi-index. Finally set
j=1
Q= > A, (5.13)

with the convention that Qg = 1.
Our main result in this section is the following.
Theorem 5.2. The &-matrix for a Schrédinger operator admits the asymptotic expansion
& (k;PL) ~ G+ Y k"G, |k] o0, k€ Ss, (5.14)
m=1
where the matriz S, is defined as the large-k limit of the G-matriz of the Laplacian and is given by

Goo:=1-2P= lim &k P,L)= lim S_a(k, P,L). (5.15)

|k|]—o00 |k|—o00

The perturbative terms are given by

S, =00 Go +2 Z QGL)"™ +1i Z QGL)" PB4 (5.16)
1>0, n>1, r,n,lENg,
l+n=m r4+ntl=m—2

In order to prove Theorem 5.2 we need some auxiliary results. We compute the asymptotics of the G-matrix
by comparing it to the case of the Laplacian with the help of the following lemma.

Lemma 5.3. The G-matriz for the operator H can be written as a perturbation of the G-matriz of the Laplacian
by
&(k; P,L) = Q(k)S_a(k; P,L) — Q(k) (P + L+ikPY) ' PL(D(k) +ik), (5.17)

where the matriz-valued function Q(k) is given by

Q(k) = (]1 +(P+L+ikPt) Pt (W - ik))il . (5.18)
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Proof. A direct calculation using the definitions (3.15) and (5.9) shows that

Q(k)S_alk; P,L) — Qk) (P + L+ikPY) "' PE(D(k) +ik)

— —Q(k) (P + L+ikPY) " ((P+ L —ikPY) + P (D(k) + ik)) 510
—((P+L+ikPt)+ P (D (F) —ik))il (P+ L+ P'D(k)) '
— &(k; P, L).

From Remark 5.1 one concludes that D (k) — ik when [k[ — oo in S5, and thus Q(k) — 1 as well as
&(k; P, L) ~ 6_a(k; P,L), cf. (5.15). In order to arrive at an asymptotic expansion of the &-matrix more is
needed.

Lemma 5.4. The function (k) possesses an asymptotic expansion
(oo}
Qk) ~ > k', (5.20)
=0

for |k| = oo, k € Ss.
Proof. We have
D(k) ~—ik+Y k7'B;,  |k| = o0 (5.21)
1=1

from the definition of D(k) in equation (3.16) and of B, in equation (5.10). This implies (D (&) — ik:) — O(k™Y),
so that we can expand (k) in a power series,

o0

) = (1) ((P+L+ikpH) ™ P (W—ik))n. (5.22)

n=0
With
(P+L+ikPY) ™ = P+ (ik) "' P (1 + (ik)~'L) ' P+

e 5.23
=P —ik™" Y kT"PH(GL)" P (5:23)
r=0
Each term in (5.22) can be expanded as |k| — oo (see [BHT75)),
(-1 ((P+L+ikPt) " P (D#) - k)"
~ ink—Qn k—(l+7‘) il T'PLT
lTZ:O ( ) I+1 (524)
0o n 00
— ng—2n (Z k_mAm> —in Z k‘_j_QnAn,j.
m=0 §=0
Hence, as |k| — oo,
S0 ((P+L+ikPY) P (D (k) - i)
n=0
o - (5.25)
~L DY R =Y kT

n=1, l:(]
j=0

Proof. [Proof of Theorem 5.2] We finally have all the necessary input to prove Theorem 5.2. We use
Lemma 5.3 and for &_a(k; P, L) we employ a result from [BE09],

S a(k; P L) ~Go+2Y k"GL)", [k] - oo. (5.26)

n=1
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For the first term on the right-hand side of (5.17) we obtain

QR)S(k; P L) ~ > k' uG0 + > k- TIQ2(L)", (5.27)

1=0 =1,
=0

as |k| — oo. Moreover, by Lemma 5.4 and equation (5.23) the second term in (5.17) gives,
Qk) (P + L+ikPY) ™" PH(D(k) + ik)

~ —ik™2 N -1l - T (i) L G —n
k <§k Ql> (Zok (L))P (Zk 5n+1> 525

n=0

=—ik™2 Y kTTTTGL) PYB,, ., k| — oo,

l,r,n=0

Collecting all the terms finally yields Theorem 5.2.

Corollary 5.1. The first terms of the asymptotic expansion (5.14) read

S (k; P, L) = & + 2k 'iL + 2k2 (iP 3, P — L?)

5.29
+2k7% (P+B,L — LB, P +iP*B,P+ —iL*) + O (k%) (5.29)
as k| — oo.
Proof. The claim follows by Theorem 5.2 and Definition 5.1. Using (5.16) we find
Qe = iAo =iP1 B,
2o e & (5.30)

Q3 =iAy, = i(iL)P B, +iP13,.

Then, using G =1 — 2P and that 3, is a purely imaginary-valued matrix as well as that 3, is a real-valued
matrix we get

&, =2iL
Gy = W6 +2(iL)? +iPLB,
=iPtB, — 2iP13,P — 2L* +iP1 3,
G3 = W36 + 2(iL)3 + Q2(iL) +i(iL) P+ B, +iPL B,
= —LP*B, +2LP*B,P +iP'3, — 2iP'3,P
— 2L —2P13, L — LP13, +iP*3,.

(5.31)

We will also need the asymptotic behaviour of &(k; P, L)T'(k;1).

Corollary 5.2. For |k| — oo with k € S;,
S(k; P,L)T(k;l) = 6o Too(k) + O (k71), (5.32)

where
0 O 0
To(ksl):=1 0 0 e* |, (5.33)
0 eik:l 0

Proof. The statement follows immediately from Theorem 5.2 together with (5.4) and the definition (3.19)
of T(k).
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6 Asymptotics of the Wronskian and related terms

The representation (4.7) of the resolvent kernel requires the knowledge of some further quantities, among them
the Wronskians (3.8) associated with internal edges e € &,¢. To compute the asymptotics of the inverse of the
Wronskian we need a similar definition to Definition 5.1.

Definition 6.1. (i) Let n € N and let m € N be a multi-index. Then we set
B () =" Hﬁe 2my+1,4 (6.1)

(ii) We also define the coefficients

!
m(x), leN,
We () 1= ngl |m|;lfn/86 A (6.2)

1 [=0.

)

Lemma 6.1. The Wronskian associated with an internal edge has the following asymptotic expansion,

We(k) ~ =2uf (k;2yug (ki) Y k™ B 4 (2), (6-3)
I=-1

when |k| — oo with k € S;.
Proof. We have

Wek) = uf (ks x)ug (ks ) — ug (ks )ul’ (k; x)

Z k_lﬁe,l,(l")> u, (ks x)
I=—1
x) (Z ’f‘lﬁe,z,+(w)> ul (k; ) (6.4)

l=—1
o (ks ) Zk (Best,— (%) = B+ (x))
=—1

(o]
= —2u (k;x)ug (ki) > k™ CIB o140 4 (),
l=—1

where we used the symmetry relations of the coefficients given in (5.7) and (5.8).
This result is useful to obtain another asymptotic expansion needed in the resolvent.

Lemma 6.2. As |k| — oo with k € Ss the following asymptotic expansion holds,

L Ve (ke L S
g e (k) m;k we (), (6.5)

where we; is defined in (6.2).

Proof. This follows from a direct application of Lemma 6.1.

50 -1
W:(k‘) uj(k,x)ug(k,x) ~ = (Z 2k(2l+1)/8e,2l+1,+(x)>

I=—1

— (2ik) (1 - (Zik_zl_zﬂe,2l+1,+($)>>
=0 / (6.6)
= —(2ik) 7 ) (Z 1k21256,m+1,+(x>>

n=0 \1=0

— (2ik)~ Z k™ 2lw9 4
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The leading terms of this expansion can be worked out explicitly. Using

wer () = B(a) = ifn, () = 5Velw) (6.7
and
we2() = B (@) + B () = 1Be,3,4(2) = Ben - (2)?
B o 3V2 (6.8)
__g e(x)+g e(x)7
we find that
1 1 v, . V(z) - 3V2 _ _
We(k)uj(k;x)u;(k‘;w) ~ —ik_l - %ﬂj)k 3+ Wk P+Oo (k7). (6.9)

We also need the asymptotics of the following two expressions in the upper half-plane. For that purpose we
introduce the sector
Sg::{ze(c; 0 < |z| < oo,

arg(z) — g < g - 5} C Ss (6.10)

for § > 0 (supposed to be small). In particular, k € 5’; implies Im k& > 0.

Lemma 6.3. Let e € &,y and let k be confined to the sector Sgr. Then the two expressions below possess a
complete asymptotic expansion as |k| — oo, whose leading terms are

1 1 1

1 e
W, (k) ko) de = =25 = Ve <75 Ve k¢ 11
We(k)/o ug (k;x)° do 2 4k4V(O)+81k5V(0)+O( ), (6.11)

and
1 b (kL) [ ) 1 1 1
e o) Tk dr = —— — —Vo(le) — —V/
Wo(k) us (k;ze)/o ve (k)™ do = = — aVelle) — gz Ve

v

(Ie) + O(k™°). (6.12)
Proof. In view of the asymptotic behaviour (5.4) of the fundamental system we set
uF (k;z) = P oE (ks 2) (6.13)

and notice that for fixed x the functions vX (k; x) are bounded in k, and their derivatives are of the order O(k™1).
Integrating by parts (N + 1)-times and using that Im k& > 0 when k € Sg we find for (6.11) that

l N
‘ ik E 1 d” T
/; 62 k ’U:(k7 x)2 dI’ = Z W@ (’U:(k, :C)z) |$=0 + O (k N 2) . (614)

From Lemma 5.1 we find that

vl (k;0)2 =1
d
o (WU 2)?)| = 2671 Be1, 4 (0) + 257%Be 2, 4 (0) + O (K77)
a2 (6.15)
B o )],y =276 040 ()
d3 _
o3 (0 B2)?)], =0 (k7),
and using this in (6.14) gives
le
/ ul (k;z)? do
0 (6.16)
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An expansion for 1/W, (k) follows from Lemma 6.2 and (6.9) evaluated at x = 0. Altogether this yields

L[
ug (k;x)” do
We(k) 0 ‘( )

1 V.(0) _ 1 V(o)  V/(0) -

- (_mk_ s Tk 5)) (‘m‘mz‘ i Ok 5)) (6.17)
1 V.(0) V0 _

T4k 4/&4) + 81/25) +0 (k)

For (6.12) we use Lemma 6.1 evaluated at x = [, and then integrate by parts (INV + 1)-times as in (6.14),

1wl (kL) /le _ 2
£ 227 k; d
Wl us (hile) Jo e i)

1 o, - (ks2)?
e—21k($—le) Ve ( ,.TJ) d

00 — 2
=2 30 kDB 4 (L) 7O ve (ksle)
=1 (6.18)

~

T

Y1 e
' (Z% Gyt g (e (ki 2)*) ], + 0 (k_N_2)>

The prefactor was computed as in (6.6). We still need

v, (k;0) =1
% (’Ue_(k; x)Q) ‘z:O = 2k—1ﬁe,1,7(le) + 2]6_256’2’7([6) + O(k_?’)
di; (ve_(k;x)2) ‘z:o = 2]“_152,1,7(19) + O(k—g) (6.19)

o7 (e 2)*)|,_ = O™,

giving
N
1 dr
Y et g (e (ka))], +O0 (kY72
i ikt de ’ (6.20)
1 1 1 . _
= %k ﬁﬁe,l,—(le) A (26e,2,—(le) - 252,1,,(16)) + O(k’ 5)

Now using we o(le) = 1 and (6.7) finally yields (6.12).

7 Asymptotics of the resolvent kernel

The results of the previous sections enable us to determine the precise asymptotic behaviour of the resolvent
kernel for k in the sector S;'. As expected, the result on the diagonal is different from that off the diagonal, and
this distinction carries over to the heat kernel.

Lemma 7.1. In the sector S;’ the resolvent kernel of H satisfies the estimate
P (Fa,y) = O (ke k) (7.1)

when |k| — oo.

Proof. For the proof we use the representation (4.7) of the resolvent kernel. The contribution of the ‘free’
part r(o)(k; x,y) is clearly of the form (7.1), see (4.4).

ee’
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For the remaining contributions we note that as |k| — oo with k € Sy,

., oik 0 0
O(k; )Ry (K, 1) _< 0  uy(k;z) U(k’?‘”)“(k;l)_1>

) 7.2
ezkw 0 0 ( )
~ 0 eike eik(lfm) ’
as well as
eiky 0
Ri(k; )W (k)@ (k;y)" =W (k) [ 0 uy(k;y)
0  uyr(k;D)u_(k;
) + (ks Du—(k;y) (7.3)
ey 0
~ 0 eiky

2k 0 eikl-y)

The remaining expression (1 — &(k; P, L)T(k;1))”" &(k; P, L) has an asymptotic behaviour that follows from
Theorem 5.2 and Corollary 5.2. The latter implies, in particular, that for sufficiently large |k| and Imk > 0 the
matrix &(k; P, L)T'(k;1) has norm less than one. Moreover, for such values of k,

(1 —&(k; P,L)T(k; 1)) &(k; P, L)

i (&(k; P,L)T(k;1))" &(k; P, L)

n

(7.4)

I
o

M

(SocToo(k;1))" Goe + O (k7).

Il
o

n

Putting (7.2)-(7.4) together according to (4.7) we notice that, asymptotically, the same expression emerges for
the ‘non-free’ contribution to the resolvent kernel as in the case where H is a Laplacian, see [KPS07, Proposition
3.3.]. Hence, asymptotically this contribution can be represented as a sum over paths from y to = on I'. Let P,
the set of such paths, and let d,(z,y) be the distance of  and y along p,y € Pqy, then

e (k2;x, y) - 5ee/i e*flz—=yl L 0 (k’2)

i — i x,
fap X (o) e,

Pzy E’Pmy

(7.5)

when |k| — oo with &k € Sg‘. Here the amplitudes A, arise from multiplying matrix elements of &, along the
path pg, in the same way as in [KPS07]. As the distance d(z,y) is the minimum of d,(z, y) over all pyy € Pqy,
the result (7.1) follows.

According to Lemma 7.1 points x,y on the graph with zero distance deserve a further investigation. When
such points z,y are at edge ends, particular care has to be taken as to which edge the points belong to. We
clarify this case by using the notation z = (v,e) € V x £ indicating that the point is an edge end of e and v
is the vertex adjacent to e. This notation is well defined since we have excluded tadpoles in our construction.
Moreover, in the following we use for the corresponding matrix elements the notation My, := M./, © = (v, e),
y = (v,¢e’), where v has to be adjacent to e and ¢’. This notation is well-defined since we have assumed local
boundary conditions and no tadpoles.

Lemma 7.2. Let x,y be points on T with d (z,y) = 0. Then, for k € Sg' the resolvent kernel of H possesses a
complete asymptotic expansion as |k| — oo in powers of k=t. The leading terms are given by:

(i) x is not an edge end:

+O(k™3), (7.6)

i
TH,ee (k‘,.]?, x)ee = 57

2k
(1i) x = (v,e) and y = (v,€') with e #¢€':

iGoozy  Lay

2k k2

Tiee (k3 2,y) = +0 (k%) (7.7)
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(iti) © = (v,e):

i Lo

o (14 Gocs) = =5 +0 (k7?). (7.8)
Proof. We use the expansion (7.4) in the representation (4.25) of the resolvent kernel. The coefficients of

k= and k72 in (7.6), (7.7) and (7.8) follow from the leading term, coming from n = 0, in (7.4). For e, ¢’ € Eing

we have

TH,ee (ka QZ‘,JJ) =

(@(k;mml(k,l) 6<k;P,L>R1<k;l>W1<k>¢><k;y>T>

ee’

(k 2.)& (k; P, L), W ™ (k)ul (k; yer)
ut (ks 20)6 (k; P%u (s LYW (R (ks yer) (7.9)
(k xe) e_( 16(1{" P L)ee’W (k) +(k'ye’)
ug (ks xe)ug (k; ) Y& (k; P, L)eerul (ks e )Wt (R)ug, (K yer).

Analogous results hold for the other three cases. A straightforward incorporation of the leading two coefficients
with respect to k coming from (5.2), (5.29) and (6.3) in (7.9) completes the proof.

We now have all the ingredients to determine the trace of a regularised resolvent, in the sense of
Proposition 4.2.

Theorem 7.3. Let I be a compact or non-compact metric graph. Then the trace of the difference of resolvents,
Ry (k?) — JexRp N (k?)J%,, possesses an asymptotic expansion in powers of k=" when |k| — oo with k in the
sector S’; of the upper half-plane,

tr (R (k) — JoxRp (K Zb k. (7.10)

The leading coefficients are given by

e e 2 B
1

b3:7—/ da:+2—trL
b4=—722600 ceVe( trL2 (7.11)

veY e~
195:%6i (V@) -3V (@) de t o ZZSMG

Tint UeVeNU

- D IAAUEL TR ) PLAH
vEVeNU veV e~v

Proof. By Proposition 4.2 the difference of resolvents is trace class and the trace can be obtained from the
resolvent kernel as in (4.26) with the kernel (4.25).
The first contribution comes from the ‘free’ part (4.28),

/ (T(O) (k:Q;w,m) —TD/N (kQ;:c,a:)) dx
: (7.12)
. 21kx . .
=F E Qk/ dz + /mt - uy (k;x)u_(k;x) de.

e€€ox

For the first term on the right-hand side we use that Im & > 0. The asymptotics of the second term follow from
Lemma 6.2 and (6.9),

E L 1
0 2, 2. ex
/1—: (T'( ) (k ,m,:l:) —TD/N (k 7$7w)) dx ~ 172 - ﬂ - m /Filnt V(CE) dx

+ Fll& /Fth (V”(CU) — 3V2(zc)) dz+0 (k:’7) .

(7.13)
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The ‘non-free’ contribution, i.e., the second and third lines on the right-hand side of (4.25), will give the contribu-
tion at the vertices. We first observe that Corollary 5.2 implies, when Im & > 0, that (1 — &(k; P, L)T(k;1)))~! =
1 4+ O(k~). After a cyclic permutation we hence have to determine the asymptotic expansion of

tr (/ & (k; P,L) Ry (k; )W (k) Lo (k; )T 6(k; ) Ry (k,l)ldav) . (7.14)
r

As the G-matrix is independent of & we only need to integrate the remaining terms. For these, a straight-forward
calculation gives

Ry (ks )W (k) g ) (ks ) Ry (k1)

e2il~cw 0 0
0 us (kiz)® uy (ksx)u_ (ki) uy (kil) (7.15)
= Wing (k) Wing (k)
0 u_(k;@)u, (kz) w_ (k@) uy (ksl)
Wine (K)u— (ksl) Wine (K)u— (ksl)

We note that e?#® = O(k~°°), and that asymptotic expansions of the integrals of the remaining diagonal
blocks were determined in Lemma 6.3. Lemma 6.2 implies that Wins (k) " uy (k; )us (k; ) possess asymptotic
expansions in powers of k~1. In the off-diagonal blocks of (7.15), however, these terms are multiplied by
u (k;1)* = O(k=>°). Therefore, the off-diagonal blocks do not contribute to the expansion. Thus,

/Rl(k:;l) (B) ro(k; )T p(k; )Ry kl) e
T

L (000 0 0 o0
- 01 0 0 V() 0
w\ oo 0 0 V@) (7.16)
0
- l —6
+81k5 0 V(O) q 4Ok
00 V()

We still need to multiply this with the G-matrix whose asymptotic expansion was determined in Theorem 5.2
and in Corollary 5.1,

S (k; P,L) = G + 2k 'L + 2572 (iP+3, P — L?)
+2k73 (PLB,L — LB, P +iP B, P+ —iL%) + O (k%)

1 0 0 0 )
=G4 2oL pe 0 V() P+2L?
ik k2 V
, 0 0 0 0 (7.17)
-3 Pt{ o VO 0 V(o) 0 P
! 0 0 V le 0 0 V()

0 0 0

+-P-| 0 V/(0) 0 Pt =20 | +O (k%)
0 0 —V'(l)

When taking the trace the third and the sixth term on the right-hand side vanish as they contain P and P+,
and P and L, respectively. The latter case is due to L = P-LP~+.
This gives the following contribution of (7.14) to the coefficients (7.11),

- 1

b2:—1tr600

-1

by = —trL

21r

0 0 0

- 1 1 7.18

b4:—1tr S| 0 V() 0 +§trL2 (7.18)
0 0 V()

2260066 e ;trLz

UGV e~v
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) 0 0 0
by =t | Gec | 0 V'(0) 0
! 0 0 =V
) 0 0 0 1
+ ot Ll 0 V() o0 5t L3
! 0 0 V(@) !
0 0 0
1 1
+ptr (Pl 0 Vo) o L
! 0 0 V()
) 0 0 0
+gt P+ o v/ (o) 0 pt
! 0 0 =Vl
1 , 3
=52 GVl + 5D D LecVe(v)
UGV e~v veEVY e~V
3 Ly,
T g S Y RAG)
veEV e~V

Combined with the contributions in (7.13) this finally proves (7.11).

8 Asymptotics of the heat kernel
We shall use the relation

_ i
et — JyeBpmtyr — —

o e M (Ry (k) — JexRp n (K?) T

ex

) dA, (8.1)

on the level of kernels, where the (positively oriented) contour « encloses o(H), to determine an asymptotic
expansion for small ¢ of the trace of (8.1). This approach is based on the following lemma.

Lemma 8.1 ([Won01], p. 31). Let f € C(0,00) such that e=“*f(t) € L'(0,00) for some ¢ € RT. Let

F(z) = / e *t f(t) dt (8.2)
0
be the Laplace-transform of f. Assume that F' has a complete asymptotic expansion
[ee]
z) ~ ZanF (dp) 27 %, |z| = oo, (8.3)
n=0

uniformly in |arg(z — c)| < 5, such that d,, — oo when n — oo. Then f has a complete asymptotic expansion,

o0

F#&) ~ Y ant®t 0" (8.4)

n=0
First, however, we establish the following.

Proposition 8.1. Let I' be a compact or non-compact metric graph with Schrodinger operator H. Then, for
every t > 0, the operator et is an integral operator with kernel

ki (t;-, ) € LI x ) 0 (I x I). (8.5)

The heat kernel (8.5) possesses a complete asymptotic expansion for t — 0% in powers of V/t. On the diagonal
the leading terms are:

(i) x not an edge end:

kH,ee (t; (E,ZL’) =

1
e (14+01()), (8.6)
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(ii) v = (v,e) and y = (v,e’) with e £ ¢€:
&
Fr oo (t,y) = —222Y (1+2\/th$ +O(t ) 8.7
(iii) x = (v,e):

kit ee (£, 7) = Hf\/%” (1 4 2VtLyy + O (\/%)) . (8.8)

Proof. The fact that e~ is an integral operator whose kernel satisfies (8.5) is proved in the same way as
[KS06, Lemma 6.1]. For this one needs to know that o(H) is bounded from below (Proposition 3.2) and that
the resolvent kernel is composed of smooth functions (Theorem 4.1 and Lemma 5.1).

The leading diagonal terms (8.6)-(8.8) follow from an application of Lemma 8.1 to Lemma 7.2.

We are now in a position to determine heat kernels from resolvent kernels. As we are eventually interested
in trace asymptotics we need to consider the difference (8.1) of heat operators.

Theorem 8.2. Let I' be a compact or non-compact metric graph with Schrodinger operator H. Then, for every
t >0, the difference (8.1) of heat operators is a trace-class integral operator. Its kernel kg p/n(t;-,-) satisfies

kH,D/N(tva) ELOC(PX].—\)mCOO(FXF) (89)
The trace of (8.1) possesses a complete asymptotic expansion for t — 0% given by

n

tr (e_Ht - JexeAD/NtJe*X) = /tr kg p/n(t e, x) de ~ Zanﬁ_l, (8.10)
r n=1

where

(=D"

Aop = (n_l)!an, neN »

) (71)n+1 b cN (8 )
a =1l—F s n s
2n+1 F (n + %) 2n+1 0

with the coefficients by, from (7.10).

Proof. The fact that the difference (8.1) of heat operators is trace class is proven in complete analogy to
the trace-class property of the corresponding difference of resolvents, see Proposition 4.2. The integral kernel for
(8.1) is the difference of the heat kernel (8.5) and the kernel for Jee®r/~t ] * that is given in [KS06, KPS07].
Both kernel are in L (T x I') N C°°(T" x T'), hence (8.9) follows.

As for the asymptotics, we apply Lemma 8.1 to

tr (Ry (—k%) — JexRp/n (—K?) J3) = / e Ml tr (e Mt — JeBo/NtE) dt, (8.12)
0

where k% > —inf o(H). For this we first notice that
e~ tr (e Mt — Joxe®PNt ]2 ) € L0, 00), (8.13)

iff ¢ > —info(H). Lemma 8.1 requires the left-hand side of (8.12) to posses a complete asymptotic expansion
for |k?| — oo in the right half-plane | arg(k* — ¢)| < Z. Such an expansion is indeed given by Theorem 7.3, under
the condition that k* € Szs which contains the half-plane |arg(k? — ¢)| < Z. Comparing (8.3) and (7.11) we
identify d,, = %, leading to the relations (8.11).

The first few heat-kernel coefficients can be worked out explicitly, making use of the resolvent coeflicients
(7.11). Using Theorems 7.3 and 8.2 we can read off the first five coefficients. A direct calculation leads to

L 1 1
i + 1 (tr G0 F Fox) + ( 5 /Fint V(x) de + tr L) VE+O(t) . (8.14)
an one can observe that the first two terms of this expansion are independent of the potential. They indeed agree
with the result [KPS07, Theorem 4.1], where the case of V' = 0 and vertex conditions such that L = 0 is covered.
From [KPS07, Theorem 4.1] it also follows that a,, = 0 for n > 3 in the case covered there. The terms involving
the potential also agree with the ones computed in [Ruel2]. The presence of the potential, and the possibility
of more general boundary conditions allowing L # 0, implies that in general all heat-kernel coefficients a,, will
be non-zero.

—Ht A torx\
tr (e — Jexe=P/N Jex) =
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